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Abstract— Cooperative Localization (CL) plays a crucial role
in achieving precise localization without relying on localization
sensors. However, the performance of CL can be significantly
affected by failed communication and biased measurements.
This paper presents a robust decentralized CL method that
addresses these challenges effectively. To tackle the issue of
communication failures, the proposed method adopts a multi-
centralized framework that separates the measurement and
communication processes. This decoupling allows each robot
to utilize measurement information even in the absence of
communication. Additionally, an reasonable state estimation
method for other robots is proposed by approximating the
actual input velocity model of unknown states and then propa-
gating them using the motion model. To handle biased measure-
ments, the method incorporates the M-estimation technique into
the measurement update process. This technique weights the
received measurements according to their reliability, mitigating
the impact of biased measurements on the estimation accuracy.
Simulation experiments have been conducted to validate the
effectiveness of the proposed method in challenging scenarios.
The source code has been made accessible to the public via
https://github.com/RonghaiHe/RobustCL.

I. INTRODUCTION

Cooperative Localization (CL) is a crucial element in the
robotics community, particularly in GNSS (Global Navi-
gation Satellite System)-denied scenarios. By relying on
intercommunication and measurement between robots, CL
can achieve precise localization without depending on local-
ization sensors. As a result, there is a growing interest in
developing state-of-the-art CL methods to improve perfor-
mance and meet the requirements of these applications.

CL methods can be classified into two categories: central-
ized and decentralized methods based on the communication
flow direction. Centralized methods treat the states of the

entire robot team as a single vector and perform computa-
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tion in a central unit. Centralized methods achieve optimal
performance when communication and measurements are
perfect. However, in real-world scenarios, communication is
not guaranteed. Decentralized methods, on the other hand,
are widely used in practical applications. In decentralized
methods, each robot calculates its pose based on active
measurements and received information. This approach is not
dependent on specific communication with a fixed central
unit, thus making it adaptable to complex environments.
Despite this advantage, decentralized methods may also
suffer from the adverse effects of communication, such
as low bandwidth [1] [2] and failed communication, and
measurements like biased measurement between robots, all
of which can significantly impact their performance.
Developing a robust decentralized CL (DCL) method
that can guide multirobot systems in scenarios with failed
communication and biased measurements is a complex task.
The main challenge lies in the fact that failed communication
prevents robots from receiving the state information of other
robots, making measurement updates difficult, especially
in frameworks that integrate communication and measure-
ment. One potential solution is to adopt a multi-centralized
framework [1] [3] that separates measurement from com-
munication. This approach allows each robot to estimate
not only its own state but also the states of other robots,
even in the absence of communication, thereby enabling
measurement updates. However, reasonably estimating the
unknown states of other robots still presents a significant
challenge. On the other hand, improving state estimation with
measurement updates has a high requirement on the quality
of the measurements. If the measurements are biased due to
sensor errors or other factors and used for state estimation,
the accuracy of state estimation cannot be guaranteed [4].
After careful consideration of the challenges mentioned
earlier, we propose a robust decentralized CL method that ad-
dresses the issues of failed communication and biased mea-
surements. Our method utilizes a multi-centralized frame-
work, which allows each robot to estimate its own state and
the states of other robots independently. By decoupling the
measurement and communication processes, our framework
ensures that measurement information is fully utilized even
in the absence of communication. To reasonably estimate the
unknown states of other robots using the motion model, we
approximate the actual input velocity model of other robots
and validate the accuracy of this approximation. Additionally,
to handle biased sensor data, our approach incorporates a
robust estimation technique called M-estimation (generalized
maximum likelihood estimation) [5] [6]. This technique can



weight the received measurements according to the degree
of reliability during the estimation process, mitigating the
impact of biased measurements. We have conducted simu-
lation experiments to validate our approach, and the results
demonstrate its effectiveness in challenging scenarios.
II. RELATED WORK

A. Approaches for dealing with failed communication
Failed communication can lead to message dropouts [7] [8]
and impact the EKF-based DCL approach [9] because the
update of the cross-covariance relies heavily on communica-
tion. There are two methods for achieving DCL based on how
they deal with cross-covariance: ignoring cross-covariance
and approximating cross-covariance. Classical methods like
Covariance Intersection (CI) [10] fuse two estimated state-
covariances without considering their cross-covariance, but
they tend to be conservative. Split CI [11] attempts to divide
the covariance terms into correlated and independent terms to
reduce conservatism, but complete separation is challenging
and can affect estimation accuracy.

Recognizing the limitations of CI-based methods, Luft et
al. [12] proposed a Block-Diagonal Approximation (BDA)
technique to approximate the cross-covariance, so the com-
munication is needed only when one robot measures an-
other. However, this approach may compromise estimation
consistency and result in overconfident pose estimation. Zhu
et al. [13] proposed the Discorrelated Minimum Variance
(DMYV) approach to replace the original covariance of two
robots, eliminating the need to track cross-covariance at each
time step. Chen et al. [14] further proposed a learning-based
DMV to reduce computation time. Based on [15] , Zhu
et al. [16] proposed a consistent algorithm for DCL and
target tracking with the caveat that the storage cost grows
exponentially. To further improve the robustness, referring to
the multi-centralized framework, Chang et al. [3] proposed
a DCL framework where one robot estimates its own state-
covariance as well as the state-covariance of all other robots.
By estimating the state of others, the relative measurement
can be decoupled from communication. Nevertheless, they
did not consider the biased measurements.

B. Approaches for dealing with biased measurements

Besides of communication, the performance of DCL also
relies on measurements. However, if the measurements are
biased, the DCL performance will degrade. To mitigate the
impact of biased measurements, fault detection and exclusion
(FDE) methods are commonly employed [17]. One such
method proposed by Al Hage et al. [18] is based on the
Kullback-Leibler divergence (KL-divergence). This method
requires pre-experiments to obtain the distribution in ab-
normal situations, making it complex. Similarly, E1 Mawa
et al. [19] proposed a Jensen Shannon divergence-based
FDE method that also necessitates pre-experiments. Another
approach to handling biased measurements is to fuse them
in a more conservative manner, known as Covariance Union
(CU). Wang et al. [4] proposed a method called BDA-CU.
In this method, if biased measurements occur, both robots
first fuse using the BDA as usual, and the CU is employed
as the final step to cover both estimations. Nevertheless, it

may fail when both measurements are biased.

In conclusion, while some methods claim to handle failed
communication or biased measurements individually, in real-
world scenarios, both failed communication and biased mea-
surements often occur simultaneously. Therefore, in align-
ment with the multi-centralized framework, we propose a
robust decentralized CL method that can accommodate both
failed communication and biased measurements.

ITII. MULTI-ROBOT SYSTEM MODEL

Consider N homogeneous robots moving in a 2D scenario.
Set ;; = [xi,t,yl-,t,@iyt]T as the state of the robot ¢ in
a global coordinate at time ¢, where [z;,y;¢|" stands for
the Cartesian position, ¢;; means the orientation and ¢ €
{1,...,N}. Set X, as states of all N robots at time ¢. The
robot ¢ moves with forward velocity v; ; and angular velocity
w;, as the actual input velocity vector w;; = [vi7t,wi,t]T
Besides, each robot equips with 2 devices:

1) an exteroceptive sensor such as a camera to identify
other robots and obtain relative measurements.

2) a communication device to send and receive messages
among robots.

The proposed algorithm utilizes a multi-centralized frame-
work, where each robot not only estimates its own state but
also estimates the states of all other robots [1]. However,
traditional methods with a multi-centralized framework typ-
ically treat each robot as a fusion center and rely on high-
quality communication to receive information from other
robots for more accurate state estimation. To address the
challenge of failed communication, the proposed algorithm
learns from the multi-centralized framework but does not
require communication. The robot ¢ can estimate the states
of both itself and other robots without relying on communi-
cation. This adaptation allows the algorithm to handle sce-
narios with failed communication. With the multi-centralized
framework, each robot estimates states of the whole system
based on the motion model and the measurement model at
time ¢ denoted as X i

% - T - T - T
Xt:{a:lﬂf,...,m c BNy (1)

9,19
A. Motion Model
With wu,;, the state of the robot 7 at time ¢ + 1 can be
recursively obtained using the motion model with a sample
time interval of At¢. In this case, the unicycle model g(-) is
utilized as the state propagation function:

cos(0;;) O
Tipr1 = 9(Tig, Uiy) =X+ |sin(0;1) 0| u; At (2)
0 1

The robot ¢ is only aware of the nominal input velocity vector
Wiy = [@’t,wi,t}T, while the actual input velocity vector
u;; = U;+ + 0u;+ remains unknown. Here, the velocity
noise du;; = [0v; 4, 6w; ] is assumed to be a zero-mean

Gaussian noise:
§vie ~ N(0, (040;,4)?) 3)
dwi s ~ N (0, (wai>t)2)

Thus, u;; = [vi4,wi,]" is treated as a random variable
following a normal distribution when u;; is known by the



robot ¢
_ N
Vit ~ N (Ui,t; (vai,t) ) @
_ N
wig ~ N (Wi,ta (0wWit) )
where 0,0, are fixed variance coefficients.
In the multi-centralized framework, the state propagation
function of all robots is denoted as:
X1 = QN(Xt»Ul,t, e 7uN,t)

= [g($1,t,ul,t)Ta---79(-’EN,t,uN,t)T]T @)
where g, means motion model of all IV robots.
B. Measurement Model
When the robot ¢ obtains the relative measurement about the
robot j(j € {1,...,N}\ {i}) at time ¢ 4+ 1, a measurement
model h(-) from the states of the robot ¢ and the robot j to
the measurement z;; ;1 is denoted as follows:

Zijt+1 = h(xi 41, T 041) + 02Zij 441 (6)

where the measurement noise 0z;;:+1 is also a zero-mean
Gaussian noise. Here, the relative pose h = [Az, Ay, A0 T
is used as the measurement and the measurement model is:

h(ziiy1, i i41) = L(0i441) (5041 — Tigr1) (D)

where
coslitr1  sinb;41 O
F(0i7t+1) = |—sin 9i,t+1 [¢0)] 97;’“,1 0 (8)
0 0 1

The measurement model can be rewritten in the multi-
centralized framework as:

Zijer1 = B(Xe41) + 0245041 9)

Algorithm 1 The Whole Update of The Robot
Input:
X, 3, uf;
{zijars -y U {1,
. o
{(Xt+1\t+1a 2t+1\t+1) )
Output: XHl,Z];rl
— Time Propagation Update
I (Xm‘t,zm‘t “ (Xt,Et) using Eq. 14
easurement Update

NI\A{i});

PG e NI

~ 7
(Xt+1\t+1a2t+1\t+1) — (Xt+1|ta2t+1|t)
Communication Update

8: if {(Xtﬂlm,zt“lm) };é ¢ then
9:  for Information in (Xt+1|t+1v Ei+1|t+1> ;

2: if {zij,t+1; .. } 7§ (,b then

3. for Measurement in {z;;¢41;...} do

4: Update states and covariances using Eq. 27 and 30
5:  end for

6: end if

7

} do

10 Update states and covariances using CI
11:  end for
12: end if

o0

i o oy
13: (XtJrl, 2t+1> — (Xt+1\t+1ﬂ z:tJrl\thrl)

IV. MULTI-ROBOT COOPERATIVE LOCALIZATION
ALGORITHM

In our multi-centralized framework, we incorporate three up-
dates: the time propagation update, the measurement update,
and the communication update. These updates are decoupled
to handle failed communication environment effectively. In
the time propagation update for the robot ¢, we approximate
the distribution of u; of other robots as a normal distri-
bution and utilize the motion model to reasonably estimate
unknown states of other robots. To validate this approxima-
tion, a numerical KL-divergence method is employed. For
the measurement update, we use a M-estimation method
to robustly fuse the measurements, particularly the biased
measurements. For the communication part, we utilize a CI-
based update method. The whole proposed DCL algorithm
is illustrated in Algorithm 1.

A. Time propagation update

For the robot ¢, the time propagation update (line 1 in
Algorithm. 1) needs to both update its own state and states
of other robots. The robot 7 estimates its own state, denoted
as mT 4» using Eq. 2. In Eq. 2, the actual input velocity wu; ;
is replaced with @; ;, which represents the expected value of
u;; (Eq. 4). This substitution is possible because the distri-
bution of wu;; is known [20], owning to the known nominal
input velocity (v;, wl .¢). In order to update the covariance

of its own state, El +» a first-order linear approximation of
the Taylor expansion is employed due to the nonlinearity
of the motion model (Eq. 2). This approximation requires
obtaining the‘ Jacobian matrix of the robot i, denoted as
Fz,t(ii,t)»aﬁ,t(ﬁi,t)-

Estimating the states of all other robots in our framework
is crucial in addition to estimating its own state. However,
this task becomes challenging for the robot 7 because it
lacks knowledge about the nominal input velocity of other
robots, like the nominal input velocity of robot j u;,
resulting in a non-normal distribution followed by u; ;. To
address this issue, the resilient method [3] employs an upper
bound-based approach to update the state of other robots,
eliminating the need to estimate u; and the orientation of
other robots required in the motion model. Nevertheless, this
approach may lead to conservation. To address this issue, we
utilize a motion model (Eq.2) to estimate the states and state
covariance of other robots. To do this, we need to model
the actual input velocity u; decided by the nominal input
velocity u; and the velocity noise. In the case of the robot 7,
u;; is a constant value. However, when the robot ¢ estimates
the state of all other robots, u; of all other robots like u; ¢,
are unknown. Therefore, we assume that @; ; samples from a
normal distribution v, ; ~ N (5, 05) and @, ~ N (pg,05)
with predetermined and identical parameters. As a result of
this assumption, @, = [@N@M}T can be considered as a
random variable for the robot <. By replacing v; ¢, @; ; with
Uj¢,@j¢ Eq. 4 can be seen as a conditional distribution
denoted as f(v;: | Uj:) and f(w;: | @), respectively.
With the definition of conditional distribution, the probability
density function (PDF) of the actual input velocity u;; can



be seen as a marginal PDF obtained from the joint PDF of
Fi:05.0), f(wjie, @30):

f(je) =

f(jt,05,6)d0j
oo (10)
flwjt) = / f(wje, @j,¢)dw; ¢

o0
f(j,0j,8) =
f(wje @) =
Obviously, The PDF of wu;; does not have an analytical
formula, and we cannot make definitive inferences about it
following a specific distribution. It’s difficult to propagate
the state covariances of other robots with a non-normal
distribution followed by w;; [20]. To address this, we first
approximate u; ; as normal distributions. In order to ensure
a reasonable approximation, we assume that the expectation
and variance of the approximated normal distributions are
the same as those of u;, = [vj7t,wj,t]T. In order to obtain
the expectation and variance, we used the laws of conditional
probability [21]:
Ev] =E{E[v| 8]} Var[v]
Elw]
(12)

= E{Ew | @]} Varlw] =
where Var means variance. By Eq. 12, the expectation and
the variance of u;; can be calculated as:

Elvje] = ps  Varlvye] = o7 + 03 (07 + 13)

Elwji] = po  Varlw ] = 05 + 05, (03 + 1)
To ensure the reasonableness of the approximation, the
numerical KL-divergence is utilized to measure the similarity
between the approximated normal distribution and the actual
distribution of v; and w;. By setting a grid density of 0.001,
the numerical KL-divergence for v;; is 0.046, and for w; ¢,
it is 0.053. These results indicate that the approximation is
reasonable and provides a good fit to the actual distributions.

where
Jje | 95,6) f(05,6)

flwie | @) f(@5,6)

(1)

13)

With the reasonable approximation, we can use the ex-
pectation of wu;; to propagate the states. Therefore, the
time propagation update of both state and covariance can
be obtained as:

AT

Xt+1|t = gN(XtaE[ul e)
Et+1|t = F! 2 F‘ + G QtG’
(Xt,Et) and (Xtﬂ\taztﬂ\t) represent the
state and the state covariance of all robots estimated
by the robot ¢ after the whole update at time ¢
and after the time propagation update at time ¢ +
1. Q; = diag(Var[vy ], Varfwy 4, ..., Var[v; 4], Varw; 4],
., Var[un 4], Varfwy ¢]) and:
F} ~diag (F} (@} ., Elur]), ..

i (@ E[“Mt])
G, =diag (Gi,t(E[ul,tDv R G;t(ﬁivt)’ T
Gy (E[un.]))

’ELi TR ,E[’LLN,t])

(14)

where

) Fz:,t (:i:?,,tv ﬂi,t)a

15)

= Var{E[v|v]} + E{Var[v|v]}

Var{E[w|w]} + ]E{Var[w‘w]}expansmn to Eq. 9. This linearized measurement model can

B. M-estimation-based Measurement update
The robot ¢ has estimated its own state and the state of
other robots. Once a relative measurement is obtained, the
measurement update will be carried out to enhance the
accuracy of the state estimation (line 2 to 7 in Algorithm. 1).
However, when the measurement is biased, the state esti-
mation error may be increased rapidly. In order to cope
with the biased measurement, Most methods like [17], [18]
and [19] adopt FDE to reject measurements that exceed a
preset threshold. However, the performance of FDE-based
methods is highly dependent on the threshold, which is
challenging to pick. To overcome this limitation, we have
chosen a more robust method, M-estimation, for the measure-
ment update. Unlike FDE, which determines measurement
biases based on the similarity judgement before and after
the measurement update such as the Mahalanobis distance,
the M-estimation assigns different weights according to the
measurement residuals between actual measurement values
and calculated values based on the estimated states from
the time propagation update, iteratively obtaining the most
suitable weights for different measurements.

To apply the M-estimation in the measurement update, we
first employ a first-order linear approximation of the Taylor

be expressed as:

Zijar = h( X)) + Hy (Xt+1 - Xt+1\t) +0Zij, 441
(16)

i oh
where H; |, =
t+1 OX i1
(s Xt+1 Xt+1\t

Then the solution of the state can be rewritten as a linear
regression model:

i . .

{zij,tJrl - h(Xt+1|t) + H7£+1Xt+1|t}
o
Xt

= [ Hip } X1+ {5%”1} (17)
Isnxsn Oy
where I is an identity matrix and d; means the state
estimation error in the time propagation update.

To ensure that each component in the residual term in
the regression equation is independent and identically dis-
tributed, which is required by the application of the M-
estimation, we need to transform Eq. 17 as follows [6]:

Piy1 = M1 X1+ 644 (18)
where: i L
_ g2 {Zij,t-H —h(X ) + Hi-‘,—lXt-&-lt}
Piy1 =91 o
t+1]t
(19)
_ H:
M, =S t+1 20
i B Isnxsn 20)
— 5Zi‘
€ =Sl { g;:“} @1
Rijiy1 0
St+1 = ’ o0 (22)
0 DINEYH

where R;j ;41 is the fixed covariance of 0z;;41. The goal
of the measurement update is to reduce the estimation error,
known as the residual &, ;. Therefore, the measurement



update process can be reformulated as a regression minimiza-
tion problem stated in Eq. 18 and this problem can be solved
using Huber’s generalized maximum likelihood technique,

which minimizes a cost functioré:
+m

J<Xi+1\t) = Z P(Ck)

where m represents for the dimension of Z4j,t+1 which is 3
here, p(-) is a kernel function and (j, is the k-th component
of the residual ¢ = Mt+1f(z+1|t —Dii1-

To solve Eq. 23, a robust kernel function called the Huber
kernel function is used. This function combines the ¢; and
the ¢5 norm functions, making it more robust than using
the pure /5 norm (least squares method) function alone. The
Huber kernel function is defined as follows:

(23)

for |G| <

for |G| = ~ 24

1%

— 2

PLGk) {'YCk - 37
where v is a threshold and usually chosen as 1.345 [6].

Since p((y) is differentiable, the minimization of Eq. 23

can be solved in this implicit equation'
3N+m

=0
Z¢Cka

t+

1]t
where ¢(Cx) = p'(Cx). Define ¢(Cx) = ¢(Ck)/Ce and
= diag[d)(ck)],k = 1,...,3N + m. Then Eq. 25 can
be rewritten as: X
M;r+1‘I’(Mt+1Xt+1|t —Pi41) =0
The solution is obtained by iterating

A1

Xt+1\t(n+1) Xt+1|t+K£+)1 {zf—i-l h(Xt+1|t):| (27)
where( ) o ;
Ktil :Et+1\t1/2‘1’712t+1|t 2Ht+1

PN i T
(Ht+12t+1|t ‘I’ EtJrl\t 1/2 H,

(25)

(26)

(28)

+ Rij,t+11/2‘1’;1Rij,t+11/2

n means the iteration times. The measurement residual part
W, and the state prediction residual part ¥ x come from the
decomposition of ¥:

v, O
v = 0 Uy (29)
¥ = T when n = 0. The convergence of the iteration appears
when 1) function is non-increasing. Practically, the iteration
will stop when || X;H‘t("“) _X1+1It(n)
With W x, the covariance is updated by:

|| is small enough.

2t+1\t =~ Kt+1Ht+1)EtJrl\tl/Q‘I’;(lE;«thl/Q (30)

Eq. 27,28 and 30, which represents the M-estimation, is
formally similar to the extension Kalman filter (EKF). As
W — I, the M-estimation reduces to the EKF. The difference
lies in the measurement update. When accepting a biased
measurement, the EKF weights it as a normal measurement.
Nevertheless, the M-estimation reweights it by ¥, so that
the impact of the biased measurement can be reduced by
allocating lower weights, making the state estimation less
affected by biased measurements.

C. Communication update

With our proposed time propagation update and measurement
update methods, our DCL method can robustly work even
under the failed communication and biased measurement
environment. Nevertheless, we can also use the communi-
cation information to further improve our performance if the
communication is not totally failed. Specifically, the robot ¢
uses CI to fuse states estimated by itself and other robots
communicating with it. The fusion result is used as the
estimated state of the robot ¢. CI is an information fusion

method shown in [10] and omitted for brevity here.
TABLE I: Simulation parameters

Parameter Value

Sample time At 0.1s

Range of 7, ® [0,0.2](m/s), [-1,1](Rad/s)
Djt, Dt N(0.1,(1/30)2),N (0, (1/3)2)

oy, 0w for v,w in Eq.4 0.7, 0.3 for experiment 1 and 2;

0.7, 0.8 for experiment 1 only

N ([07 07 0]T7

diag(0.05m,0.05m, 7/180Rad)?)
(07 5)(1‘[1), [_777 W](Rad/s)

0.27(t —29.7) in the experiment 1
and 0.5 in the experiment 2
Bias Ry % (1.5m,1.5m, 7/6Rad)
Communication Rate 10A¢
Initial states of robots [0,12,0]T,[1,9,0]T,[0,6,0] T
[17 3, 0]T7 [07 07 O]Tv [17 _37 O]T
diag(0.052,0.052, (7/180)2)

Measurement noise 62;; ¢+1

Sensing distance and bearing range
Bias coefficient R,

Initial covariance of each robot

V. SIMULATION EXPERIMENTS

In order to validate the performance of the proposed al-
gorithm, it is essential to create scenarios that simulate
failed communication and biased measurements, ensuring
their resemblance to real-world environments. Additionally,
we conduct a comparative analysis of our algorithm with
several existing methods to showcase its robustness in these
challenging scenarios.

A. Setup

To accurately simulate real-world situations, it is essential
to design scenarios that closely resemble them. One way to
simulate the communication environment is by introducing
a fixed probability of failed communication, denoted as
p € {0.1,0.5,0.9}, which indicates the level of failed
communication. By incorporating low, medium, and high
levels of failed communication, a wide range of scenarios
can be covered. To simulate biased measurements, which
can occur due to factors like electromagnetic interference,
environmental conditions, or hardware malfunctions, two
situations can be considered: sudden occurrence and gradual
increase of biased measurements with a certain occurrence
probability. The occurrence probability of biased measure-
ments can be denoted as 7 and can take values in the range
[0,0.5].

TABLE 1 lists important parameters used in our simu-
lations. Specifically, 6 robots are used in our simulation
with fixed initial states and covariances. They are driven by
velocities v and angular velocities w, which is generated in
Eq.4 with nominal input velocities v and variance coefficient



oy, as well as angular velocities w and variance coefficient
0,. In order to show the robustness of our method to
varying robot movements, we assign different o, (as shown
in TABLE 1) to generate greater randomness in the rotation
of the robots in experiment 1, causing the robots to exhibit
varied trajectories. The parameters of the normal distribution
followed by v ¢,w; ; come from:

Ko = (Umax + Umin)/2 Mo = (wmax + wmin)/Q (31)

Oy = (Umax - Nv)/g 0y = (wmax - ﬂw)/3 (32)
where the subscript max, min means the maximum velocity
and the minimum velocity. Specific values are presented in
TABLE 1. The bias is added in the normal measurement.
20 Monte Carlo runs are executed. Within the scope of
each run, all robots move simultaneously while concurrently
performing measurements and engaging in inter-robot com-
munication.

To demonstrate the superior performance of our algorithm,
we have selected four state-of-the-art DCL methods for
comparison, including the DMV [13], the BDA [12], the
BDA-CU [4] and the CI+CU [17]. Moreover, to show the
impacts of measurements, Dead Reckoning (DR) is also used
for comparison.

B. Metric

To evaluate the accuracy of the estimation, we utilize the
average root mean square error (ARMSE) as an index to
quantify the disparity between the ground-truth and the
estimation. The ARMS]]EV is denoted as:

ARMSE, — —— RMSE;
20N £~

N
1 1., .. ~
= 508 2= 2 \/ 5 [, — 202 + (3 — i)
i=1

(33)
which consists of averaging the number of robots N and 20
Monte Carlo runs.

C. Experiment results
1) Experiment 1: Experiment on Fixed Probability of
Failed Communication and Sudden Occurrence and
Absence Probability of Increased Biased Measurements
The first type of simulation is conducted in a specific
environment where 7 = 0 for the initial 33.3 seconds and
then changes to 0.5 for the next 33.3 seconds and finally
changes to O for the last 33.3 seconds. Additionally, the level
of bias in the measurements gradually increases over time, as
listed in TABLE I. This scenario simulates a situation where
the exteroceptive sensor’s performance suddenly deteriorates,
resulting in the measurement data with increased bias. In
each simulation, the probability of failed communication
remains constant, and p is held at a fixed value. Fig. 1
and Fig. 2 illustrate results of the simulation experiments
conducted under various conditions and TABLE 1II displays
the results obtained from Fig. 1 averaged over each 33.3
seconds.
The first observation from Fig. la and Fig. 2a is that
the ARMSE of the proposed algorithm (indicated by the
purple line) exhibits the slowest growth rate during the

initial 33.3 seconds, approaching nearly zero, even when
communication is severely disrupted (p = 0.9). In contrast,
the ARMSE of other methods that couple communication
with measurements increases with p. This demonstrates
the remarkable robustness of our proposed multi-centralized
framework which decouples measurement and communi-
cation. By decoupling these two components, the failed
communication does not impact our measurement update
if there is measurement obtained. Additionally, accurately
approximating the distribution of the actual input velocity
of other robots is also crucial in achieving robustness, as it
enables a reasonable estimation of the state of other robots.

The second observation from Fig. 1b and Fig. 2b is
that the ARMSE of the proposed algorithm exhibits the
slowest growth rate during the next 33.3 seconds when
the probability of failed communication p is at 0.1 and
0.5. When the level of the failed communication is not
too high (p < 0.5), nearly all the methods can use the
measurement to update. However, the biased measurement
leads to an increase in the ARMSE when updating with
biased measurements. Our M-estimation based measurement
update can mitigate this increase by assigning a small weight
to the biased measurement, thus weakening the impact of
bias on the state estimation. Comparatively, the ARMSE of
the BDA-CU is lower than that of the BDA when p = 0.1
and 0.5. As concluded in [4], the effectiveness of the CU
method in mitigating the impact of bias is validated. For
the CI+CU algorithm, despite being a FDE-based method, it
exhibits the highest ARMSE. One possible reason for this is
the challenge of determining the threshold for FDE without
prior information about the bias. We set thresholds utilized
in the CI+CU after conducting multiple trials; specifically,
dross = 0.1,dcy = 0.025. Additionally, the bias in
our scenario is not fixed but increases over time, further
contributing to the higher ARMSE.

The third observation from Fig. Ic and Fig. 2c is that
the performance of our algorithm becomes worse than other
methods from 60 to 66.6 seconds when communication is
severely disrupted (p = 0.9). This can be explained by the
fact that algorithms that couple measurement and commu-
nication, such as the DMV, the BDA and the BDA-CU,
do not conduct measurement updates when communication
is barely blocked. Although they can obtain measurement
about other robots, the estimated states of other robots
cannot be obtained through communication, so the biased
measurements will not be used to update the estimated state.
While preventing the measurement update with failed com-
munication may benefit these localization methods in certain
specific scenarios, it ultimately undermines their robustness
in dealing with complex environments. A primary challenge
lies in accurately predicting whether the measurement is
biased. Once the bias is removed, failed communication also
prevents the measurement update, causing the robot to rely
solely on the time propagation update. As a result, rapid
error accumulation occurs, ultimately causing the localization
to no longer converge. This phenomenon is apparent during
the last 33.3 seconds in both Fig. 1c and Fig. 2c. Notably,
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TABLE II: time-averaged ARMSE of state estimation of robots

DMVI1] BDAJS] BDA-CU[3] CI+CU[13] Ours DR
p\t 0 |05] 0 o0 |O05] 0 o0 [05] 0 o0 |05 0 0 |05] 0O 0 |05 0
0.1 0.077 0.464 1.083 0.042 0.596 1.787 0.040 0.367 1.024 0.102 2.533 6.362 0.024 0.219 0.545 0.099 0.368 0.727

0.5
0.9

0.066 0.436 1.168 0.049 0.448 1.368 0.051 0.333 0.968 0.108 2.432 6.472
0.070 0.271 0.651 0.074 0.268 0.527 0.074 0.260 0.518 0.100 0.403 0.720

0.025 0.211 0.467 0.099 0.368 0.727
0.028 0.248 0.517 0.099 0.368 0.727

when the bias is removed, our method outperforms all
others, demonstrating the least ARMSE. Moreover, it’s also
observed that our performance is better in Fig. 2c. The
primary reason is that, due to communication blockages,
other methods rarely perform measurement updates. The
augmented angular velocity noise consequently contributes to
the rapid error accumulation in the time propagation update.

The fourth observation from TABLE II indicates that,
overall, our method exhibits superior performance compared
to other methods in average. When p is increased, our perfor-
mance is only minimally affected compared to other meth-
ods. Additionally, in terms of measurements, our method
demonstrates the least sensitivity to biased measurements.

To show the working mechanism of our M-estimation
process, Fig. 3 illustrates the effect of the M-estimation for
Fig.1c. The average weight (averaged over N and 20 Monte
Carlo running times) about the measurement over simulation
times is shown. Specifically, the average weight comes from
all the unbiased measurement during the first 33.3 and the
last 33.3 seconds and all the biased measurement during
the middle 33.3 seconds. In Fig. 3, the average weight is
close to 1 during the first 33.3 and the last 33.3 seconds
while they decrease during the middle 33.3 seconds. That’s

average weight
o o o
IS o o

I
o

L —— Ay

0.0 L1
0 20

40 60 80
simulation time [s]

100

Fig. 3: Average weight of measurement in the M-estimation
over time with sudden 7 = 0.5,0 and p = 0.9

because when biased measurement arrives, |(x| becomes
larger. If |(y| is larger than ~, the proposed algorithm treats
the measurement as a bias and gives it a lower weight.
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2) Experiment 2:Experiment on Fixed Probability of
Failed Communication and Increased Occurrence
Probability of Biased Measurements

In this situation, we want to mimic an extreme scenario
where the occurrence of bias measurement gradually in-
creased. With an increased occurrence probability of bias
measurement, we are able to simulate a process of randomly
generating biased measurements. The whole simulation time
is also 100 seconds and the bias is fixed as listed in TABLE I.
Fig. 4 shows the results of averaged over 20 Monte Carlo
running times.

We can observe from Fig. 4 that our proposed algo-
rithm outperforms other methods. It exhibits remarkable
performance when the occurrence probability of biased
measurements 7 is less than 0.4, significantly improving
estimation accuracy regardless of failed communication. In
contrast, most other methods deteriorate when 7 exceeds 0.1,
achieving better performance only when the measurement
update is nearly disabled due to high level of the failed
communication (Fig. 4c). Through the fusion of a multi-
centralized framework and M-estimation, our proposed algo-
rithm demonstrates strong robustness against scenarios with
failed communication and biased measurements.

VI. CONCLUSION

In this study, we have presented a robust cooperative local-
ization algorithm that utilizes a multi-centralized framework
and the M-estimation to address challenges arising from
failed communication and biased measurements. Through
simulation experiments, we have demonstrated superior lo-
calization accuracy in challenging scenarios. The next phase
of our research involves conducting real-world experiments
to further validate the proposed algorithm.
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