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Abstract— This paper proposes a LiDAR-based goal-seeking
and exploration framework, addressing the efficiency of online
obstacle avoidance in unstructured environments populated
with static and moving obstacles. This framework addresses
two significant challenges associated with traditional dynamic
control barrier functions (D-CBFs): their online construction
and the diminished real-time performance caused by utilizing
multiple D-CBFs. To tackle the first challenge, the framework’s
perception component begins with clustering point clouds
via the DBSCAN algorithm, followed by encapsulating these
clusters with the minimum bounding ellipses (MBEs) algorithm
to create elliptical representations. By comparing the current
state of MBEs with those stored from previous moments, the
differentiation between static and dynamic obstacles is realized,
and the Kalman filter is utilized to predict the movements of the
latter. Such analysis facilitates the D-CBF’s online construction
for each MBE. To tackle the second challenge, we introduce
buffer zones, generating Type-II D-CBFs online for each
identified obstacle. Utilizing these buffer zones as activation
areas substantially reduces the number of D-CBFs that need
to be activated. Upon entering these buffer zones, the system
prioritizes safety, autonomously navigating safe paths, and
hence referred to as the exploration mode. Exiting these buffer
zones triggers the system’s transition to goal-seeking mode.
We demonstrate that the system’s states under this framework
achieve safety and asymptotic stabilization. Experimental re-
sults in simulated and real-world environments have validated
our framework’s capability, allowing a LiDAR-equipped mobile
robot to efficiently and safely reach the desired location within
dynamic environments containing multiple obstacles. Video and
code are available: https://zyzhang4.wixsite.com/iros2024.

I. INTRODUCTION

Ensuring safety while accomplishing tasks in complex
environments is a fundamental and challenging task that has
been extensively researched within the robotics communities
[1]. The advent of control barrier functions (CBFs) has
significantly advanced this field, offering a robust theoretical
groundwork for safety through forward invariance [2]. Two
methodologies are usually incorporated with CBFs into a
unified optimization problem to ensure safety while nav-
igating to the desired goal configuration. One is model
predictive control (MPC) [3], which can generate more
complex and predictive behavior. The other is the control
Lyapunov function (CLF) [4], known for conserving com-
putational resources and its role in ensuring asymptotic sta-
bility. Among existing CBFs-based approaches, most works
operate under the assumption that the obstacle locations are
known in the state space and unsafe regions can be precisely
and mathematically defined. However, such presupposes are
impractical for real-world robotics applications due to the
unknown dynamics of the environment [5].
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To enable robotic systems to identify unsafe areas in
unfamiliar environments, cameras and LiDAR are utilized
as the primary sensory tools. Compared to detecting unsafe
areas through cameras, constructing CBFs based on point
clouds in unstructured environments is better suited to ad-
verse lighting and weather conditions, hence gaining favor
in recent research. Initially, several works have concentrated
on employing machine learning techniques to derive CBFs
for static obstacles [6], [7], [8]. In [6], support vector
machines are utilized for distinguishing safe from unsafe
areas via offline training. Following this, in [7], authors
employ single-line LiDAR data for online CBFs estimation,
adopting a neural network for offline learning of signed
distance functions, and employing incremental learning with
replay memory for updates. This approach, utilizing a five-
layer neural network, necessitates a CPU update time of
0.197 seconds. Mirroring the approach of [7], [8] leverages a
deep neural network for direct online parameter adjustments,
achieving a quicker update average of 0.15 seconds on a GPU
with fewer obstacles. In addition to focusing solely on CBFs
learning, various works have expanded their exploration of
learning-based methodologies within more comprehensive
frameworks. This includes end-to-end safe reinforcement
learning [9], end-to-end safe imitation learning [10], and
integrating them into CLF-CBFs frameworks [11]. Although
some efforts have further enhanced the robustness of these
learning methods [12] and extended them to stochastic sys-
tems [13], the real-world applicability of these approaches
is constrained [2]. This limitation arises from prolonged
online update periods for more obstacles and the necessity
for unchanging environmental conditions, which reduce their
practical effectiveness.

To fully consider dynamic obstacles in real environments,
a novel ellipses-based MPC-CBF method that employs multi-
step prediction has been introduced [14], [15]. In [14],
researchers model dynamic obstacles with ellipsoidal shapes,
defining precise boundaries for collision prediction. This
foundation is further enhanced in [15] by integrating Kalman
filter estimation errors into the CBF framework, thus improv-
ing its prediction capabilities. However, when compared to
learning-based approaches that generate an all-encompassing
CBF via neural networks, the ellipses-based strategy faces
certain challenges. Primarily, it necessitates the identification
of the smallest axes that fully encompass unsafe areas, a pro-
cess complicated by the need for higher-order discriminant
analysis that adds to the computational burden. Furthermore,
the requirement to formulate multiple CBFs to account for
various obstacles significantly increases the time needed for
solving multi-step prediction problems like those in MPC-
CBF methodologies, affecting the feasibility of real-time
applications.
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In this paper, we introduce a novel goal-seeking and
exploration framework that addresses the challenges above,
ensuring the safety and asymptotic stability of a LiDAR-
equipped mobile robot in real-time navigating through un-
known environments. This environment contains obstacles
of unknown quantities and states, under the condition that
at least one safe trajectory to the goal exists. The key
contributions of our research are outlined as follows:

• A refined local perception approach is introduced, facil-
itating the online differentiation of dynamic and static
obstacles and creating corresponding D-CBFs.

• User-defined buffer zones are applied to evolve D-CBFs
into Type-II D-CBFs, effectively shrinking their activa-
tion area and ensuring that the number of obstacles does
not affect the quantity of activated Type-II D-CBFs,
thereby substantially reducing optimization times for
scenarios involving multiple D-CBFs.

• A distinctive goal-seeking and exploration framework,
merging the benefits of CLF and MPC, is introduced.
Rigorous validations of the controller’s safety and sta-
bility within this framework are provided, and its effec-
tiveness is confirmed through experimental verification.

II. PROBLEM STATEMENT

We describe the kinematics of a nonholonomic wheeled
mobile robot as control-affine systems:

ẋ = f(x) + g(x)u

y = z(x)
(1)

where x ∈ X ⊆ Rn is the states of robot, f(x) : X → Rn

and g(x) : X → Rn×m exhibit local Lipschitz continuity
within their respective domains, y ∈ Y ⊆ Rz is the output
of system, and u ∈ U := {u ∈ Rm | Au ≤ b} is the control
inputs with A ∈ Rm×m and b ∈ Rm. The occupied areas of
the moving robot are represented by C(z), which are denoted
by the union of Nrob circles, i.e., C(z) = ∪Nrob

k=1 Ck(z). The
robot is equipped with a LiDAR for perceiving obstacle
information in the environment. Obstacles are categorized
into two types: static and dynamic. For the Nsta static
obstacles, the occupied areas are denoted by Osta, i.e.,
Osta = ∪Nsta

i=1 Oi, and these areas have no overlap or
intersection, i.e., Oi ∩ Oj = ∅ for any 0 ≤ i, j ≤ Nobs.
For the Nmov dynamic obstacles at time t, the space they
occupy is denoted as Omov , i.e., Omov = ∪Nmov

i=1 Oi. At the
same instant, these moving obstacles have no intersection
as well. Additionally, the robot utilizes its LiDAR sensor to
collect the environment data Pt at each moment, noted by
Pt = ∪Nsurf

j=1 pj ⊂ P (xt) ∩ ∂z (O), where P (xt) denotes
the data points corresponding to the limits of the LiDAR’s
sensing range P (xt), and ∂z (O) represents the data points
that directly relate to the surface information of all obstacles.

Problem Formulation: Consider an affine control robotic
system (1), operating within environments characterized by
initially unknown unsafe sets O = Osta ∪ Omov . A goal-
seeking and exploration framework with LiDAR measure-
ments Pt and a feedback control policy u∗ is proposed. The
objectives of this framework are: a) To enable the online
generation of CBFs based on Pt. b) To significantly decrease
the solution time compared to existing approaches, enhancing
operational efficiency in dynamic settings. c) To navigate

the robot towards a desired goal while avoiding unsafe sets,
ensuring C(z) ∩ O = ∅.

III. PRELIMINARY

This section provides a detailed overview of the local safe
path planner, which integrates MPC or CLF with D-CBFs as
key components.

A. System Safety and Control Barrier Functions
To effectively consider both static and dynamic obstacles,

D-CBFs are extensively utilized to ensure system safety. This
methodology concurrently accounts for the system’s state x
and the obstacle states xobs. In a scenario where the oper-
ational space contains obstacles, the safe states, termed as
S, are defined as S = {x,xobs ∈ X | h (z(x,xobs)) ≥ 0},
aligning with the super-zero level-set of function h(·). The
boundary of S, pinpointed by the zero level-set, is described
as ∂S = {x,xobs ∈ X | h (z(x,xobs)) = 0}. Within this
framework, system (1) is classified as safe if it satisfies
two conditions: firstly, the initial states z(x0,x

0
obs) must be

within S; secondly, for all t ≥ 0, the state z(x,xobs) must
continuously remain within S [2].

Definition 1: [15] Define the safety set S as the super-
zero level set of the function h (z(x,xobs)) : X → R. The
function h (z(x,xobs)) is considered as a candidate D-CBF
if there exists a locally Lipschitz extended class K function
α(·), ensuring the maintenance of the following inequality
for all x,xobs ∈ X :

sup
u∈U

[Lfh(x) + Lgh(x)u+
∂h

∂xobs

∂xobs

∂t︸ ︷︷ ︸
ε

] + α(h) ≥ 0 (2)

where ε represents the variability in the obstacle’s position
and shape affecting the safe sets. In cases where the obstacle
is static, ε assumes a value of zero, and (2) is called CBFs,
indicating no change in its position or shape. The set of
control inputs that conform to (2) is characterized as follows
for all x,xobs ∈ X :

T (x) = {u ∈ U | Lfh(x) + Lgh(x)u+ ε+ α(h) ≥ 0} .
B. Model Predictive Control with D-CBFs

MPC is utilized to forecast future system behaviors and
satisfy the specified tasks, including goal-seeking, path fol-
lowing, and tracking. The MPC-D-CBFs framework, struc-
tured to fulfill goal-seeking and safety tasks, is outlined as
follows:

J∗ = min
x0:N ,u0:N−1

N−1∑
k=0

J (xk,uk) + J (xN ,uN ) (3a)

s.t. xk+1 = f(xk) + g(xk)uk, k = 0, . . . , N − 1 (3b)
xk ∈ X ,uk ∈ U , k = 0, . . . , N − 1 (3c)

xN ∈ Xf (3d)

∆h
(
xk,x

k
obs

)
≥ −α(h), k = 0, . . . , N − 1 (3e)

where N is the receding horizon, J (xk,uk) represents the
stage cost, J (xN ,uN ) signifies the terminal cost, and (3b)
describes the discrete-time dynamics of the system. Concur-
rently, (3e) formulates the discrete-time D-CBFs in terms of
(2), where ∆h

(
xk,x

k
obs

)
= h

(
xk+1,x

k+1
obs

)
− h

(
xk,x

k
obs

)
represents the change in the barrier function over the discrete
time steps.
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C. Control Lyapunov Function with D-CBFs

CLFs are utilized to accomplish tasks similar to those
undertaken by MPC. Compared to MPC, CLFs effectively
operate as a single-step prediction, thereby reducing the
computational time required for getting control inputs. How-
ever, a notable limitation of CLFs is their difficulty in
ensuring bounded control inputs, especially when the system
is significantly distant from the goal.

Definition 2: [2] (Asymptotically Control Lyapunov Func-
tion) For stabilizing states of nonlinear system (1) to a
goal xd, i.e., driving xe = x − xd → 0. If a continuous
differentiable function V : Rn → R satisfies

c1∥xe∥2 ≤ V (xe) ≤ c2∥xe∥2 (4)

inf
u∈U

[LfV (xe) + LgV (xe)u+ c3V (xe)] ≤ 0 (5)

where c1 > 0, c2 > 0, and c3 > 0 are constants for ∀x ∈ Rn,
then V is called the CLF, and the system (1) globally and
exponentially achieves the ideal goal xd.

Proposition 1: [2] (Sufficient condition for stability) Upon
selecting a candidate CLF V (xe) for the nonlinear system
represented by (1), the system can be rendered asymptot-
ically stable by employing a control policy that satisfies
π(x) ∈ {u ∈ Uv

π | LfV (xe) +LgV (xe)u+ c3V (xe) ≤ 0}.

The aforementioned CLF and D-CBFs are integrated as
a quadratic programming problem, facilitating the simulta-
neous achievement of stability and safety for the controlled
system (1).

u∗ = argmin
(u,δ)∈Rm+1

∥u∥22 + pδ2

s.t. inf
u∈U

[LfV (xe) + LgV (xe)u+ c3V (xe)] ≤ δ (6a)

Lfh(x) + Lgh(x)u+ ε+ α(h) ≥ 0, (6b)

where δ denotes a slack variable to obtain feasible solutions
for the optimization problem, while still satisfying the D-
CBF constraints strictly.

D. Challenges

Reviewing (3) and (6), we identify two critical limitations
in the existing approach: a) The challenge of constructing
CBFs and D-CBFs online when the quantities and states of
obstacles are unknown. b) The significant increase in solution
time as the number of obstacles grows. The subsequent
sections will address these two issues in detail.

IV. SAFETY-CRITICAL CONTROL BASED ON TYPE-II
D-ZCBFS

This section presents a novel goal-seeking and exploration
framework based on Type-II D-ZCBFs. This framework
is structured into three key components: local perception,
CBFs-activation, and safety-critical control.

A. Type-II Zeroing Control Barrier Functions

Introducing Type-II ZCBFs aims to decrease the activation
length of CBFs, thereby reducing the need for activation
during the whole control process.

Definition 3: Let the safety set S be the zero super
level set of h (x) : X → R. The function h (x)
qualifies as a Type-II ZCBF concerning the set B =

(a)

Static

Cluster A

Moving

Cluster B

StaticCluster C

(b)

Fig. 1. Visualization of the algorithm for clustering and classification.
(a) The DBSCAN clustering algorithm is applied to point cloud data Pt,
subsequently resulting in Et,k through the MBE algorithm. (b) Clustering
outcomes obtained by the Kuhn–Munkres algorithm.

{x ∈ X ⊂ Rn | h (x) ∈ [−b, a]} if there exists continu-
ous functions α∗(·) satisfying α∗|R≥0

∈ class-K and
α∗(h (x)) ≤ 0 for all h (x) < 0, such that the following
inequality is upheld:

sup
u∈U

[Lfh(x) + Lgh(x)u+ α(h(x))] ≥ 0,∀x ∈ B (7)

The set of control inputs adhering to (7) is defined as
follows for all x ∈ B:

T ∗(x) = {u ∈ U | Lfh(x) + Lgh(x)u+ α(h(x)) ≥ 0} .

Theorem 1: Define the safety set S as the the zero super-
level set of h (x) : X → R. Suppose each h (x) is a Type-
II ZCBF with non-zero gradient ∇h (x) at all x ∈ ∂S,
considering the specified set B and function α∗(·). (i) Given
the existence of a local Lipschitz continuous mapping u :
x ∈ X 7→ T ∗(x), the corresponding closed-loop system (1)
upholds safety relative to the set S. (ii) If B is compact,
α∗(·) follows the chosen criteria, x remains bounded during
the whole process, D = S ∪ B forms a connected set, and
no solution of the closed-loop system remains consistently
within the set Ψ := {x ∈ D\S : ḣ (x) = 0}, it implies the
asymptotic stability of the set S.

The proof of Definition 3 and Theorem 1 is provided in
[16]. This paper addresses dynamic obstacles by extending
Type-II ZCBF to Type-II D-ZCBF and devising correspond-
ing buffer zones, which are dynamically learned utilizing
online LiDAR data.

B. Local Perception
This subsection outlines the methodology for distinguish-

ing between static and dynamic obstacles utilizing online
LiDAR data, encapsulating this information within MBEs.
It also includes mechanisms for predicting future states of
these MBEs, and for developing corresponding D-CBFs.

Initially, we apply the DBSCAN method [17] to the point
cloud data Pt. This process involves setting a threshold
of a minimum number of points, Nmin, and a maximum
distance, dp, between adjacent points. As a result, these point
clouds are segmented into Nobs distinct clusters at time t,
represented as Pt =

∑Nobs

k=1 Pt,k. For each identified cluster
Pt,k, the MBE algorithm [18] is employed to generate Nobs

minimal bounding ellipses Et,k, k = 1, 2, . . . , Nobs. Each
ellipse Et,k encapsulates the points within its corresponding
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Mobile Robot

Fig. 2. A detailed explanation of the parameters for the mobile robot
and MBEs at time t. lt,k is measured along the line that extends from the
center (xob

t,k, y
ob
t,k) of Et,k to the center (xt, yt) of the circular space C(z)

occupied by the mobile robot. Rsafe is the minimum safe distance.

spatial cluster Pt,k, as shown in Fig. 1(a), and

f(Et,k) =
[(x− xob

t,k) cos θ
ob
t,k + (y − yobt,k) sin θ

ob
t,k]

2

a2t,k

+
[(x− xob

t,k) sin θ
ob
t,k − (y − yobt,k) cos θ

ob
t,k]

2

b2t,k
− 1 = 0,

(8)
where (8) refers to the set of points (x, y) located on the
surface of each ellipse. These ellipses are characterized by
parameters including the central coordinate, the lengths of
the semi-major and semi-minor axes, and the rotation angle,
i.e., Et,k = [xob

t,k, y
ob
t,k, at,k, bt,k, θ

ob
t,k].

To predict the future state changes of the estimated el-
lipses, we first store the state information of these ellipses
from the previous moment E last

t = [Et,1, Et,2, . . . , Et,Nlast
],

and conduct a comparison with the current state information,
represented as Ecurr

t = [Et,1, Et,2, . . . , Et,Ncurr
]. We then

develop the affinity matrix D ∈ RNlast×Ncurr to record the
distances di,j between each pair of data centers in E last

t
and Ecurr

t , and the Kuhn–Munkres algorithm [19] is applied
to link these datasets effectively. Additionally, any match
where the distance di,j exceeds the maximum threshold dmax

is discarded. Ellipses in the new frame that do not find a
match are assigned new labels. For ellipses within the same
label, if the distance between their centers is less than dmin,
we classify them and the ellipses with new labels as static
obstacles. Ellipses not meeting this criterion are considered
dynamic obstacles, as shown in Fig. 1(b), and are subjected
to state estimation via Kalman filtering [20]. For dynamic
obstacles observed through MSE, we initially assume a
constant motion velocity, designating the state variable as
Ê∗
0,k = [xob

0,k, y
ob
0,k, ẋ

ob
0,k, ẏ

ob
0,k, ẍ

ob
0,k, ÿ

ob
0,k, a0,k, b0,k, θ0,k]

⊤ ∈
R9. Ultimately, by continuously adjusting and updating
through Kalman filtering, we obtain the state Ê∗

t,k at the
current time t and predict the state Ê∗

t+1,k for the next instant.
The standard Kalman filter process consists of two phases:

prediction and update. For predictions extending beyond one
step, the dynamic model can be applied successively for
further predictions without proceeding to the update phase.
We then construct the relative D-CBFs for each clustered
static or moving obstacle Et,k. This process firstly includes

Algorithm 1 Online Local Perception Algorithm
1: Inputs: Online LiDAR data Pt, robot’s state x, thresholds

dmax, dmin, and previous MEBs E last
t .

2: Utilize DBSCAN to cluster Pt, generating MBEs Et,k for k =
1, 2, . . . , Ncurr .

3: Formulate Ecurr
t = [Et,1, Et,2, . . . , Et,Ncurr ].

4: if E last
t ̸= ∅ then

5: Discriminate between dynamic and static MBEs utilizing
the affinity matrix D and the Kuhn–Munkres algorithm.

6: Apply the Kalman Filter to predict states for dynamic
MBEs.

7: else
8: Classify all MBEs as static.
9: end if

10: Update E last
t = Ecurr

t .
11: Compute both D-CBFs for dynamic MBEs and CBFs for static

MBEs utilizing (9) and (10).
12: Output: Safety measures ht,k for k = 1, 2, . . . , Ncurr .

determining the distance lt,k from each MBE’s center to its
surface. This distance is measured along the line that extends
from the center of Et,k to the center of the circular space C(z)
occupied by the mobile robot. This geometric relationship is
illustrated in Fig. 2, and

lt,k =

√√√√a2t,kbt,k
(
1 + tan2 Θt,k

)
b2t,k + a2t,k tan

2 Θt,k
, k = 0, 1, . . . , Nobs (9)

where Θ denotes the angle between the line connecting the
obstacle’s center to the mobile robot’s center and the major
axis of the ellipse, described as follows:

Θt,k =arctan 2((xt − xob
t,k) sin(θ

ob
t,k) + (yobt,k − yt) cos(θ

ob
t,k),

(xob
t,k − xt) cos(θ

ob
t,k) + (yt,k − yt) sin(θ

ob
t,k))

where arctan 2(·, ·) is a variant of the inverse tangent func-
tion. This formula incorporates the angle θobt,k, as well as
the positions of the mobile robot’s center (xt, yt) and the
ellipse’s center (xob

t,k, y
ob
t,k) at time t.

Leveraging (9) along with state variables Ê∗
t,k and Ê∗

t+1,k,
we formulate the D-CBFs for each MBE as follows:

ht,k (z(x,xobs)) =
∥∥z(xt)− z(xob

t,k)
∥∥
2
− lt,k

−Rsafe − r, k = 0, 1, . . . , Nobs

(10)

where z(xt) = [xt, yt] ∈ R2, z(xob
t,k) = [xob

t,k, y
ob
t,k] ∈ R2,

Rsafe signifies the minimum safety distance that should
be maintained between the obstacle and the mobile robot,
while r represents the radius of the circular area occupied
by the mobile robot. Note that our local perception approach
for (10) is suitable for both discrete and continuous system
representations, which is the foundation for the subsequent
goal-seeking and exploration strategies.

C. Goal-Seeking and Exploration Framework

Observing (10), it becomes evident that as Nobs increases,
the optimization time for the traditional framework, as de-
tailed in (3) and (6), also extends. This subsection focuses
on this issue.

Our primary strategy involves creating a buffer zone for
each MSE, activating the corresponding Type-II D-ZCBF
only when the system’s state enters this buffer zone, instead
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In Out

Repeat

Goal
(a)

InOut

Goal
(b)

Fig. 3. The goal-seeking and exploration framework, with and without the
backup safety controller for specific scenarios: (a) Without the backup safety
controller, the mobile robot oscillates at the boundaries of two buffer zones,
ensuring safety but unable to reach the goal fast. (b) With the backup safety
controller, the mobile robot can alter its path through multi-step prediction,
facilitating goal attainment.

of activating all. We initially analyze scenarios where buffer
zones do not overlap, which can be readily extended to cases
with overlapping buffer zones. First, we define the safety set
and the buffer set for ht,k(·), k = 0, 1, . . . , Nobs:

Ŝt,k = {z(xt,x
ob
t,k) ∈ X : ĥt,k = ht,k(z)− ck ≥ 0}, (11a)

Bt,k = {z(xt,x
ob
t,k) ∈ X : ĥt,k ∈ [−ck, dk]}, (11b)

where ck and dk are user-defined parameters to specify the
relative buffer set. If all Ŝt,k are satisfied, then safety set S
can also be assured due to S ⊆ ∩Nobs

k=1 Ŝt,k.
The controller for maintaining safety with one MSE is

introduced as:

uk = (1− ρt(ĥt,k))u
k
s + ρt(ĥt,k)unom (12)

where unom represents the control input derived from the
MPC or CLF method, exclusively focused on the goal-
seeking task and not incorporating CBF considerations. The
function ρt(ĥt,k) is defined as follows:

ρt(ĥt,k) =


1 if ĥt,k > dk
p(ĥt,k) if ĥt,k ∈ [0, dk]

0 if ĥt,k < 0

(13)

where p(·) is a continuous function that increases from
p(0) = 0 to p(dk) = 1, analogous to the error-shifting
function described in [21].

The safety-controller uk
s is chosen as:

uk
s = argmin

u

∥∥u− uk
nom

∥∥2
2

s.t. Au ≤ b (14a)

Lf ĥt,k(z) + Lgĥt,k(z)u

+ε+ α(ĥt,k(z)) ≥ 0, ∀z(xt,x
ob
t,k) ∈ Bt,k (14b)

where (14b) is pivotal in ensuring the system’s safety. Given
the convexity of U , both uk

s and uk
nom residing within U are

locally Lipschitz continuous. Therefore, uk not only belongs
to U but also retains this local Lipschitz continuity[16].

Theorem 2: When the system’s distance from the MEB
satisfies the safety criteria lt,k+Rsaf+r and exceeds ck+dk,
it is in the goal-seeking mode and ultimately converges to

Algorithm 2 Goal-Seeking and Exploration Algorithm
1: Inputs: Perception data ht,k for k = 1, 2, . . . , Ncurr , robot

state x, safety threshold dbf , buffer zone boundaries ck and
dk, initialization m = 0, i = 0, and previous state zjlast setting
ĥt,k = 0.

2: for k = 1 to Ncurr do
3: Construct buffer zones for ht,k, obtaining ĥt,k via (11a)

and (11b).
4: if −ck ≤ ĥt,k ≤ dk then
5: Set ht,m = ĥt,k; increment m.
6: end if
7: if ĥt,k = 0 then
8: Log current position zicur = z(x); increment i.
9: end if

10: end for
11: if any

∥∥zicur − zjlast
∥∥ < dbf then

12: Apply backup safety control uk
s = uk

b,s; compute u∗ with
(15) utilizing activated ht,m.

13: else
14: Apply standard safety control uk

s ; compute u∗ with (15)
utilizing activated ht,m.

15: end if
16: Output: Safety control input u∗.

the desired position.
Proof: From (12), it is evident that when the afore-

mentioned conditions are met, ρ(z(x)) = 1, resulting in the
sole activation of uk

nom. At this point, the system ignores all
obstacles, dedicating its efforts to achieving the goal-seeking
objective.

Theorem 3: When the distance between the system and
the MEB meets the safety criteria lt,k+Rsaf+r and exceeds
it within the range [ck, ck + dk], the system will not remain
in this region indefinitely.

Proof: Upon entering the aforementioned region, if the
system ceases movement within the buffer zone [ck, ck+dk],
it necessitates fulfilling the condition ρt(ĥt,k)(u

k
s−uk

nom) =
uk
s according to (12), implying that the coefficients of uk

s
and uk

nom are directly inverse and proportional to each other.
However, Given that (14) aims to minimally alter uk

nom for
safety and with uk

s limited by (14a), the inverse relationship
of these is not satisfied. As a result, there are two possible
outcomes: a) if partial safety is not enough for system safety,
the system moves into the buffer zone [0, ck), or b) the
system switches back to goal-seeking mode. Therefore, the
states are not lingering within the buffer zone [ck, ck + dk].

However, relying solely on a one-step prediction like (14)
can lead to the system’s state oscillating in and out of the
buffer zones [−ck, 0) and [0, dk] with altering its trajectory
small as shown in Fig. 3(a). To mitigate this, we designed
a backup controller uk

b,s based on (3), adapting the discrete
form of (10) into a format similar to (3e). This multi-step
prediction modifies trajectories that would otherwise remain
small changed. When the system’s position is at ĥk,i = 0
and the distance of the last state and the current state is less
than dbf , i.e., ∥z(xcur)− z(xlast)∥ ≤ dbf , uk

b,s is utilized as
illustrated in Fig. 3(b). This highlights the advantage of (10)
being adaptable to both continuous and discrete controllers.

Ultimately, the controller designed to ensure safety across
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all MSEs is presented as follows:

u∗ = (1− ρ̄t)ūs + ρ̄tunom (15)

where ρ̄t = ρt(ĥt,k) if z(xt) ∈ Bt,k, k = 1, 2, . . . , Nobs,
and ρ̄t = 1 otherwise. ūs = uk

s if z(xt) ∈ Bt,k,
∥z(xcur)− z(xlast)∥ > dbf , k = 1, 2, . . . , Nobs, and ūs =
uk
b,s if z(xt) ∈ Bt,k, ∥z(xcur)− z(xlast)∥ ≤ dbf , k =

1, 2, . . . , Nobs, and ūs = 0 otherwise.
Theorem 4: Consider Nobs Type-II ZCBFs with discrete

and continuous form ĥt,k : X → R for each k =
1, 2, . . . , Nobs ∈ Nobs at time instant t. For any distinct ki,
kj ∈ Nobs, the sets Bt,ki and Bt,kj are disjoint (Bt,ki ∩
Bt,kj

= ∅). With the locally Lipschitz continuous control
input unom ∈ U , if each Type-II ZCBF ĥt,k is associated
with a safety control input uk

s ∈ U and a backup safety
controller uk

b,s ∈ U , then the proposed control input u∗, as
in (15) for system (1), ensures that

(i) If z(x0) belongs to the intersection of all Ŝt,k for k ∈
Nobs, the system (1) is safe during the whole process.

(ii) If the system’s distance from the MEB satisfies and
surpasses the safety threshold lt,k + Rsaf + r within the
interval [0, ck), it will not persist an extended period.

(iii) If the set U is convex, then u∗ is within U for all
z(x) ∈ X .

Proof: Since for any distinct ki, kj ∈ Nobs, the
intersection Bt,ki

and Bt,kj
is empty, there are only two

possibilities for each buffer zone Bt,k: either there exists a
unique k for which z(x) ∈ Bt,k or z(x) /∈ Bt,k. Firstly,
in the case where z(x) does not belong to any given B̂k,i,
i.e., each ρ̄t = 1, u∗ = unom is well-defined and locally
Lipschitz continuous to complete the task.

Secondly, in the scenario where ĥt,k falls within the range
[−ck, 0), ρ̄t is set to zero and ˙̂

ht,k = 0 becomes active solely
at ĥt,k = 0, resulting in no solution persisting consistently
within the set Ψk,i := {x ∈ (Ŝt,k ∪ Bt,k \ Ŝt,k) :

˙̂
ht,k = 0}.

According to Theorem 1, the safe set Ŝt,k achieves asymp-
totic stability, thereby continuously ensuring real safety of
S ⊆ ∩Nobs

k=1 Ŝt,k. Similarly since uk
s and uk

b,s is also well-
defined and locally Lipschitz continuous, u∗ is well-defined.

Finally, we analyze the case where −ck ≤ ĥt,k ≤ dk.
Given that for any z(x) ∈ X , u∗ is formulated as a convex
combination of ūs and unom, both of which belong to
the convex set U , it follows that u∗ is locally Lipschitz
continuous and is also an element of U .

Theorem 4 confirms the system’s safety when governed
by the controller outlined in (15). Given that the primary
objective within the buffer zone B is to activate the corre-
sponding Type II D-ZCBF and ensure system safety, this
segment focuses on exploring safe paths rather than goal-
seeking. Thus, the operational state of the system within this
buffer zone is described as being in exploration mode.

Theorem 5: When the goal lies beyond the buffer and
unsafe zones, and at least one viable path to the destination
exists, our framework, utilizing (15), ultimately directs the
system towards achieving the goal.

Proof: Drawing from Theorems 3 and 4, the system (1)
will not perpetually remain within the buffer zones B. Con-
sequently, the time it takes for the system to reach the goal
is dependent on unom, along with the stability of either the
MPC or CLF strategies. Fortunately, the asymptotic stability

TABLE I
COMPARISON OF AVERAGE SOLVING TIME[UNIT: SECOND]

1 obs 5 obs 10 obs 20 obs
MPC-Base 0.0141 0.0368 0.1101 0.314
MPC-All 0.0743 0.1098 0.197 0.295
NMPC-CBF 0.138 0.1432 0.134 0.138
MPC-Zone∗ 0.0465 0.06 0.0495 0.058
MPC-CBF-Zone∗ 0.00947 0.013 0.0112 0.0127

Moving MEBs

Prediction MEBs

Static MEBs Moving obstacles

Fig. 4. Simulation setups and perception results for moving obstacle
scenarios.

of both MPC and CLF has been extensively researched and
verified [22], [23], [2]. As t approaches infinity, the system
asymptotically stabilizes at the goal.

Finally, we discuss the influence of buffer zone dimensions
on system control. Keeping dk small is essential to limit
the effect of ūs on unom, yet setting dk too small may
increase the controller’s sensitivity to Lidar’s measurement
noise. Conversely, a larger ck expands the attraction region
for Ŝt,k, enhancing the system’s capability to manage greater
disturbances. However, this expansion necessitates a higher
level of control authority. Thus, users can select appropriate
ck and dk values based on their specific requirements.
The proposed framework in this paper can be seamlessly
adapted to situations involving overlapping buffer zones, by
incorporating appropriate (14b) for these intersections. In this
overlapping situation, our method also offers computational
efficiency by not requiring all D-ZCBFs. The overall process
is depicted in Algorithms 1 and 2.

V. SIMULATIONS AND EXPERIMENTS

For performance evaluation, simulations featuring Turtle-
Bot3 (TB3) robots were carried out [8], considering scenarios
with both dynamic and static obstacles. For static obstacle
scenarios, we benchmarked five methods and accounted for
buffer overlap scenarios, setting ck = 0.1m and dk =
0.2m. MPC-Base is the baseline with full prior knowledge
of obstacles. MPC-All is the latest ellipses-based approach
[15], and NMPC-CBF is the advanced online learning-based
method [8]. Our method, MPC-Zone, solely utilizes the
backup controller uk

b,s for safety, whereas MPC-CBF-Zone
combines this with the safety controller uk

s , as shown in (15).
Figure. 5 presents the goal-directed trajectories generated

by different approaches across varying obstacle densities.
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Fig. 5. Comparison of trajectories utilizing various methods under different
numbers of static obstacles. The starting point is at the (0, 0) position, with
p1, p2, p3, and p4 representing different goals in sequence.

Specifically, Fig. 5(a)-(b) demonstrate that all evaluated
methods effectively navigate scenarios with less than five
obstacles. However, Table I highlights a limitation in the
NMPC-CBF method, where the slow online learning rate
of the neural networks prevents timely controller adjust-
ments, resulting in arc-shaped trajectories. Conversely, Table
II showcases the superiority of the MPC-Base method in
achieving the quickest goal reaching, attributed to its compre-
hensive pre-acquisition of obstacle data. When the number
of obstacles reaches ten, in Fig. 5(c), MPC-All struggles
with delays, taking 0.197s for online obstacle detection and
optimization, while NMPC-CBF, aiming for a swift update
speed of 0.14s, lacks the comprehensive data needed to
accurately model complex environments via a CBF, resulting
in obstacle collisions. When the obstacle count increases to
twenty, Fig. 5(d) shows that only our method (yellow-brown
and green line) successfully reaches all four goals. Table I in-
dicates that the MPC-CBF-Zone method maintains a 100Hz
update frequency under any obstacle density. Conversely,
despite a slower rate around 20Hz, MPC-Zone produces
less conservative trajectories than MPC-CBF-Zone due to
its multi-step forecasting. Finally, Table II confirms that
our method can successfully reach each goal in sequence,
regardless of the number of obstacles. All results collectively
demonstrate the superiority of our method in scenarios with
multiple static obstacles.

In dynamic obstacle environments, building on our
method’s proven efficacy in static contexts, we focus solely
on the MPC-CBF-Zone technique. Fig. 4 presents an analysis
with ten obstacles, including spheres and cuboids, of which
four are dynamic, showcasing our approach’s local per-
ception capability (Algorithm 1) to accurately differentiate
between static and dynamic obstacles and effectively predict
the trajectories of moving obstacles. The complete trajectory

Static MEBs Moving MEBs Original MEBs Prediction MEBs

MPC-CBF-Zone Linear velocity Angular velocity
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Fig. 6. Trajectories utilizing MPC-CBF-Zone method and the control inputs
of the mobile robot under moving obstacle scenarios.
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Fig. 7. Trajectory and solving time comparison for different controllers
across various system modes.

is detailed in Fig. 6(a), where the mobile robot achieves its
goal in roughly 57s, maintaining an average optimization
time of 0.014s. Concurrently, Fig. 6(b) confirms that both
the linear velocity v and angular velocity w adhere to the
prescribed constraints throughout the entire operation. These
results affirm the efficacy of our approach in dynamic,
multi-obstacle environments for obstacle recognition and
navigation safety.

Additionally, we validate the superiority of the backup
controller uk

b,s. We consider extreme scenarios, specifically
those where uk

nom is not included in (15). Without consid-
ering uk

nom as we do, the mobile robot would halt in the
buffer zone, as indicated by the intersection of the blue and
red lines in Fig. 7(a). However, when uk

b,s is activated, the
system automatically searches for a safe path as shown by
the red line in Fig. 7(a). Ultimately, the system enters goal-
seeking mode and reaches the goal within 40s. Although the
backup controller uk

b,s has the disadvantage of longer multi-
step prediction solving times compared to uk

s , as shown
in Fig. 7(b), our safety controller uk

s incorporating uk
nom,

ensures a low activation probability for uk
b,s. However, when

activation is necessary, it results in smoother trajectories, as
demonstrated in Fig. 5.

Finally, the experimental results, illustrated in Figs. 8-9,
confirm the effectiveness of our approach in detecting both
static and dynamic obstacles. Notably, Fig. 9 demonstrates
its capability to accurately predict the trajectories of dynamic
obstacles in environments among multiple obstacles, proving
the real-world practical effectiveness of our perception algo-
rithm. The strategic utilizing safety controller (15) allows
for safe, sequential goal navigation within the solving time
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Mobile robot

Start point and p3

Goal p2Goal p1

Fig. 8. Experiment and perception result for static obstacle scenarios.

Mobile robot

Start point and p3

Goal p2Goal p1

Fig. 9. Experiment and perception result for dynamic obstacle scenarios.

TABLE II
COMPARISON OF TIME TAKEN TO REACH THE GOAL[UNIT: SECOND]

1 obs 5 obs 10 obs 20 obs
Goal p1 p1 p1 p2 p3 p1 p2 p3 p4
MPC-Base 26.9 22.5 26.1 60.8 97.7 - - - -
MPC-All 27.1 25 - - - - - - -
NMPC-CBF 32.8 42.63 - - - - - - -
MPC-Zone∗ 29.2 23.4 24.1 58.7 89.9 32.6 71.2 125.7 169.3
MPC-CBF-Zone∗ 31.2 29.3 29.9 70.0 109.8 31.8 68.2 116.3 159.2

of approximately 0.011s, reflecting high processing speeds.
This not only highlights our method’s proficiency in ensuring
safety and operational efficiency in complex, dynamic set-
tings but also demonstrates its exceptional ability to manage
scenarios featuring numerous obstacles.

VI. CONCLUSIONS

This paper presents a goal-seeking and exploration frame-
work specifically designed to ensure safe control in dynamic
environments featuring multiple obstacles. It enables the real-
time identification and prediction of obstacles’ states, guar-
anteeing that the state and quantity of obstacles do not affect
the computation time required for control inputs. Moreover,
it ensures safety while accomplishing predefined tasks. The
effectiveness of our approach has been demonstrated through
both simulation and practical hardware experiments, show-
casing its potential for adaptation to more sophisticated,
higher-order systems in the future.
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