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Abstract— The multi-agent trajectory planning problem is a
difficult problem in robotics due to its computational complexity
and real-world environment complexity with uncertainty, non-
linearity, and real-time requirements. Many existing solutions
are either search-based or optimization-based approaches with
simplified assumptions of environment, limited planning speed,
and limited scalability in the number of agents. In this work,
we first attempt to reformulate single-agent and multi-agent
trajectory planning problems as query problems over an im-
plicit neural representation of trajectories. We formulate such
implicit representations as Neural Trajectory Models (NTM)
which can be queried to generate nearly optimal trajectory in
complex environments. We conduct experiments in simulation
environments and demonstrate that NTM achieve (1) sub-
millisecond planning time using GPUs, (2) almost avoiding
all collisions, and (3) generating almost shortest paths. We
also demonstrate that the same NTM framework can also be
used for refining low-quality and conflicting multi-agent trajec-
tories into nearly optimal solutions efficiently. (Open source
code is available at https://github.com/laser2099/
neural-trajectory—-model)

I. INTRODUCTION

Trajectory planning research is usually conducted from
two perspectives: single-agent and multi-agent trajectory
planning. Single-agent trajectory planning entails finding
trajectories between two positions in space along with the
corresponding relative timestamps and is a fundamental,
well-researched issue in artificial intelligence. Trajectory
planning are typically achieved using search algorithms
such as the A* series algorithms [1] and the RRT series
algorithms [2]. Multi-agent trajectory planning (MATP) is
an extension of single-agent trajectory planning that involves
multiple agents. The objective is to determine paths along
with relative timestamps for all agents from their respective
starting points to their goals, ensuring that agents do not
collide with the environment and other agents during their
movements [3]. To solve the MATP problems, many state-
of-the-art approaches require the use of searching-based
algorithms to generate reference paths for further generation
of multi-agent trajectories.

Although search-based algorithms perform well in some
scenarios, they are often very time-consuming for single and
multi-agent trajectory planning. In this paper, we introduce
a novel method for single-agent and multi-agent trajectory
planning by formulating these problems as queries over an
implicit neural representation of trajectories. Using recent
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advances in neural representations, our approach efficiently
encodes valid and nearly optimal trajectories and generalizes
to new scenarios while maintaining constraints and opti-
mality. Experiments in three different environments show
that our method is at least 10 times faster than existing
baseline approaches while achieving comparable planning
performance. Our main contributions are summarized as
follows:

« We present a novel reformulation of single-agent and
multi-agent trajectory planning problems as query prob-
lems with implicit neural representation of valid and
optimal trajectories in a given environment.

¢ Our method demonstrates fast planning speed and supe-
rior performance for both single-agent and multi-agent
trajectory planning.

« We also demonstrate that the same neural formulation
can be employed for multi-agent coordination and tra-
jectories de-conflict.

II. RELATED WORK
A. Search-based single agent trajectory planning

Search-based path planning algorithms are extensively
used in path and trajectory planning due to their ease of
implementation. Algorithms such as A* and RRT were
developed to tackle various planning challenges. Over the
years, variious improved versions have emerged, Hybrid
A* [4], RRT* [5], and LPA* [6]. Despite their enhanced
performance, the running time remains a significant concern
because these algorithms require repeated searches. To ad-
dress this issue, we utilize a neural trajectory model that
leverages recent advances in neural networks, thus avoiding
redundant searches and achieving significant performance
improvement.

B. Multi-agent trajectory planning

Multi-agent trajectory planning (MATP) problem is an
extension of the single-agent trajectory planning problems.
Numerous researchers attempt to solve the MATP prob-
lems by leveraging single-agent planning algorithms. The
Conflict-based search (CBS) algorithm [7] conducts searches
on a constraint tree (CT). EDG-TEAM [3] employs ECBS
to generate initial paths and then implements a group-based
optimization to further ensure the algorithm’s performance.
Game theoretic approaches have also been proposed to
model the interactions between multi-agent [8], [9]. Search-
based methods rely on simplifying assumptions about the
environment. Game-theoretic methods, while addressing in-
teractions between agents, involve complex calculations that
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limit planning speed not meeting real-time requirements. In
this work, we circumvent extensive searching by employing
a neural trajectory models.

C. Neural Models

Neural environment representations employ neural net-
works to represent the geometry, and occasionally the color
and texture, of intricate 3D scenes. Typically, these repre-
sentations is trained on a labeled dataset to learn a func-
tion in the form of fg(p) = o, where f denotes a neural
network parameterized by the weights 0, p signifies a low-
dimensional query such as a 3D coordinate (x,y,z), and &
represents relevant a single scalar or a vector of scalars of
measurement. Existing neural implicit representations can
be classified into generalizable paradgims [10], [11] and
overfit paradigms [12], [13]. The latter approach focuses
on accurately representing a specific given environment by
deliberately overfitting a neural network to the data collected
from the environment. In this work, we adopt the implicit
representation paradigm of neural models. Specifically, we
extend the neural fields formulation to accommodate trajec-
tories — overfitting a multi-trajectory function for a given
environment so that valid and nearly optimal trajectories of
the environment can be queried with their start-end positions
as input.

III. NEURAL TRAJECTORIES
A. Problem Formulation

In this section, we present the problem formulation for
generating desired trajectories in a multi-agent system of
N agents. The goal for the ith agent is to move from a
starting position s’ to a goal position g'. The environment is
represented by a Signed Distance Field (SDF) [14]. SDF (x)
determines the distance to the closest surface of any 3D
coordinate x in the environment where (1) SDF(x) < 0
indicates that x is inside an object; (2) SDF (x) = 0 indicates
that x is on the surface of an object; (3) SDF (x) > 0 indicates
that x is outside any objects. Such an SDF can be derived
from a 3D mesh model, occupancy grids, CSG (constructive
solid graph) and other 3D environment representations.

A trajectory W' for agent i is a sequence of time-stamped
waypoints: W' = {(t,p?), (1!, p}). ../ .p!)} where (1)
the 4D waypoint w! = (¢/,p]) is the jth waypoint (j €
{0,...,T}) with #/ and p! being the jth timestamp and jth
coordinate; (2) s; = p? and g; = piT are the starting and the
goal positions; (3) T is the time horizon for the trajectory.

A trajectory W' is considered environmental collision-free
if all its waypoints are in free space with a safety threshold
Sthresh: 1-€. SDF (p!) > Sypyesn for all p! € W, Two trajectories
W' and W* are considered inter-collision free if any pair of
waypoints (¢}, p’) € W' and (%, pt,) € W/ are conflict-free:
(1) time separated with a threshold #,eg: \t; —t}‘,\ > bihreshs
or (2) distance separated (Euclidean distance) with a safety
threshold dispresh: || pi- - p/j‘., || > disinresh-

A multi-agent trajectory generation problem is to generate
a set of N trajectories W = {W! W2 .. WN} given the
starting and goal positions {(s',g'), (s?,g2),...,(s¥,&")} of

N agents. The requirement is that all trajectories in W are
both environmental collision-free and inter-collision-free. We
seek to learn a neural function fg parameterized by ® to
generate such a trajectory set:

W= fo({(s'.g"), (s,8%), .. (s".&")}). (1)
B. Neural Trajectory Model
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Fig. 1: Neural Trajectory Model
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As shown in Figure 1, our neural trajectory model accepts
a set of N start-end positions as input and output N corre-
sponding 4D trajectories. The 4D trajectories proposing step
is first employed to propose an initial set of 4D trajectories
for N start-end positions. Without the loss of generality,
we employ a simple line interpolation for initial trajectories
proposal. T discrete 3D points are sampled with uniform in-
tervals along a straight line between the start and end position
(s,g) as follows: [, = {p; =5+ (g—5)/T x j}JT~=o where
I € RTT1X3 serves as the initial path proposal. Equally
separated time-stamps {t,...,#7 } are sampled between 0 and
T and prepend to the path proposal /s, to form the trajectory
proposal:

Lysg ={(tj:p))}j=0 (2)

Other initial trajectories proposal methods can also be used.
For example, in Section IV-F we demonstrate to feed tra-
jectories created by other methods or a single-agent neural
trajectory model into the transformer as initial trajectories
to generate desired high-quality trajectories. We adapt the
positional embedding approach in the original transformer
paper [15] to 4D positional embeddings.

E; = CoordinateEmbedder(Ly_,), 3

Coordinate embeddings are then fed into a transformer [15],
conducting attention mechanism to capture the relationship
among coordinates of the proposed trajectories. At the end, a
fully-connection layer is applied to project the transformer’s
vector sequence outputs to 4D coordinates sequences of time
horizon T for the N agents satisfying desired properties:

fo = FC(transformer(Ey)). 4)

Although this work focuses on a static environment trajectory
generation, it can be easily extended to accommodate a
dynamic environment with sensory input.

C. Model Training

As shown in Figure 2, the neural trajectory model is
trained with ground truth trajectories data along with addi-
tional regularization of collision-free and performance met-
rics (.e.g. travel distance, time, etc.) requirements. The train-
ing data D is of the from D = {(SG;, W)} where each SG;
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Fig. 2: Neural Trajectory Model Training

is N start-goal positions and each W; is the corresponding
ground-truth multi-agent trajectories which satisfy collision-
free and the desired performance requirement. The goal of
this training process is to enable the model to generalize the
trajectory generation beyond the seen start-goal positions to
unseen start-goal positions in the same environment. We will
introduce the training loss functions first and describe the
ground truth data curation processes in Section III-F.

Ground Truth Supervision: We compute the point-
wise L1 losses between the model generated trajectories
and ground-truth trajectories to enable fast convergence to
plausible trajectories.

ly = (1195 —will) (&)

l=1 j=1

where W’J is the jth model generated trajectory waypoint and
w; is the corresponding ground truth for the ith agent.

Environmental Safety Loss: We point-wisely compute
signed distance values of trajectories towards the environ-
ment obstacles and ensure a safety distance margin thresh-
old from every waypoints to the obstacles. We adapt the
differential SDF implementation in the Kaolin library [16]
to enable loss back-propagation of the environmental safety
loss. Neural SDFs [10] can also be used here.

1 N T
Z Zmax{ Sthresh — SDF(]?/) 0} (6)
i=1j=

lsd ist = m

Inter-Trajectory Conflict Loss: We ensure distances
between any two waypoints of two trajectories are separated
by at least Wypresh = (trhreshs distinresn) by the following inter-
collision loss:

1 NI .
linter = m = j]lZZI max(O, Wthresh — HWlJ — WI;/). (7)

Performance Loss: We ensure the generated trajectories
to be at least as good as the ground-truth length d' as an
example performance metric loss:

1 & " )
liise = — Y max(0,d' —d') (8)
i=1
where d' and d' are the ground truth and the predicted travel
distance of agent i respectively.

The overall training objective is as follows:
loss = M lgt + M lsaise + Mlinter + Aalais )

where A1, A3, A3 and A4 are the corresponding combination
weights.

D. Neural Trajectory Inference

The inference process of NTM is shown in Algorithm 1.
It consists of two main steps and an optional optimization
step. The first two steps are the trajectory proposal step
and the neural generation step. An optional optimization
step (section III-E.) can be employed to further optimize the
output.

Algorithm 1: Neural Trajectory Inference

Input: Start-Goal positions:
SGP‘“"'S = {(Sl >g1)’ (s27g2)’ ) (SNvgN)}
Output: Trajectories: W = {W! W2 . WV}l
1 InitTrajs < GetLines(SGpairs) ;
2 W <« NeuralTrajectory(InitTrajs) ;
3 if further_optimize is True then
/* Optional trajectory
optimization step */
4 W <« TrajectoriesOptimizer(W) ;
5 end
6 return W;

Multi-trajectories Coordination and De-Conflicting:
The neural trajectory model can not only support trajectory
planning but also trajectory de-conflicting. With coordination
tasks, the inference procedure in Algorithm 1 will take
trajectories with conflicts or non-optimal trajectories as in-
put and output better conflict-resolved and better optimized
trajectories.

E. A Trajectory Optimizer

Algorithm 2: Trajectories Optimizer

Input: Initial Trajectories: W° = {t! 72 ... 7V}
Output: Optimized Trajectories: W*
1 W WO .
2 repeat
/ * wi-s are 4D waypoints in W */
3|V %J(\W) :

ow
4 W<—W YV.is

5 until desired trajectories are obtained or time-out;
6 return W;

The Trajectory Optimizer as specified in Algorithm 2
makes use of the following loss functions to optimize pro-

posal trajectories:
J= A'1 Lsaise + )LZlim‘er + l3 Laist (10)

where A;, A, and A3 are the corresponding combination
weights. [y (Equation 6), lier (Equation 7), and Iy
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(Equation 8 ) are the environmental loss, the inter-trajectory
collision loss and the performance loss defined in Section III-
C. In Algorithm 2 line 3 takes gradients with respect to
trajectories waypoint coordinates instead of taking gradients
with respect to neural model parameters as in Section III-C.
Y in Line 4 is the gradient descent update learning rate.

F. Training Data Curation

To support the training process described in Section III-
C, we devise the data curation process as in Algorithm 3.
It requires an environment model ENV. We sample from
the environment M start-goal positions. Then we apply a
trajectory proposer (Line 3) to generate initial trajectories
for optimization. We use multi-agent A-Star algorithms [1]
as our trajectories proposer. In particular, we use the imple-
mentation available in [17]. Then the trajectory optimizer de-
scribed in Algorithm 2 is applied to optimize the trajectories
to obtain nearly optimal trajectories with no environmental
and inter-agent collisions.

Algorithm 3: Training Data Generation Process
Input: An environment SDF model SDF
Output: Trajectories Dataset: D = {(SG;,W;)}
1 repeat
2 | Sample SG; = {(s},g}), - (s}, &}) | SDF (s;) >
0,SDF (g’j) > 0} from the environment model
ENV ;
3 WO « TrajectorProposer(SG;) ;
4 W ; < TrajectoryOptimizer(W°) ;
5 D<—DU{(SGJ'7W]')} ;
6 until M data instances are obtained or time-out;
7 return D

IV. EXPERIMENTS

In this section, we conduct experiments to validate the
proposed methods. Experiment are run on a workstation
equipped with an Intel(R) Xeon(R) Gold 5218 CPU and an
RTX 3090 GPU.

A. Evaluation Metrics

We use the following evaluation metrics to quantitatively
compare our approaches with baselines. (1) Environmental
Collision Rate (ECR): ECR is the ratio of the number
of collision trajectories to the total number of trajectories.
(2) Inter Collision Rate (ICR): ICR is the ratio of the
number of inter-trajectory collisions to the total number
of trajectories. (3) Travel Distance (TD): Travel Distance
refers to the average length of all trajectories in a trajectory
planning task. (4) Calculation Time (CT): Calculation time,
measured in seconds (s), is the time required to generate
trajectories for agents.

It is also important to note that although the search-based
baselines are sound, they don’t guarantee completeness for
collision-free paths. In our study, we treated unsolvable cases
within given computational cost as collision cases.

B. Data

We employ the data curation process described in Sec-
tion III-F to generate ground truth data for our experiments.
Their statistics are shown in Table 1.

TABLE I: Experiment Datasets

Single-agent Multi-agent

Environment

train  valid  test train  valid  test

Stonehenge 512 110 128 324 51 72

Ice-forest / / / 1003 197 203

Building-forest / / / 1710 317 330

C. Single Agent Trajectory Planning

The neural trajectories can be applied to perform single-
agent trajectory planning. We conduct single-agent experi-
ments in the Stonehenge environment from [17]. We com-
pare the proposed method with Nerf-Nav [17], an advanced
planning algorithm and the classical search-based algorithm
A* [1] (implementation of [17]). In this scenario, the NTM
is trained with 512 trajectories. We evaluate the models
on 128 start and end position pairs, which were randomly
sampled from the environment, excluding the training data.
The evaluation results are presented in Table II.

TABLE II: Single-agent Experiments in Stonehenge Env

Method ECR D CT
Nerf-Nav [17] | 0.0653  1.2567 2.0

A* [1] 0.104 1.098 0.1840
NTM(Ours) 0.054 1.1448  0.0025
Ground Truth 0.0 1.1011 /

From the results, we can see that NTM can generate
trajectories much faster, resulting in shorter and safer routes
compared to the baseline methods.

D. Multi-agent Trajectory Planning

For MATP, we experiment with an eight-agent trajectory
planning problems. We compare our method with a SoTA
approach EDG-TEAM [3] and a classical MATP algorithm
ECBS [18]. Evaluations are conducted across three distinct
environments: Stonehenge [17], Ice Forest [3], and Building
Forest Environment (re-created and adapted from [19]).

For the Stonehenge environment, we train the NTM on
324 trajectories and test it on 72 distinct start-end position
pairs. In the ice forest environment, the NTM is trained on
1003 trajectories and evaluated on 245 unique start and end
position pairs. Lastly, in the building forest environment, the
NTM is trained on 1710 trajectories and assessed on 330
different start and end position pairs. The testing start and
end position pairs are randomly chosen from the environ-
ment, excluding the training data. The results are provided
in Table III.
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Fig. 4: 8-agent trajectory planning in Building Forest Env

Compared to the baseline methods, the NTM achieves
a significant improvement in computation time, being at
least 10 times faster (note that the exact number is not
meaningful; only the relative magnitude is relevant as the
CPU and GPU implementation are not directly comparable).
Moreover, the NTM outperforms other methods in other
metrics as well, demonstrating the advantages of learning
from known trajectory experiences and generalizing beyond
them to unseen scenarios in the same environment.

E. Towards Large Scale Trajectories Models

We also conducted preliminary experiments to assess the
scalability of our approach when dealing with a substantial
number of agents. In this particular experiment, we simulated
scenarios representing future air traffic. Given 64 pairs of
start and end positions, the NTM successfully generates
collision-free trajectories. We also modify the vanilla trans-
former [15] to support large number coordinates attention
across agents'. Figure 5 depicts a screenshot of these sce-
narios.

We further compare the computation time as the number of
agents increases, as illustrated in Table IV. As we can see in
the table the computation time is not sensitive to the number

I'See our open source code for more details.

TABLE III: Comparison of eight-agent planning in a Stone-
henge, Ice Forest, Building Forest environment

Method ICR ECR TD CT
g EDG [3] 0.048 0312 1705 0.017
£  ECBS [I8] 0.088 0325 1992 021
< NTM (Ours) 0.032  0.027 1877  0.0025
=
&  Ground Truth 0.0 00 1598 /
- EDG [3] 0.033 0.146 5717  0.022
£ ECBS[I8] 00412 0187 5871  0.32
< NTM (Ours)  0.022 0.0 5179 0.0021
= Ground Truth  0.004 0004 5.109 /
- EDG [3] 0.0521 0.083 1115 0.042
£  ECBS [I8] 0.121  0.107 1219 035
< NTIM (Ours)  0.024 0012 0994  0.0025
E Ground Truth  0.009  0.003  0.924 /

Fig. 5: Large-scale trajectory planning in Building Forest Env

of agents with our specific implementation of multi-trajectory
transformer attention patterns in NTM. This demonstrates
the potential for solving large-scale agent trajectory planning
problems. We will conduct further research in this direction
to fully understand the potential of this approach.

F. Towards Multi-agent Trajectory Coordination

Apart from trajectory planning, we conduct experiments in
Building Forest to explore the potential usage of the NTM in
multi-agent coordination. Given 61 batches trajectories with
collisions, we employ the inference process (Algorithm 1)
described in Section III-D with the trajectory proposal step
replaced by given trajectory sets. The implementation can
solve conflicts and collisions. The coordination result is
depicted in Table V. As we can see in the results, the col-
lision rates are reduced significantly to almost no collisions.
More comprehensive experiments will be conducted to fully
explore the potential of NTM in this area.

G. Ablation Study on Inference Procedure

To further illustrate the impact of additional trajectory
optimization refinement, we compare the metrics before and
after performing the refinement process(Algorithm 1). The
results in Building Forest Environment are displayed in Ta-
ble VI. From the result, we can observe that the performances
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TABLE IV: Computation time vs. number of agents

Single-agent
0.00253

Eight-agent
0.00258

64-agent
0.00272

CT(s)

TABLE V: Multi-Trajectories Coordination

ICR ECR
w/ Coordination 0.8688  0.1475
w/o Coordination | 0.0164  0.0328

of trajectories are improved with the trajectory optimizer,
demonstrating the effectiveness of trajectory refinement and
the possibilities of applying neural trajectories along with
an appropriate choice multi-trajectory optimizer to balance
between computation speed and solution qualities.

H. Limitations

Although NTM achieves superior performance, there also
exist some limitations. Currently, NTM is designed primarily
for static environments with fixed SDF, which limits its effec-
tiveness for dynamic collision avoidance tasks. Additionally,
NTM does not incorporate motion and physical dynamics,
which may lead to potential issues with dynamic feasibility.
Future research will focus on three main areas: (1) conduct-
ing a comprehensive study on the application of NTM to
large-scale multi-agent planning and coordination problems,
(2) extending NTM to handle dynamic environmental models
that incorporate sensing inputs, and (3) experimenting with
real-world scenarios by integrating motion and physical
dynamics variables into trajectory representations to improve
the handling of physical environment interactions.

V. CONCLUSION

In this study, we introduce a neural trajectory model
designed to generate nearly optimal trajectories for both
single-agent and multi-agent scenarios. Our approach ex-
tends the neural field formulation to represent valid and
nearly optimal trajectories in complex environments through
an implicit neural representation. Additionally, the model
supports generating conflict-free trajectories by querying the
model with start-goal positions. Through extensive simula-
tion experiments, we demonstrate that NTM achieves (1)
sub-millisecond planning times when utilizing GPUs, (2)
near-complete avoidance of environmental collisions, (3)
near-complete avoidance of inter-agent collisions, and (4) the
generation of nearly shortest paths. Furthermore, we illustrate
that the NTM framework is also effective for trajectory
correction and multi-trajectory conflict resolution, transform-
ing low-quality and conflicting multi-agent trajectories into
nearly optimal solutions with high efficiency.
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