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Abstract— This paper presents a time-optimal path param-
eterization (TOPP) method for cooperative multi-arm robotic
systems (MARS) manipulating heavy objects with third-order
constraints that include jerk, torque rate and wrench rate
limits. The method is based on a problem reformulation as
a sequential linear program and provides a unified planning
approach that is faster than previous convex optimization tech-
niques. The equivalence to a reachability-based TOPP is shown
and simulation results for a cooperative MARS consisting of
two 7 degree of freedom (DOF) robots and a tightly grasped
object with 6 DOFs are provided.

I. INTRODUCTION

Collaborative manipulators operate safely alongside hu-
mans, eliminating the need for safety fences. However, they
have lower payload capacities compared to larger industrial
manipulators [1]. To address this limitation, MARS have
gained interest for their compactness, collaboration, and in-
creased payload capacity. Nonetheless, a unified control and
motion planning methodology is still missing that addresses
the kinematic constraints and redundant actuation. While
improper control can lead to stress-induced damage to the
workpiece or robots [2], well-planned motion is crucial to
enhance the overall performance.

Motion planning is typically divided into direct and de-
coupled trajectory planning [3]. The former calculates both
the path and its timing simultaneously for optimal motion.
The latter optimizes the path initially and then computes
the timing afterward. This simplifies the problem because
kinematics and dynamics are formulated as a function of
a scalar path parameter, leading to faster computation. In
this work, the traversal time is minimized resulting in a
TOPP. In addition to redundant actuation inherent to MARS,
constraints up to third order have to be considered, i.e. jerk,
torque rate, and wrench rate limits. Ignoring them results in
discontinuous joint torques, which can lead to oscillations on
real systems [4].

In numerical integration (NI) methods the trajectory is
computed by integrating with the maximum and minimum
path acceleration from the boundary states [5], [6]. While
this method is fast as it exploits the bang-bang structure
of the problem, it is challenging to implement and prone
to failure as switching points have to be identified [7]. In
[8] redundantly actuated systems are incorporated by solving
additional linear programs (LPs) for each integration step as
the maximal accelerations have to be found numerically. The
authors of [9] use polygon projection techniques proposed
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by [10] instead. In [11] saturation patterns are exploited, as
they reduce the necessity to optimize the path accelerations
in each integration step. Adapting the NI framework to third-
order constraints is proposed in [12] for non-redundantly
actuated systems. The problem structure becomes more com-
plex as the phase plane expands to three dimensions, which
complicates the bridging of maximized jerk profiles.

By reformulating the problem in the path domain, a convex
optimal control problem (OCP) is obtained [13]. Direct tran-
scription and a reformulation as a second-order cone program
(SOCP) allow to solve the resulting convex optimization
(CO) problem with existing solvers in a reasonable time
frame. Instead of solving the SOCP, [10] sequentially solves
a linearized version of the problem with a continuously de-
creasing trust region. This method is faster than the SOCP but
still requires multiple iterations to obtain the same solution.
In [14], a different constraint discretization compared to [13]
is proposed that should solve the original problem with only
one LP. However, second-order constraints can not always
be enforced as noted by [15]. In [16] redundant actuation
is added in the CO formulation and jerk constraints are
incorporated in [17] for single-arm robots. Because third-
order constraints are nonconvex, the problem is convexified
and solved sequentially.

An approach based on reachability analysis (RA) is intro-
duced by [7] which can be implemented easily and is more
robust than NI as no switching point search is required. It is
extendable to redundantly actuated systems but so far limited
to second-order constraints only. Compared to CO methods,
TOPP-RA is superior in terms of computational speed and is
proven to converge asymptotically to the same solution [18].

In [19], the authors propose a dynamic programming (DP)
method, discretizing both the path and velocity domains. This
approach is used by [20] for cooperative MARS with jerk
limits. Despite coarse discretization, computational times
remain very long compared to other approaches.

The literature review shows that efficient methods for
solving the TOPP problem for cooperative MARS with third-
order constraints including torque rate are still missing. This
paper proposes a new LP-based approach with a tailored
constraint discretization that solves the problem and ensures
smooth trajectories. The presented method is proven to be
correct and is faster than previous CO or DP methods.
The remaining paper is organized as follows. Section II
formulates the general problem. The solution method and
its correctness are presented in Section III. Simulation results
for a cooperative MARS consisting of two 7-DOF robots and
a tightly grasped 6-DOF object are provided in Section IV.
Section V concludes the paper with remarks on future work.
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II. PROBLEM DESCRIPTION

This work builds on the decoupled motion planning ap-
proach. Similar to [21], a smooth object path

T (s) = exp([Ψ(s)]×) ∈ SE(3) (1)

expressed in the inertial frame is parameterized over s ∈
[0, 1] with the Lie algebra [Ψ(s)]× ∈ R4×4 of the pose T (s)
and its isomorphism Ψ(s) ∈ R6. The right invariant twist

[ψ(s)]× =
dT (s)

ds
T−1 (2)

is used as the path derivative. From hereon after, all Cartesian
quantities are expressed in the inertial frame if not defined
differently.

The manipulators grasp the object at fixed grasp frames
Tdes(s). A consistent joint path q(s) is ensured such that
the pose of the end effector matches the desired pose of
the grasp frames, i.e. TEE(q(s)) = Tdes(s) ∀s ∈ [0, 1]. The
availability of an analytical inverse kinematics (IK) algorithm
similar to [22] is assumed. Additionally, the path derivatives
(·)′ = ∂(·)

∂s up to third order, i.e.

∂k sνEE(q(s))

∂sk
=

∂k sνdes(s)

∂sk
, k = 0, 1, 2 (3)

for all s ∈ [0, 1] have to match. For simplicity, the pose
and joint derivatives are computed by central differences,
given the possibility to compute a smooth joint path q(s)
analytically. The assumption is made that a planning algo-
rithm has addressed all geometric constraints so that the
resulting joint path is smooth enough and completely defined
by one scalar path parameter. This work only focuses on the
trajectory generation. For this, the kinematics and dynamics
are required and are described in the following omitting the
explicit dependency on the path parameter s.

A. Kinematics and Dynamics of Serial Link Robots
The joint configuration for a serial link robot is given by q.

Its time derivatives ˙(·) = d(·)
dt are computed by

q̇ = q′ṡ , (4a)

q̈ = q′s̈+ q′′ṡ2 , (4b)
...
q = ṡ

(
q′s̈′ + 3q′′s̈+ q′′′ṡ2

)
, (4c)

with ...
s = ṡs̈′ [17]. Joint torques τ are computed by

τ =M(q)q̈ +C(q, q̇)q̇ + g(q) + J(q)⊤h (5)

using the rigid body dynamics for a serial link robot with an
external wrench vector h acting on the robot. The generalized
mass matrix is defined by M , Coriolis and centrifugal
matrix by C and gravitational forces by g. The wrench
is transformed via the transposed Jacobian J . Inserting the
kinematics (4) results in

τ =Mq′︸ ︷︷ ︸
τm

s̈+ (Cq′ +Mq′′)︸ ︷︷ ︸
τc

ṡ2 + g︸︷︷︸
τg

+J⊤h . (6)

Time differentiation of (6) results in the torque rate

τ̇ = ṡ(τms̈′ + (τ ′
m + 2τc) s̈+ τ

′
cṡ

2 + τ ′
g

+ J⊤h′ + J ′⊤h) .
(7)

B. Kinematics and Dynamics of the Rigid Body in SE(3)

The time-dependent twist ν⊤ = [v⊤ ω⊤] ∈ R6 as well
as its higher order time derivatives can be computed by

ν = ψṡ , (8a)

ν̇ = ψs̈+ψ′ṡ2 , (8b)

ν̈ = ṡ
(
ψs̈′ + 3ψ′s̈+ψ′′ṡ2

)
. (8c)

The dynamics of the object are given by

Mν̇ +
[
mg⊤ (ω ×Θω)⊤

]⊤ −Gh = 0 , (9)

where M = diag(mI,Θ) is the mass matrix with a pose
dependent inertia tensor Θ. The grasp-matrix G projects
interaction wrenches to the center of mass (COM). In total
P rigid grasp frames are considered, where each frame is
located at ri ∈ R3, i = 0, . . . , P in relation to the COM.
The grasp matrix is computed by

G =

[
I −[r0]× . . . I −[rP ]×
0 I . . . 0 I

]
, (10)

where [ri]× ∈ R3×3 is the skew-symmetric matrix of ri such
that [a]×b = a× b, which is the isomorphism in so(3).

Evaluating the kinematics in (9) results in hms̈+hcṡ
2 +

hg −Gh = 0, with hm = Mψ , h⊤
g =

[
mg⊤ 0⊤

]
and

hc =Mψ′ +
[
0⊤ (ψω ×Θψω)

⊤
]⊤

. The angular part of
ψ is ψω . An additional time differentiation results in

ṡ(hms̈′ + (h′
m + 2hc) s̈+ h

′
cṡ

2 −Gh′ −G′h) = 0 . (11)

As noted in [2], the grasp matrix lacks full column rank
resulting in a non-empty nullspace that is spanned by N .
The nullspace of G does not result in any motion of the
object and can therefore be used to constrain the interaction
wrenches by limiting h̃ = Nh. Here, the projected wrenches
are represented in the body frame. Time derivatives of the
wrenches are required in the computation of the torque rate.
To ensure a bounded problem, the wrench derivatives need
to be limited too. One possibility is to constrain the time
derivative of the projected wrenches which is given by ˙̃

h =
ṡ(Nh′ +N ′h).

C. Unified Constraint Structure
The kinematics and dynamics of the robot and the rigid

body have the same structure and can be brought into a
unified form. First-order constraints, i.e. Cartesian or joint
velocity limits can be represented by x1 ≤ a1ṡ ≤ x̄1. The
constraints can be equivalently expressed as

0 ≤ ṡ2 ≤ min
i

(
max

(
[x1]i
[a1]i

,
[x̄1]i
[a1]i

))2

, (12)

assuming that the elements of the vector [x1]i ≤ 0∀ i and
[x̄1]i ≥ 0 ∀ i. Second-order constraints can be represented by
x2 ≤ a2s̈+ b2ṡ

2 + F2h ≤ x̄2 while third-order constraints
are given by x3 ≤ ṡ(a3s̈

′+b3s̈+c3ṡ
2+d3+F3h+E3h

′) ≤
x̄3. Combining all c constraints, the admissible set is then
defined by

Ω(s, ṡ) =

{[
x

u

] ∣∣∣∣A(s)

[
x

u

]
≤ b(s) + c(s)

ṡ

}
, (13)
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with x =
[
ṡ2 s̈ h⊤

]⊤ ∈ Rn, u =
[
s̈′ h′⊤

]⊤ ∈ Rm and
A(s) =

[
Ax(s) Au(s)

]
∈ Rc×(n+m), assuming ṡ > 0.

For first- and second-order constraints, the elements in
c(s) are zero resulting in a linear set with respect to x and u.
For third-order constraints, the elements in c(s) are generally
positive and non-zero. With [x]1 = ṡ2, [c(s)]i/ṡ is convex
for all i and the set can become nonconvex.

III. TOPP-LP METHOD

The resulting TOPP problem is obtained by minimizing
T =

∫ T

0
1 dt over T and u(·) subject to boundary condi-

tions, the admissible set Ω(s, ṡ) and the system dynamics of
the path and the wrenches. To solve the problem efficiently,
a reformulation of the problem as a single LP is proposed.
The resulting method is referred to as TOPP-LP.

A. Derivation

1) Convex Reformulation: We extend the convex refor-
mulation proposed by [13], [17] to redundantly actuated
systems with third-order constraints. The OCP in the time
domain is reformulated in the path domain by replacing
dt = 1

ṡds , ∀ṡ ̸= 0. Note that a singularity in ṡ = 0
exists. This results in the following convex but nonlinear cost∫ 1

0
1
ṡds. Acknowledging that dṡ2

ds = 2s̈, it becomes possible
to construct a linear dynamical system in the path domain
for the pseudo path velocity ṡ2, the path acceleration s̈, and
the wrench h, which results in

d

ds

ṡ2s̈
h


︸ ︷︷ ︸

x′(s)

=

0 2 0

0 0 0

0 0 0


︸ ︷︷ ︸

Φc

ṡ2s̈
h


︸ ︷︷ ︸
x(s)

+

0 0

1 0

0 I


︸ ︷︷ ︸

Γc

[
s̈′

h′

]
︸ ︷︷ ︸
u(s)

(14)

with s̈′ = 1
ṡ

...
s and h′ = 1

ṡ ḣ.
To obtain a convex OCP, the constraints (13) are linearized

along a given path velocity
√
[x]1 → z similar to [17].

The nonconvex set (13) is then approximated via a first-
order Taylor expansion. Because c/

√
[x]1 is convex, c/√[x]1 ≈

3
2cz

−1 − 1
2cz

−3[x]1 ≤ c/
√

[x]1 holds true for all (x,u).
Consequently, the nonconvex set is underapproximated by
the linear set

TΩ(s|z) =
{[
x

u

] ∣∣∣∣ Ã(s|z)
[
x

u

]
≤ b̃(s|z)

}
=

{[
x

u

] ∣∣∣∣ (A(s) +
[
1
2z

−3c(s) 0
]) [x

u

]
≤ b(s) + 3

2
z−1c(s)

}
⊆ Ω(s, ṡ) .

(15)

The resulting OCP formulated over the path domain is
convex and given by

min
u(·)

∫ 1

0

1√
[x]1

ds (16a)

s.t. x(0) = x0, x(1) = xT (16b)
x′(s) = Φcx(s) + Γcu(s) (16c)
(x(s),u(s)) ∈ TΩ(s|z) for s ∈ [0, 1] . (16d)

To obtain faster computation times compared to the SOCP
by [13], the nonlinear cost function (16a) is replaced by
a linear cost function

∫ 1

0
−[x(s)]1ds. This is motivated by

the fact that the resulting path velocity must be maximized
over the complete path to minimize the trajectory duration.
Similar to previous CO-based methods, the continuous OCP
(16) is discretized over N grid points with step length ∆.
The discrete dynamics are computed by exact integration of
the linear dynamics (14) resulting in xk+1 = Φxk + Γuk

with Φ = e∆Φc = I + ∆Φc and Γ =
∫∆

0
esΦcΓcds =

∆Γc +
1
2∆

2ΦcΓc.
As noted by [14], the SOCP solution does not match the

LP solution. However, in Section III-B, it is shown that the
proposed LP solution converges to the same solution as the
SOCP solution with decreasing step size.

2) Constraint Discretization: CO solutions suffer from
oscillations close to zero-inertia points, i.e. points where
elements of the input constraints [Au]i,1 are zero. To mitigate
this, regularization terms have to be added in (16a) [13]. To
maintain an LP formulation, a special constraint discretiza-
tion is employed instead. In [7] a constraint discretization
was proposed that ensures that the input at a given stage is
also valid at a preceding stage. We extend this idea to the
case of third-order constraints.

Adding third-order constraints increases the dynamics
order compared to a TOPP problem with only second-order
constraints. Because the pseudo jerk inputs are piecewise
constant, the pseudo velocity is once continuously differ-
entiable

(
ṡ2(s) ∈ C1

)
and fully defined by a parabola over

one step length ∆. When constraints are enforced at the
grid points, as indicated by the hatched area in Fig. 1,
different accelerations can yield identical velocities at these
points. This leads to a singular arc and oscillations in the
acceleration, as depicted by the blue curve. To maintain
a smooth trajectory, constraints must also be enforced at
intermediate grid points shown by the red curve. This ensures
that both acceleration and jerk do not oscillate. The resulting
discretization scheme for one stage k is given by

Ω̂k =

{
xk,uk

∣∣ Âk

[
xk

uk

]
≤ b̂k

}
, (17)

with

Âk =

 Ãx,k Ãu,k

Ãx,k+ 1
2
Φ 1

2
Ãu,k+ 1

2
+ Ãx,k+ 1

2
Γ 1

2

Ãx,k+1Φ Ãu,k+1 + Ãx,k+1Γ

 ,

b̂k =
[
b̃⊤k b̃⊤

k+ 1
2

b̃⊤k+1

]⊤ (18)

for all k = 0, ..., N − 1, where the matrices Φ1/2 and Γ1/2

are computed with 0.5∆ instead of ∆.

k k + 1 k + 2

ṡ2

k k + 1 k + 2

s̈

k k + 1 k + 2

s̈′

Fig. 1: A singular arc for TOPP with third-order constraints.
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3) LP Formulation: The resulting linear optimization
problem is given by

max
x1:N−1,
u0:N−1

N−1∑
k=1

[xk]1 (19a)

s.t. x0 ,xN given (19b)
Φxk + Γuk = xk+1 (19c)

(xk,uk) ∈ Ω̂k ∀ k = 0, ..., N − 1 . (19d)

With the help of efficient LP solvers, the problem can be
computed faster than the SOCP formulation proposed by
[13] and requires only one LP compared to [10]. Because
of the convexification (15), the resulting trajectory will be
feasible but not necessarily optimal as the feasible set is an
underapproximation of the original set when third-order con-
straints are considered. To obtain a locally optimal trajectory,
a sequential solution process must be utilized while the set
is linearized along the previously obtained path velocity. The
sequence can be started by initially ignoring the third-order
constraints. This increases the overall computation time but
in practice, the solution converges after three LP iterations.

It is important to note that the incorporation of redundant
actuation generates a significantly more complex problem,
as it is not strictly convex. Although the solution for s(·)
is unique, the torques and wrenches are not since the same
acceleration can be obtained by a set of torques and interac-
tion wrenches. When torques and interaction wrenches can
change instantaneously, the redundancy can be resolved in
every timestep during control with a small-scale quadratic
program (QP) [2]. However, this is not the case when
torque or wrench rate limits are considered, as the torques
and wrenches cannot change arbitrarily fast. Although the
redundancy could be resolved by adding a quadratic cost
term in (19), it would increase the trajectory duration and
the computation time as multiple QPs have to be solved
sequentially. Because s(·) can be uniquely determined by
solving (19), the redundancy can be resolved in a post-
processing step by solving only one QP omitting kinematic
constraints and with the optimal s∗(·) from (19).

B. Comparison to TOPP-RA

In TOPP-RA proposed by [7], the optimal trajectory is
obtained by an iterative backward and forward pass for
a one-dimensional system ṡ2k+1 = ṡ2k + 2∆s̈k. However,
only second-order constraints can be enforced. We extend
the method to a general linear system to allow for the
incorporation of third-order constraints. In the backward
pass, the linear controllable set is computed recursively by

Kk = {xk ∈ Rn |dkxk ≤ ek} = Πx

(
Ωk

⋂
Kk|k+1

)
(20)

until k = N . The set

Kk|k+1 = {xk,uk ∈ Rn |dk+1(Φxk+Γuk) ≤ ek+1} (21)

is the controllable set Kk+1 backward propagated through the
system dynamics. The end state defines KN and the linear
operator Πx : Rn+m → Rn projects a set in (x,u) to a set
in x.

Starting from the initial state x0, the optimal trajectory
is iteratively obtained by maximizing the path acceleration
[uk]1 subject to the admissible area Ωk and Kk|k+1. The
next optimal state is calculated by x∗

k+1 = Φx∗
k+Γu∗

k until
the end state is reached.

The solution of the TOPP-RA formulation converges with
decreasing step size to the same solution of correct CO
methods [18]. Next, we show that TOPP-RA and TOPP-
LP solve the same problem. Thus, the optimality properties
of TOPP-RA are inherited. Consider the LP (19). We add
constraints dkxk ≤ ek∀ k = 1, ..., N , which define the re-
cursively computed controllable sets Kk at every stage. By
adding these constraints the original problem does not change
because they are redundant and map the final state constraint
to stage k. This is already given implicitly in (19b). Due to
the redundancy, the final state constraint can be removed.
By evaluating the system dynamics into the cost (19a) and
the newly added constraints, the following equivalent LP is
obtained

max
x1:M ,u0:M

M∑
k=1

[Φxk−1 + Γuk−1]1 (22a)

s.t. x0 given (22b)
Φxk + Γuk = xk+1 (22c)

(xk,uk) ∈ Ω̂k (22d)
dk+1(Φxk + Γuk) ≤ ek+1 (22e)

for all k = 0, ...,M with M = N − 1.
A trajectory X ∗

M = (x∗
1, ...,x

∗
M ) and U∗

M = (u∗
0, ...,u

∗
M )

is a subsolution of the original problem when the first M
entries equal the optimal solution obtained by (19). By
solving problem (22) for M ≤ N − 1 such a subsolution
of the original problem is retrieved because the final state
constraint is encoded in (22e). Therefore, (22) can be solved
iteratively starting from x0 and setting M = 1. The follow-
ing iterations are initialized with the previously computed
optimal state. Using Bellman’s principle of optimality, the
optimal trajectory must consist of the subsolutions. There-
fore, the iteratively obtained solution is optimal too. The
iterative solution process is exactly the process proposed by
TOPP-RA which shows that the methods can be equivalently
transformed into each other. This allows us to inherit the
optimality properties of TOPP-RA to TOPP-LP.

Notes on Computational Complexity: The original TOPP-
RA method for second-order constraints has time complexity
O(N) because the controllable set Kk is given by an interval
which can be obtained by two small-scale LPs at each grid
point. In this case, the TOPP-RA method is more efficient
and should be preferred. However, when the state dimension
n increases, TOPP-RA becomes impractical. When n > 1 the
controllable set is no longer an interval but a polytope. Prop-
agating polytopes through the dynamics with constrained
inputs results in an increased number of constraints compared
to Kk+1. As the backward pass requires a projection Πx onto
the n-dimensional state space, the computational complexity
increases significantly. Because the projection of polytopes
between halfspace representations is known to be NP-hard
[23], the overall method becomes impractical.
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In practice, the number of constraints typically does not
grow throughout the entire recursion process, as state con-
straints imposed by Ωk can reduce the number of constraints
in Kk compared to Kk+1. Nevertheless, for higher state
dimensions, the explicit computation of the controllable set
requires much overhead. During the forward pass, most of
this effort is wasted as only a single path on the complex
boundary is of interest. The initially appealing linear com-
plexity of the original TOPP-RA method is lost. On the other
hand, when exploiting the sparse constraint structure of the
large LP problem, the computational time is reduced.

IV. NUMERICAL RESULTS

In this section, the application of the proposed TOPP-
LP method is demonstrated for a cooperative MARS with
two KUKA iiwa 7 R800 which tightly grasp a 40 kg object.
Using the proposed method of Section II, the path is planned
for the object in Cartesian space by passing through a
feasible set of poses. The analytical IK solution [22] is
used to generate the consistent joint path. The dynamics
and Jacobians of the manipulators are computed with the
Robotics System Toolbox of MATLAB, while the LP is solved
by linprog of MATLAB with the interior-point algorithm.
The computations are performed on a 1.80GHz Intel Core
i5-8250U. The velocity and torque limits are provided by
the manufacturer and are shown in Tab. I. The minimum
values are defined by q̇− = −q̇+ and τ− = −τ+. The
acceleration, jerk and torque rate limits are not provided.
Here q̈± = 10 s−1q̇±,

...
q ± = 15 s−1q̈± and τ̇± = 10 s−1τ±

are assumed. The limit on the projected nullspace wrench is
set to h̃± = ±10 for every element. The wrench rate is
limited to ˙̃

h± = ±5. These are very conservative limits to
illustrate the effect on the trajectory. The resulting motion
and trajectories can be seen in the supplementary video.

In addition to the complete problem formulation (full
TOPP3), a softened version (soft TOPP3) is defined. Here,
jerk limits are the only third-order constraints, omitting
torque rate and wrench rate limits. This simplifies the prob-
lem significantly since the state consists of two dimensions
and incorporates 13 inputs, including the wrenches. By
contrast, the full TOPP3 problem encompasses 14 states and
13 inputs. Since the wrench is a state in the full TOPP3
problem, it is necessary to calculate h(0) and h(1). To
address this, a QP is utilized with given boundary path
states. Both TOPP3 versions are computed with three LP
iterations initialized with a solution that omits third-order
constraints (TOPP2). The resulting trajectories are depicted
in Fig. 2 along with the maximum velocity curve (MVC)
that represents the maximum pseudo velocity within the
admissible set Ω.

Restrictive wrench rate limits in the full TOPP3 solution
result in slower trajectories compared to TOPP2 and the soft

TABLE I: Velocity and torque limits of KUKA iiwa 7 R800.

axis 1 2 3 4 5 6 7

q̇+ [◦/s] 98 98 100 130 140 180 180
τ+ [Nm] 176 176 110 110 110 40 40

0

0.2

0.4

0.6

ṡ2

−4
−2
0
2
4

s̈

0 0.2 0.4 0.6 0.8 1
−1,000
−500

0
500

1,000

s

s̈′

TOPP2 soft TOPP3 full TOPP3

Fig. 2: Solutions for pseudo path velocity, path acceleration,
and pseudo path jerk of a cooperative MARS with grid size
N = 500 and the infeasible velocity area (hatched), which
is constrained by the MVC.

TOPP3 solutions which can be seen in Tab. II. While the
latter two have similar durations, the full TOPP3 solution is
significantly slower. On the other hand, only the full TOPP3
solution ensures that all third-order limits are enforced. The
TOPP2 solution violates all third-order constraints, while the
soft TOPP3 solution violates only the torque rate and wrench
rate limits and the maximum violation is slightly smaller
compared to the TOPP2 solution.

Fig. 3 shows the first element of the normalized projected
wrench. Because the wrenches for both the TOPP2 and soft
TOPP3 versions can change instantaneously, high violations
in the wrench and torque rates can be expected. For TOPP2
and the soft TOPP3 formulations the actuation redundancy is
resolved using a QP at every stage similar to [2]. However,
the full TOPP3 solution is not post-processed as the instan-
taneous optimization is not possible. This can lead to jitter
in the wrenches and torques. Due to the restrictive limit on
the wrench derivative, this effect is not very apparent.

The total computation time in Tab. II shows that the full
TOPP3 version is significantly slower compared to the other
two solutions. This is due to the increased complexity of the
problem formulation. The TOPP2 solution is the fastest, as

TABLE II: Numerical results of TOPP for the cooperative
MARS with grid size N = 500.

TOPP2 soft TOPP3 full TOPP3

T 2.658 s 2.709 s 3.144 s

max |[ ...q ]i|
[
...
q ]+i

5.14 1 1

max |[τ̇ ]i|
[τ̇ ]+i

11.08 7.88 1

max

∣∣∣[ ˙̃h]i

∣∣∣
[
˙̃
h]+i

639.24 631.31 1

CPU time 1.156 s 12.061 s 29.34min
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Fig. 3: Projected wrench for different TOPP problem formu-
lations normalized to limit.

it is the least complex problem. A similar picture is drawn in
Fig. 4 which shows the computation time over the grid size
N . Comparing the computational times with previous works
is difficult, as the problems and computational hardware
differ. The reported times in [13], [17], [19] are for single-
arm robots only. Although the problem in [20] is more relat-
able, no computation times were provided. A comparison is
only done for the TOPP2 and the soft TOPP3 formulations,
as none of the previous work has considered MARS with
torque and wrench constraints. The here considered problem
is more complex as more constraints and inputs are used.
Nevertheless, the computational times are lower compared
to the ones reported in previous work.

50 100 500
10−1

101

103

grid size

CPU time (s)

TOPP2
soft TOPP3
full TOPP3

Fig. 4: Computation time per iteration.

V. CONCLUSION

This paper introduces TOPP for cooperative MARS with
up to third-order constraints, such as jerk, torque rate, and
wrench rate limits. To solve the underlying OCP, a method
based on sequential LP is presented. The correctness of the
method is derived from its equivalence with a generalized
TOPP-RA approach. The effectiveness of the method is
demonstrated for a cooperative MARS comprised of two
7-DOF robots and a 6-DOF object, while the importance
of third-order constraints for the trajectory smoothness is
highlighted. Adding torque rate limits for cooperative MARS
enlarges the problem size significantly, resulting in longer
computation times. While the actuation redundancy can be
resolved instantaneously when only jerk limits are con-
sidered, handling torque- and wrench rate limits is more
challenging.

Although incorporating third-order constraints enhances
trajectory continuity, the system always operates at its limits.
In case of model inaccuracies or disturbances, the underlying
controller can no longer follow the path. To address this, fu-
ture research will focus on predictive path-following control
for cooperative MARS.
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