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Abstract—The visibility (possibly partial) of some image features
is crucial to a broad class of visual servoing-based control. In this
letter, we consider the setting of image-based visual servoing (IBVS)
and address the fundamental problem of keeping a moving object
with an unknown motion profile in the field of view while ensuring it
remains unobstructed by obstacles. Assuming that the projections
of the target and obstacles are both convex polygons, we propose
a systematic method for circumscribing these polygons by strictly
convex shapes with tunable accuracy. We prove that the minimal
scaling factor such that two convex shapes intersect is continuously
differentiable with respect to their vertex coordinates. Then, we
formulate a control barrier function (CBF) based on this minimal
scaling factor and incorporate a motion observer into occlusion-
free visual servoing. The effectiveness of our method is validated
through both simulation studies and experiments on the Franka
Research 3 robotic arm.

Index Terms—Visual servoing, visual tracking, robot safety,
sensor-based control.

I. INTRODUCTION

V ISION plays an important role in robotic motion planning
and control as vision sensors provide geometrical infor-

mation about the surrounding environment. Specifically, control
methodologies that rely on visual measurements for feedback
are commonly referred to as visual servoing (VS) [1]. However,
the effectiveness of VS-based control methods relies heavily on
the quality and the visibility of image features. Therefore, in this
work, we address the problem of occlusion-free VS, particularly
in scenarios where image features are susceptible to obstruction
by other objects.
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Our study considers designing occlusion-free controls in the
setting of image-based visual servoing (IBVS), also known as
VS in the image plane. The primary objective of this work
is to address the fundamental challenge of tracking a moving
object with an unknown motion profile in the field of view
(FoV) while ensuring it remains unobstructed by obstacles.
Assuming that the projections of the target and obstacle are
both convex polygons, we propose a systematic method for
circumscribing these polygons into strictly convex shapes with
tunable user-designed scaling functions. Further, we prove that
the minimal scaling factor such that the two shapes intersect is
continuously differentiable with respect to (w.r.t.) their vertex
coordinates. We then employ a motion observer to estimate the
unknown terms in the motion field equation due to the movement
of the target and formulate a control barrier function (CBF) based
on this minimal scaling factor to realize occlusion-free VS.

Avoiding occlusion or increasing visibility holds significant
importance in numerous vision-based robotic applications [2],
[3], [4], [5], [6], [7]. In [2], switching controllers are developed to
bypass obstacles and avoid occlusion for non-holonomic robots
in a cluttered environment. In [3], the authors compute the
minimum distance between a point and a line segment for oc-
clusion avoidance in dual-arm teleoperation. Another approach
proposed in [5] avoids collisions and occlusions in quadrotor
navigation by representing both quadrotors and obstacles as
spheres. These methods commonly represent obstacles using
simple geometries such as spheres ([5], [6]), line segments ([3]),
or critical points ([4]), which may lack generality or lead to
overly conservative results. A distinctive feature of our work
is the use of scaling functions, which preserve the obstacle’s
geometry with tunable accuracy. In addition, our approach can
be easily applied to a given set of feature points on the target
(instead of the whole target). It is worth mentioning that in
case of visual signal loss (e.g., temporary camera breakdown),
the method in [8] becomes essential for reconstructing visual
features.

Our work is also closely related to differentiable optimization,
which deals with optimization problems whose solutions are dif-
ferentiable w.r.t. the problem configuration parameters. Based on
the Karush-Kuhn-Tucker (KKT) conditions and implicit func-
tion theorem (IFT), the authors of [9] introduce the differentiable
convex optimization layers for disciplined convex programs.
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Another related work, [10], presents a differentiable collision
detection method for a set of convex primitives, also drawing
from IFT and KKT conditions for convex problems. However,
the aforementioned methods did not establish the continuous
differentiability of the solution. Our previous work, [11], es-
tablished the continuous differentiability of the minimal scaling
factor for strongly convex scaling functions. Our current study
demonstrates that continuous differentiability is attainable even
under relaxed conditions.

Our contributions: (1) We design and develop one of the
first frameworks that address the problem of maintaining a
moving object with an unknown motion profile in the FoV while
achieving occlusion avoidance using CBFs. (2) We introduce
a systematic method for circumscribing convex polygons by
strictly convex shapes with adjustable scaling functions, which
also generalizes to 3D convex polytopes. (3) Compared with our
previous work, we extend the domain of the scaling function
from R3 to Rn and prove the continuous differentiability of the
minimal scaling factor under relaxed conditions (one scaling
function being strictly convex and the other convex). (4) We
demonstrate the effectiveness of our method through both simu-
lation studies and experiments on the Franka Research 3 (FR3)
robotic arm.

Notations: ‖·‖ is the �2 norm of a vector or a matrix, and (·)†
is the pseudoinverse of a matrix. I is the identity matrix with
proper dimensions. For a C1 function h : Rn → R, its gradient
∇h is a column vector while the partial derivative ∂h

∂x is a row
vector. For a C1 function f : Rn → Rm, the partial derivative
∂f
∂x is a m× n matrix.

II. PRELIMINARIES

Consider a control-affine system

ẋ = f(x) + g(x)u (1)

with f : Rnx → Rnx and g : Rnx → Rnx×nu being locally Lip-
schitz, the states x ∈ X ⊂ Rnx , and the control u ∈ U ⊂ Rnu .
Let h : X ⊂ Rnx → R be a C1 function, and define

C = {x ∈ X | h(x) ≥ 0} , (2a)

∂C = {x ∈ X | h(x) = 0} , (2b)

Int(C) = {x ∈ X | h(x) > 0} (2c)

where C is the safe set, ∂C is the boundary of C, and Int(C) is
the interior of C. We assume that Int(C) �= ∅ and ∇h(x) �= 0
for x ∈ ∂C.

Definition 1 (Control barrier functions [12]): A C1 function
h : X → R is a control barrier function (CBF) if there exists an
extended K∞ function1 Γ such that for system (1)

sup
u∈U

[Lfh(x) + Lgh(x)u] ≥ −Γ(h(x)), ∀x ∈ C (3)

where Lφh(·) = ∂h
∂x (·)φ(·) is the Lie derivative of h w.r.t. func-

tionφ. The right-hand side of (3) can be reduced to−γh(x)with
γ > 0 for simplicity.

1An extended K∞ function Γ is a continuous strictly increasing function that
maps R to R with Γ(0) = 0.

Additionally, given the CBF h, consider the set

Kcbf(x) = {u ∈ U | Lfh(x) + Lgh(x)u ≥ −Γ(h(x))}. (4)

We can prove that the control π(x) ∈ Kcbf(x) renders C
forward-invariant if the initial condition x0 ∈ C [12].

III. DIFFERENTIABLE OPTIMIZATION

In this section, we extend the results of [11] and show that the
solution of a broader class of optimization problems is contin-
uously differentiable w.r.t. the underlying parameters. First, we
introduce the definition of a scaling function.

Definition 2 (Scaling functions): We say that a class C2 func-
tion FA : Rn → R is a scaling function for a non-empty closed
set A ⊂ Rn if

1) A = {z ∈ Rn | FA(z) ≤ 1};
2) FA(z) < ∞ for all z ∈ Rn.
The above definition is slightly modified from that in [11]

as we generalize the domain of FA to n-dimensional space and
allow the range ofFA to be negative. The additional condition 2)
guarantees that it is always possible to include a point z ∈ Rn in
a sublevel set of FA. It should be noted that the scaling function
does not always exist for a given set. However, when a scaling
function exists, the convexity of the scaling function implies the
convexity of the associated set2.

Some sets come with a natural representation of scaling
functions. For a 2D (or 3D) ball of radius r, we can write
FA(z) = (z − z0)

�P (z − z0) where z0 is the center of the ball
and P = I/r2. Similarly, we can find the scaling function of an
ellipse (or an ellipsoid) by choosing P properly.

In the following, we are interested in the case where the
scaling functions are convex. The next lemma results from the
first-order condition for a differentiable convex function.

Lemma 1: Given a convex scaling function FA, for any z
such that FA(z) > 1, ∂FA

∂z (z) �= 0.
Proof: As FA is convex and belongs to class C2, we have

FA(z
′) ≥ FA(z) +

∂FA

∂z
(z)(z′ − z), ∀z′ ∈ Rn.

If ∂FA

∂z (z) = 0, then FA(z
′) ≥ FA(z) for any z′ ∈ Rn, i.e.,

z is a global minimizer of FA. However, this is impossible
because A = {z ∈ Rn | FA(z) ≤ 1} is non-empty. Therefore,
∂FA

∂z (z) �= 0 must hold. �
Let FA and FB be two convex scaling functions associated

withA andB. Assume that the two setsA andB do not intersect,
i.e.,A ∩B = ∅. The minimal scaling factor such that the scaled
versions of A and B intersect can be found via the following
optimization problem [10], [11]:

min
z,α

α

s.t. FA(z) ≤ α, FB(z) ≤ α. (5)

Problem (5) is strictly feasible because FA(z),FB(z) < ∞ for
any z ∈ Rn (by Definition 2), i.e., we can increase α until the

2Pick z1, z2 ∈ A, and by Definition 2, FA(z1) ≤ 1 and FA(z2) ≤ 1. Take
0 ≤ η ≤ 1, and by conveixty of FA, FA(ηz1 + (1− η)z2) ≤ ηFA(z1) +
(1− η)FA(z2) ≤ 1, which means that ηz1 + (1− η)z2 ∈ A and hence the
convexity of A.
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scaled versions of A and B intersect. The Lagrangian function
of the above problem is

L(α, z, λA, λB) = α+ λA(FA(z)− α) + λB(FB(z)− α).
(6)

Since the problem is convex and strictly feasible (i.e., Slater’s
condition holds), the KKT conditions are necessary. The optimal
primal (α∗, z∗) and dual (λ∗

A, λ
∗
B) variables satisfy the following

KKT conditions:

λ∗
A + λ∗

B = 1, (7a)

λ∗
A

∂FA

∂z
(z∗) + λ∗

B

∂FB

∂z
(z∗) = 0, (7b)

λ∗
A(FA(z

∗)− α∗) = 0, (7c)

λ∗
B(FB(z

∗)− α∗) = 0, (7d)

λ∗
A, λ

∗
B ≥ 0. (7e)

Lemma 2: If FA and FB are both convex and A ∩B=∅,
then λ∗

A, λ
∗
B > 0, FA(z

∗) = FB(z
∗) = α∗, and ∂FA

∂z (z∗) �=
∂FB

∂z (z∗).
Proof: First, it is easy to see α∗ > 1 as A ∩B = ∅ and the

problem is feasible. Next, we prove λ∗
A, λ

∗
B > 0. If λ∗

A = 0,
we have λ∗

B = 1 by (7a). Further, from (7b) and (7d), we
get ∂FB

∂z (z∗) = 0 and FB(z
∗) = α∗ > 1, and this contradicts

Lemma 1. Therefore, λ∗
A �= 0, and similarly λ∗

B �= 0. By (7e),
λ∗
A, λ

∗
B > 0. Following from λ∗

A, λ
∗
B > 0, we have FA(z

∗) =
FB(z

∗) = α∗ by (7c) and (7d). Finally, we prove ∂FA

∂z (z∗) �=
∂FB

∂z (z∗). Assume ∂FA

∂z (z∗) = ∂FB

∂z (z∗), then from (7a) and (7b),
∂FA

∂z (z∗) = ∂FB

∂z (z∗) = 0. This again contradicts Lemma 1.
Hence, ∂FA

∂z (z∗) �= ∂FB

∂z (z∗). �
Assume that the scaling functions FA and FB are also

functions of a parameter vector θ. Let α∗ be the solution to
problem (5). The following theorem establishes the continuous
differentiability of α∗ w.r.t. θ.

Theorem 1: Assume that A ∩B = ∅, and FA and FB are
also C2 in θ. If FA and FB are both convex w.r.t. z and one
of them is strictly convex w.r.t. z, then α∗ is continuously
differentiable w.r.t. θ.

Proof: Recall that λ∗
A

∂FA

∂z (z∗, θ) + (1− λ∗
A)

∂FB

∂z (z∗, θ) = 0
and FA(z

∗, θ)−FB(z
∗, θ) = 0. Differentiating both equations

w.r.t. θ gives [
M c

c� 0

]
︸ ︷︷ ︸

N

[
∂z∗
∂θ
∂λ∗

A

∂θ

]
=

[
Ω1

Ω2

]
(8)

where

M = λ∗
A

∂2FA

∂z2
(z∗, θ) + (1− λ∗

A)
∂2FB

∂z2
(z∗, θ), (9a)

c =
∂FA

∂z
(z∗, θ)� − ∂FB

∂z
(z∗, θ)�, (9b)

Ω1 = −λ∗
A

∂2FA

∂θ∂z
(z∗, θ)− (1− λ∗

A)
∂2FA

∂θ∂z
(z∗, θ), (9c)

Ω2 = −∂FA

∂θ
(z∗, θ) +

∂FB

∂θ
(z∗, θ). (9d)

Fig. 1. 2D convex polygon extended into a 3D space.

Since FA and FB are both convex w.r.t. z with one of them
being strictly convex, λ∗

A > 0, 1− λ∗
A = λ∗

B > 0, M is positive
definite. Furthermore, c �= 0 using Lemma 2. Therefore, by
Schur complement, the matrix N is invertible. Since M , c, Ω1,
andΩ2 are continuous in θ,N−1 is continuous in θ and ∂z∗

∂θ (θ) is
continuous in θ. Finally, differentiate FA(z

∗, θ)− α∗ = 0 w.r.t.
θ and we see

∂α∗

∂θ
(θ) =

∂FA

∂z
(z∗, θ)

∂z∗

∂θ
(θ) +

∂FA

∂θ
(z∗, θ) (10)

is continuous in θ. �
Theorem 1 only states that given two scaling functions,

satisfying the assumptions above will lead to the continuous
differentiability ofα∗. It does not guarantee the existence of such
scaling functions for any convex set. A systematic construction
method to derive scaling functions for 2D convex polygons will
be presented in Section IV.

IV. SCALING FUNCTIONS FOR 2D CONVEX POLYGONS

In this section, we derive scaling functions for 2D convex
polygons. The main idea is to pad the polygon into a strictly
convex set with tunable accuracy.

A. Inequalities Describing a 2D Convex Polygon

In this work, we use normalized image points3. In
the 2D image plane, a convex polygon S with N
edges can be delimited by N linear inequalities corre-
sponding to each of its edges, i.e., S = {z ∈ R2 | Fz +
b ≤ 0} where F ∈ Rn×2 and b ∈ Rn. In the following,
given the vertex coordinates θ = [x1, y1, . . ., xN , yN ] ∈ R2N

of S, we present a systematic method to find F (θ)
and b(θ).

A convex polygon S in the image plane can be extended into
a 3D space by appending 0 as the third element (see Fig. 1). Let
vi = [xi, yi, 0]

� be the i-th vertex of S ordered in the clockwise
direction. In addition, let s = [x, y, 0]� be a point inside S and
s′ = [x′, y′, 0]� a point outside S. Using the right-hand rule,
we see that the cross products (vi − s)× (vi+1 − vi) and (vi −
s′)× (vi+1 − vi) have different signs in the third component.
By requiring the third component of (vi − s)× (vi+1 − vi) to

3In the pinhole camera model, the unitless normalized image point (x, y) asso-
ciated with the image point (u, v) in pixel units is (x, y) = ((u− cx)/fx, (v −
cy)/fy), where (fx, fy) are the focal lengths and (cx, cy) are the principal point
offsets.
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be positive, the edge linking vi and vi+1 leads to the following
linear inequality:

(yi+1 − yi)x+ (xi − xi+1)y + xi+1yi − xiyi+1 ≤ 0. (11)

Putting all the inequalities in a compact form, we get⎡
⎢⎢⎣
y2 − y1 x1 − x2

...
...

y1 − yN xN − x1

⎤
⎥⎥⎦

︸ ︷︷ ︸
F (θ)

[
x

y

]
︸︷︷︸
z∈R2

+

⎡
⎢⎢⎣
x2y1 − x1y2

...

x1yN − xNy1

⎤
⎥⎥⎦

︸ ︷︷ ︸
b(θ)

≤ 0. (12)

In addition, ∂F
∂θ and ∂b

∂θ exist and are continuous in θ.
Remark 1: The content presented in Section IV-A can be

taken as a specific instance within the wider scope of charac-
terizing the convex hull of a simple polygon [13].

B. Padding the Polygon Into a Strictly Convex Set

The next step is to convert the 2D convex polygon S =
{z ∈ R2 | Fz + b ≤ 0} into a strictly convex set, where F =
F (θ) and b = b(θ) for short. Let the i-th row of F and
b be Fi and bi, respectively. Consider the set Ss = {z ∈
R2 | ∑N

i=1 exp[κ(Fiz + bi)] ≤ N} with κ > 0. It is straight-
forward to see that S ⊂ Ss as exp(κt) ∈ (0, 1] for t ∈ (−∞, 0]
with κ > 0. Define

FSs
(z) =

1

N

N∑
i=1

exp[κ(Fiz + bi)] (13)

as a scaling function for Ss and we can see Ss = {z ∈ R2

| FSs
(z) ≤ 1} by the definition of Ss. Furthermore,

∂2FSs

∂z2
(z) =

κ2

N

N∑
i=1

exp[κ(Fiz + bi)]︸ ︷︷ ︸
>0

FT
i Fi > 0. (14)

This is because the edges of a convex polygon cannot be all
parallel, implying that there must exist two linearly independent
rows in F . Hence, ∂2FSs

∂z2 (z) > 0, i.e., FSs
is strictly convex

w.r.t. z.
We remark that FSs

comes with a tunable parameter κ that
controls the accuracy of the padded shape Ss. As illustrated
in Fig. 2, increasing κ will lead to a more accurate region (in
blue) compared with the original shape. This method can also
be applied to 3D convex polytopes as shown in Fig. 2 using the
inequalities describing each face of the polytope.

Remark 2: When FA = FSs
and FB = FS′

s
, optimization

problem (5) is equivalent to

min
z,α′

exp(α′)

s.t. FSs
(z) ≤ exp(α′), FS′

s
(z) ≤ exp(α′), (15)

with α = exp(α′) as α > 1 if Ss ∩ S ′
s = ∅. The constraint

FSs
(z) ≤ exp(α′) (same for FS′

s
(z) ≤ exp(α′)) can be further

developed into a sum of exponential cones and this can be effi-
ciently solved by solvers such as SCS (Splitting Conic Solver)
and ECOS (Embedded Conic Solver).

Fig. 2. (a)–(c): Padded squares with κ = 1, 2, and 5. (d)–(f): Padded cubes
with κ = 5, 10, and 15.

V. MOTION FIELD EQUATIONS AND MOTION OBSERVER

In this section, we recall some results on perspective pro-
jection and incorporate a motion observer into the motion field
equations. Let there be M feature points and denote by pi =
[xi, yi]

� and Zi the normalized image coordinates and depth in
the camera frame of the i-th point, respectively. For the i-th point,
standard calculation (e.g., [14]) gives the following motion field
equation:

ṗi = Li

[
cVc − cVi,w

cΩc

]
(16)

where cVc ∈ R3 and cΩc ∈ R3 are the translational and angular
velocities of the camera expressed in the camera frame, cVi,w is
the velocity of the point expressed in the camera frame, and

Li =

[
− 1

Zi
0 xi

Zi
xiyi −(1 + x2

i ) yi

0 − 1
Zi

yi

Zi
1 + y2i −xiyi −xi

]
(17)

is the so-called image Jacobian or interaction matrix. The first
three columns and the last three columns of Li are noted as Li,v

and Li,ω , respectively.
Our aim is to estimate ṗi of M moving points with unknown

motion profiles. In (16), Li can be found using (17) and depth
data. cVc and cΩc are our control inputs, but cVi,w may not be
readily available. This corresponds to the contribution of the
moving speed of the point itself. For this purpose, we introduce
the following motion observer (adapted from the disturbance
observer in [15]). Stacking (16) for all M points, we obtain

ṗ = Lu+ d (18)

where p = [p�1 , . . ., p
�
M ]� ∈ R2M , u = [cVc

�, cΩc
�]� ∈ R6,

L = [L�
1 , . . ., L

�
M ]� ∈ R2M×6, and d = [−(L1,v

cV1,w)
�, . . . ,

−(LM,v
cVM,w)

�]� ∈ R2M . In (18), we have summarized the
−Li,v

cVi,w terms into a disturbance vector d. Let the dynamics
of the observer be

d̂ = Gp− ε, ε̇ = G(Lu+ d̂) (19a)
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Fig. 3. Control process for occlusion-free VS.

where G ∈ R2M×2M is the observer gain. Then, the estimation
error e = d− d̂ satisfies

ė = −Ge+ ḋ. (20)

Assuming that the feature points move slowly with a bounded
variation, we establish the boundedness of the estimation error
of the proposed motion observer.

Proposition 1: If G > 0 is diagonalizable and supt≥0 ‖ḋ‖ <
∞, then there exist ε1, ε2, σ > 0 such that ‖e(t)‖ ≤ ε1e

−σt +
ε2(1− e−σt).

Proof: The solution to (20) is e(t) = e−Gte0 +
∫ t

0 e−G(t−τ)

ḋ(τ)dτ. Since G > 0 is diagonalizable, we have G = PΛP−1

with Λ diagonal. Then, e−Gt = Pe−ΛtP−1 and ‖e−Gt‖ ≤
‖P‖‖P−1‖‖e−Λt‖ ≤ c0e

−σt where c0 = ‖P‖‖P−1‖ and σ is
the smallest eigenvalue of G. Therefore,

‖e(t)‖ ≤ c0‖e0‖e−σt + c0 sup
t≥0

‖ḋ‖
∫ t

0

e−σ(t−τ)dτ

= ε1e
−σt + ε2(1− e−σt)

with ε1 = c0‖e0‖ and ε2 = c0 supt≥0 ‖ḋ‖/σ. �
Remark 3: Typically, requiring supt≥0 ‖ḋ‖ < ∞ is equiva-

lent to requiring ‖pi‖, ‖ṗi‖, ‖cVi,w‖, ‖cV̇i,w‖ < ∞ and Zi > 0
for all the feature points and for all t ≥ 0. We believe these are
mild conditions for practical implementation.

VI. CAMERA CONTROL AND OCCLUSION AVOIDANCE

In this section, we introduce the different components of the
camera control process (see Fig. 3).

A. Visual Tracking Control

In this letter, we track a target with features provided by an
AprilTag [16]. The corners of the AprilTag are selected as feature
points, and given the desired coordinates of the corners p∗, the
nominal control law is

un = −L+(λ(p− p∗) + d̂), (21)

where λ > 0, d̂ is given by the motion observer, and L+ is an
approximated inverse of L chosen by the user (some possible
choices discussed below).

If M = 1, 2, 3 and L has linearly independent rows, we can
use L+ = L† (or simply L−1 when M = 3). In this case, the
ultimate boundedness of the tracking error p− p∗ can be proved

Fig. 4. Shaded areas (in black) represent the padded polygons for the obstacle
(the square board) and the target (the board with an AprilTag). The overall
scenario is shown in the upper-left figure.

as in [17, Theorem 2] because the estimation error e = d− d̂ is
also bounded (Proposition 1). In this work, we choose to track
all four corners of the AprilTag, and a damped pseudoinverse
L+ = L�(LL� + ρ2I)−1 is used to avoid singularities in the
simulation studies. For the real robot experiment, we use L+ =
(L+ L∗)†/2, where L∗ is the value of L when p = p∗. This
special choice of L+ has proven to provide good performance
in practice [14].

B. Control Barrier Function

In this work, we focus on scenarios where the projections
of the target and the obstacle in the image are both convex
polygons, which can cover many user scenarios. For non-convex
projections, we suggest finding their convex hulls [13], if this
approach is feasible and not overly restrictive.

Let S and S ′ be the polygonal projection of the target and the
obstacle in the image plane, respectively, and denote by p and
p′ the coordinates of their vertices, respectively. Given the p and
p′, one can construct the scaling functions FSs

and FS′
s

as in
Section IV. In addition, FSs

and FS′
s

will have p and p′ as their
parameters, respectively. An example is shown in Fig. 4 where
we visualize the padded shapes Ss and S ′

s w.r.t. their original
shape. We assume the target has an unknown motion profile and
the obstacle is fixed in the world frame. Recall that the motion
field equation for p is

ṗ = Lu+ d̂+ e (22)

where e = d− d̂ is the estimation error of the motion observer.
As the obstacle is fixed in the world frame, the motion field
equation for p′ is

ṗ′ = L′u. (23)

BothL andL′ can be calculated by using the projection equation
and depth data. Also, from (22) and (23), we can see the
velocities of p and p′ share the same control u = [cVc

�, cΩc
�]�

representing the camera speeds.
To avoid occlusion while tracking the moving target, we

construct the following CBF

h(p, p′) = α∗(p, p′)− α0 (24)

where α∗(p, p′) is the solution to the optimization problem (5)
with FA = FSs

and FB = FS′
s
, and α0 > 1 is a user-chosen

parameter. If the control u is designed such that h(p, p′) > 0
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holds forward in time, then α∗(p, p′) > α0 > 1. This means
Ss ∩ S ′

s = ∅ and thus S ∩ S ′ = ∅. In other words, the occlu-
sion is avoided.

The continuous differentiability of h w.r.t. p and p′ can be
seen by Theorem 1 and the construction of FSs

and FS′
s
. The

next theorem proves that ∇p,p′h �= 0 for h(p, p′) = 0.
Theorem 2: For p, p′ such that h(p, p′) = 0, ∇p,p′h =

[∂h∂p ,
∂h
∂p′ ]

� �= 0.
Proof: When h(p, p′) = 0, we have α∗(p, p′) = α0 > 1 and

thus Ss ∩ S ′
s = ∅. If ∇p,p′h = 0, then no infinitesimally small

change in p or p′ exists that can change α∗ as ∇p,p′α∗ = ∇p,p′h.
This is impossible because when Ss ∩ S ′

s = ∅, there always
exists an infinitesimal translation of p and p′ that will change
the value of α∗. Hence, ∇p,p′h �= 0 must hold.

Consider the following set with γ > 0 and U = R6

Kcbf(p, p
′) =

{
u ∈ U | ∂h

∂p
(Lu+ d̂) +

∂h

∂p′
L′u

≥ −γh+ E

}
. (25)

Theorem 3: Assume that the conditions of Proposition 1 hold
and h(p0, p′0) > 0 for the initial conditions p0 and p′0. If ‖∂h

∂p‖ ≤
kh, E ≥ kh max(ε1, ε2), and the control is chosen such that
u ∈ Kcbf(p, p

′), then h(p, p′) > 0 holds for t ≥ 0.
Proof: By (22) and (23), the time derivative of h is

ḣ =
∂h

∂p
(Lu+ d̂+ e) +

∂h

∂p′
L′u.

Since u ∈ Kcbf(p, p
′), we have

ḣ ≥ ∂h

∂p
e− γh+ E ≥ −γh−

∥∥∥∥∂h∂p
∥∥∥∥ ‖e‖+ E.

As ‖∂h
∂p‖ ≤ kh, ‖e‖ ≤ max(ε1, ε2) (by Proposition 1), and

E ≥ kh max(ε1, ε2), we have ḣ ≥ −γh. Since h(p0, p
′
0) > 0

by assumption, we have h(p, p′) > 0 for t ≥ 0.
In practice, (25) is converted to a constraint of quadratic

programming (QP). The so-called CBF-QP for this work is

min
u∈U

‖u− un‖2

s.t.
∂h

∂p
(Lu+ d̂) +

∂h

∂p′
L′u ≥ −γh+ E (26)

where un is the nominal controller derived in (21).

C. Inverse Kinematic and Robot Collision Avoidance

In this work, we use a FR3 robotic arm with the eye-in-hand
configuration as our robotic platform. Given the u, the camera
speeds expressed in the camera frame, we can convert u to the
world frame4 and denote by uw the camera speeds expressed
in the world frame. Let q ∈ Rnq be the joint angles of the
FR3 robotic arm. We have the following differential kinematics
equation

uw = J(q)q̇ (27)

4This can be done by using known results on translating the velocities between
a rotating frame and an inertial frame.

where J(q) is the camera geometric Jacobian. Denote by qi,l and
qi,u the lower and upper bounds of the i-th joint, respectively, and
let q̄i = (qi,l + qi,u)/2. As a secondary objective, we encourage
each joint angle to stay in the middle of its limits. Defining
O(q) = − 1

nq

∑nq

i=1(qi − q̄i)
2/(qi,u − qi,l)

2, the nominal joint
velocities are given by

q̇n = J(q)†uw + (I − J(q)†J(q))
∂O

∂q
(q)�. (28)

To guarantee that the robot does not physically collide with the
obstacle, we incorporate the obstacle-avoidance CBF (OA-CBF)
in [11]. As shown in Figs. 5 and 6, the robot links of interest are
wrapped in blue ellipsoids (except a sphere for the end-effector)
that serve as strongly convex bounding shapes. Then, OA-CBF
performs a QP that returns the safe joint velocities q̇ with a
minimal �2 error from q̇n.

VII. EXPERIMENTAL STUDIES

The FR3 robotic arm platform with the eye-in-hand config-
uration (see Fig. 4) is utilized in our experimental studies. We
employ cvxpylayers [9] to solve (5) and compute the partial
differentials w.r.t. the parameters. Additionally, we use Prox-
suite [18] to solve QPs and Pinocchio [19] to compute the pose
of different frames of the robot. Throughout our experiments,
we know the geometry of the environment and the objects
appearing in the environment. For our experiments, one obstacle
is fixed in the world frame with a known pose while the target (a
small board with an AprilTag) has an unknown motion profile
satisfying the conditions of Proposition 1. The video of the
experiments is available at https://youtu.be/su0RPjcBwOc.

A. Simulation 1: Target Going Under the Obstacle

Consider the scenario (in Fig. 5) where the target goes under
the rectangular-shaped obstacle (0.20 m × 0.60 m) at a height
of 0.25 m. The target follows a circular trajectory with a radius
of 0.15 m and an angular velocity of 0.50 rad/s (see Fig. 5(f)).
While the target is maneuvered to go under the obstacle in the
simulation, the FR3 robotic arm should keep the target in the
image plane with least occlusion.

The initial pose of the FR3 robotic arm and the camera image
are shown in Fig. 5(a). If the CBF-QP is not used, the target
will get occluded at t = 3.70 s (see Fig. 5(e)). If the CBF-QP
is used, the FR3 robotic arm will exhibit proper motions (i.e.,
a tilting behavior) to avoid occlusion (see Figs. 5(b) and (c))
and the overall camera trajectory is visualized in Fig. 5(f).
Finally, the values of the h function defined in (24) are shown
in Fig. 5(g). As expected, h ≥ 0 holds during the simulation;
therefore, occlusion is avoided.

We compare our method with the state-of-the-art occlusion
avoidance method called PrCBC (Probabilistic Control Barrier
Certificates) in [6]. PrCBC models the obstacles with rigid
spheres and constructs CBFs to guarantee that the feature points
do not enter the projection of these spheres in the image space.
As shown in Fig. 5(d), the rectangular-shaped obstacle is con-
tained within ns = 12 rigid spheres of radius 0.074 m. The four
(nf = 4) corners of the AprilTag are selected as feature points,
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Fig. 5. Target going under the obstacle. (a): Initial robot pose and camera image. (b) and (c): Robot poses and camera images (w/ CBF). (d): Robot pose and
camera image (PrCBC). (e): Robot pose and camera image (w/o CBF) when the occlusion happens. (f): Trajectories of the center of the target (in red) and the
camera (in blue). (g): Values of h w/ and w/o CBF. (h): Values of hmin for PrCBC.

Fig. 6. Target moving around the obstacle. (a): Initial robot pose and camera image. (b) and (c): Robot poses and camera images (w/ CBF). (d): Robot pose and
camera image when the occlusion happens (PrCBC). (e): Robot pose and camera image (w/o CBF) when the occlusion happens. (f): Trajectories of the target (in
red) and the camera (in blue). (g): Values of h w/ and w/o CBF. (h): Values of hmin for PrCBC.

and a total number ofnsnf = 48CBFs are employed by PrCBC.
We visualize the minimum of all the CBFs in Fig. 5(h). Due to the
conservativeness of obstacle modeling, PrCBC generates over-
reactive tilting behavior (see Fig. 5(f)). We numerically calculate
the cost of control (in terms of joint velocities)

∫ T

0 q̇�q̇dt, and
the cost of our method is 0.71 rad2/s while that of PrCBC is
2.55 rad2/s, which is 3.59 times higher than our method.

B. Simulation 2: Target Moving Around the Obstacle

In the second example, we consider a scenario (in Fig. 6)
where the target moves around a square-shaped obstacle
(0.10 m× 0.10 m) at a height of 0.3 m. The target again follows
a circular trajectory with a radius of 0.12 m and an angular
velocity of 0.50 rad/s (see Fig. 6(f)).

Without the CBF, the upper-left corner of the target will get
occluded at t = 2.50 s (see Fig. 6(e)). When the CBF-QP is
active, the FR3 robotic arm will generate a tilting behavior when

h is near zero to avoid occlusions (see Figs. 6(b) and (c)), and the
overall camera trajectory is visualized in Fig. 6(f). The values
of h with and without CBF are shown in Fig. 6(g).

In this comparison with PrCBC, the four corners of the
AprilTag are selected as the feature points and the obstacle is
covered with four rigid spheres of radius 0.037m (see Fig. 6(d)).
Although all 16 employed CBFs have positive values (see
Fig. 6(h)), occlusion still happens (see Fig. 6(d)). This shows
that merely having visible feature points does not assure that
the target’s visual appearance remains unobstructed. Conversely,
our approach takes into account the convex shapes of both the
target and the obstacle, thereby effectively ensuring avoidance
of occlusion in this scenario.

C. Experiments on a 7-DOF Franka Arm

For the real robot experiment, we test our proposed approach
on a FR3 robotic arm platform with the computational engine
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Fig. 7. Real robot experiments. (a)–(c): Snapshots of the external view and robot camera view. (d): Values of h.

being a PC with 32 GB RAM and an Intel Core i7 11700
processor. An Extended Kalman Filter as in [20] is implemented
to denoise the depth signal and detection results from the percep-
tion pipeline. This work employs joint velocity control, and the
control update rate is 20 Hz. The robot carries a D435i camera
that outputs color images of size 1280× 720 at 30 Hz. The
target and obstacle are of size 8.6× 8.6 cm and 17.2× 17.2 cm,
respectively. The obstacle is mounted at an approximate height
of 16 cm from the table. See Fig. 7 for snapshots of the experi-
ment and evolution of the h function.

VIII. DISCUSSIONS AND CONCLUSION

This work addresses the challenge of tracking a moving object
in the FoV while avoiding occlusion. A notable strength of
our work is its tunable accuracy. Additionally, as our method
pads convex polygons into strictly convex shapes using scaling
functions without changing the number of constraints or decision
variables, the complexity of our method does not increase as
long as the number of obstacles and targets in the environment
remains unchanged. This feature is advantageous, especially
with large obstacles or targets.

Our approach, similar to other CBF-based methods, depends
on initial conditions (e.g., initial camera pose) and the nominal
control (e.g., desired camera pose). Our method ensures that the
object stays within the FoV given some reasonable assumptions
(e.g., the object velocity is not beyond the tracking capability
of the arm, the object does not move behind obstacles outside
the workspace of the manipulator given the geometry of the
environments, etc.). Our findings indicate that imposing closer
tracking distances increases the risk of losing the target from the
FoV. We included some illustrative examples in the video for the
readers to better understand these limitations.

In conclusion, our method, utilizing the minimal scaling
factor, improves accuracy and complexity compared to the state-
of-the-art method in [6]. Future research will focus on enhancing
visual signal recovery and making the control design more robust
to different tracking objectives.
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