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Abstract— The task-specific optimization of robotic systems
has since the inception of the field been divided into the
optimization of the robot and the optimization of the layout
of its workstations. In this letter, we argue that these two
problems are interdependent and should be treated as such.
To this end, we present a unified problem formulation that
enables for the simultaneous optimization of both the robot
kinematics and the workstation layout. We demonstrate the
effectiveness of our approach by jointly optimizing a robotic
milling system. To compare our approach to the state of the
art, we optimize the robot’s kinematics and layout separately.
The results show that our approach outperforms the state of
the art and that simultaneous optimization leads to up to eight
times better solutions.

I. INTRODUCTION

Although robots possess the inherent ability to perform a
multitude of diverse tasks across various industrial domains,
each individual robot is often limited to the execution of
a singular repetitive task. This has opened the door for
specialized robotic systems optimized for specific tasks.
Optimization criteria vary from cycle time [1] to deformation
over the task [2] and even the mechanical complexity [3].
These include modular systems such as presented in [4]
but also complete custom solutions as in [5]. On the algo-
rithmic side, this has raised interest in task-specific robot
optimization. Examples include the work by [3] and [6] who
try to find optimal robot designs for a given task based
on modular components. However, in industrial settings,
optimizing the layout of a robot’s environment can often
improve system performance. For instance, moving the task
closer to the robot can reduce the required robot workspace
and thus the required robot size. This indicates that the
optimal robot design is subject to the environment in which
it is used. In the optimal robot design literature, this is often
neglected and the robot is assumed to be used in a fixed
environment. Layout optimization meanwhile is itself a well-
studied problem in the field of manufacturing. Here many
works have tried to find optimal placements of workstations
relative to a given robot. This is not trivial since the optimal
placement of a robot can often depend on the robot’s optimal
joint trajectory. In summary, we have discovered that two
optimization problems, usually considered separate in the
literature, are interdependent. This work aims to unify both
problems into a single optimization method that can be
applied to different design problems.
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Our main contribution is a unified problem description pre-
sented in section III. This description enables the application
of new optimization algorithms explored in section IV. We
not only use these to optimize continuous robot design spaces
but also the kinematic structure of the robot. Additionally,
we demonstrate how the problem can be extended to instead
optimize robots built from predefined modules using a simple
three-step approach. Our solutions are benchmarked against
the existing state of the art for both placement and robot
optimization in section VI. We show that our approach
outperforms the state of the art in both subdomains and that
it can also optimize the unified problem. Finally, we discuss
the limitations of the problem formulation and our solution,
as well as suggest future research directions in section VII.

II. RELATED WORK

Since this work aims to unify robot design and layout
optimization it is heavily influenced by both fields. In this
section, we will give a brief overview of the literature of
both fields.

A. Robot Design Optimization

In the field of Robot design optimization, one can dif-
ferentiate between two main subfields: Modular robot de-
sign tries to build a robot from predefined modules while
continuous robot design relies on optimizing continuous
kinematic parameters. Module-based design approaches tend
to grow additional modules from the base until they reach
the target position or trajectory. This is typically encoded
using a reachability metric [3] which is either optimized
using heuristic-based search algorithm [3] or using reinforce-
ment learning [6]. Extending these growing approaches to
layout optimization is not trivial since the performance of
the growing robot is dependent on its optimal placement
which will change as it grows, requiring nested optimization
loops. For this reason, we will instead rely on continuous
robot design optimization methods. Continuous robot design
mostly focuses on optimizing the kinematics of a robot.
These are described using various methods, with the Denavit-
Hartenberg parameterization being a popular example due
to its efficiency; it requires only 4 parameters (0,d,a, )
per link, making optimization very efficient. We will also
later use this parameterization for our sample problem.
The main challenge in optimizing robot kinematics lies in
mapping the desired task space waypoints to the joint and
design parameter space of the robot. Many works use inverse
kinematics or path planning to convert the desired task
space waypoints to joint space [7]. They then use iterative
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methods such as genetic algorithms [5] [8] or particle swarm
optimizers [7] to optimize the design parameters. Due to the
need to convert the task space waypoints to joint space, these
methods often require a large number of iterations making
them inefficient. Additionally, they often fail to incorporate
that different inverse kinematic solutions might have differ-
ent performances. Recent works have thus formulated the
problem explicitly using forward kinematics [9] resulting in
nonlinear optimization problems (NLP). These NLP can be
optimized using gradient-based methods to find not only
the optimal design parameters but also the optimal joint
trajectory. Tracking the desired waypoints is achieved using
soft constraints forcing the robot end effector near the target
waypoints. This approach was further developed in [10],
which, despite its name, does not consider the environ-
ment and extends the method to include tool geometries
that account for reaction forces with the environment. Our
approach takes many ideas from these works, such as the
use of link length regularization described in [9] but does
not use forward kinematics. Unfortunately, neither approach
considers the optimization of the layout of the environment
around the robot.

B. Layout Optimization

The field of manufacturing science has a long history
of optimizing the environment around a robot stemming
from the field of factory planning. The goal is generally to
optimize the performance of the cell. Therefore, the focus
is on the placement of the functional parts with which the
robot interacts. These functional parts will be referred to
as workstations in the following. These workstations are
generally abstracted to their respective toolpaths which are
known a priori. This means that formally the problem is
to find the optimal placement of toolpaths relative to a
given robot. Thus, the optimization must address the same
mapping problem encountered in robot design optimiza-
tion. Completely parallel to robot design optimization, the
problem was first formulated using inverse kinematics [1].
Here the authors tried to improve the cycle time of a dual-
arm assembly station by minimizing the Euclidean distance
between workstations. However, this is only an approxi-
mation since the shortest path of the end effector is not
necessarily the fastest. Again we would require a trajectory
optimization to evaluate a given design, and again this would
result in a nested optimization loop. The solutions commonly
used in mobile-manipulator base position planning suffer
from a similar problem. A great overview of these can be
found in [11]. Instead of using forward kinematics to solve
this problem like for robot design optimization or in [12],
recent works have instead used differential kinematics by
formulating the placement problem as a modified optimal
control problem [13]. Our approach is based on a similar
differential kinematic formulation but incorporates the place-
ment parameters differently.

III. PROBLEM FORMULATION

Robot design and layout optimization share a similar
history in terms of problem formulation. Both started with
an inverse kinematics formulation where the task space
waypoints are converted to joint space waypoints and later
switched to a forward kinematics formulation like in [9].
Recent work in the field of layout optimization has now
argued that this is inefficient because it treats subsequent
joint poses as independent. In general, both robot design
and layout optimization have mainly been treated as design
optimization problems where trajectory optimization had
to be included somehow. We propose to instead think of
these problems as trajectory optimization problems where the
design parameters are included as additional joints which we
will call design joints. Link lengths or workpiece positions
might be thought of as additional prismatic design joints
while the orientation of the workpiece might be thought of as
additional revolute design joints. These design joints are then
optimized together with the robot joints with the additional
constraint that they have to be constant over time. Notice
that this formulation does not differentiate between robot
and layout design parameters. This means that we can isert
these design joints between the robot and the workstation to
get layout optimization or between the robot joints to get
robot design optimization. Fig. 1 illustrates this for robot
design optimization, workpiece placement optimization, and
a combination of both. Thus unified the problem can be
formulated as a modified trajectory optimization problem:

minimize /‘tf wL,(p(2))+La(p(2),q(t),u(t))dt
t

q(to)u Jio
subject to  p(t) = J(q(2))4(¢) (1
qm(t) =u
qa(r) =0

where ¢ is the full joint vector q(t) = (qm(t),qa(t))T, qm(t)
describes the moving joints and ¢,(¢) the design joints.
The vector p describes the task space position of the robot
end effector and is updated using the Jacobian J(g(t)).
The optimization variable u# describes the joint velocities
of the moving joints. The scalar w is a weighting factor
that can be used to balance the tracking and design costs.
In practice, the system is also often subject to numerous
equality and inequality constraints such as joint limits or
collision constraints. In contrast to previous works such as [9]
constraints are not used to force the end effector to follow a
given toolpath, instead, we introduce a tracking cost L;.

L(p) = [[p(t) = s(t)|? 2)

where s(1) is the desired toolpath the trajectory should track
over the time interval [fo,?7]. The design costs such as cycle
time, robot size, or manipulability are encoded in the design
cost L;. Examples can be found in [9], [13] or (3). Note
that this problem formulation only considers kinematics and
not dynamics. However dynamic design parameters can be
included by substituting the Jacobian with a description of
the robot’s dynamics. For this work, we will only consider
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kinematic design parameters to better compare our approach
to the state of the art which is mainly focused on kinematics.
To show that this formulation is useful for optimizing both
problems, the next section will introduce design problems
and show how these can be optimized using this formulation.

IV. EXAMPLE APPLICATION

To investigate the proposed formulation’s effectiveness,
We will consider the example of designing a robotic system
with the task of milling a figure eight in a planar metal sur-
face. The design objective is to optimize surface quality by
minimizing the magnitude of the static deformation caused
by robot compliance multiplied by applied forces during the
toolpath s(7):

La(q(1),5(1)) = |C(q(n))F (s(1)) | 3)

A robot’s compliance C is dependent on its pose through the
Jacobian J(g(t)) of its forward kinematics and joint stiffness
matrix K [2]

Clg(1)) = J(q(1)) K~ (q(1))- (4)

All moving joints gy (¢) are assumed to be equally stiff,
which is why their corresponding value in K can be simply
set to 1 for optimization purposes. The design joints g,(¢)
are assumed to be infinitely stiff. The force F(s(¢)) acting
on the robot is a result of the tool biting into the material
and is thus dependent on the toolpath. Assuming the tool is
always fully engaged, the force can be approximated from
the force model described in [14] as follows:
$(1)

F(s(1)) OO (5)
where « is a constant that depends on various process
parameters assumed constant such as the material to be cut or
other process parameters assumed constant. To optimize the
robotic system we also need to define the design space. In the
context of the trajectory optimization formulation, this means
defining the design joints and their limits. The placement
of the workpiece can be modeled using three prismatic and
three revolute joints. This actually moves the robot and not
the workpiece. However, using a coordinate transformation
we can extract the position of the workpiece relative to the
robot. The prismatic joints enable movement in the X, y, and z
directions, constrained within a cuboid representing the work
cell’s available space. Three variations of the design space
are considered. Firstly, the optimal design and placement
of a conventional industrial robot modeled using Denavit-
Hartenberg (DH) parameters with six revolute joints is ex-
amined. Since only continuous DH parameters are optimized
we will call this problem the continuous design problem.
Secondly, the design space is expanded to explore different
kinematic structures, including joint type and number. This
will be called the kinematic structure design problem. In
both problems, the design joints representing physical size
(DH parameters d or a) are constrained to be positive, and
a regularization term L, is added based on [9] that penalizes

Design Problem ‘ Robot Design Space

Continuous A ={d;,ai,04li € 1,...,6}
Kinematic Structure | Ay := {n,{diA0;,a;,q;li€1,....n}nel,...,6}
Modular Ay = {Modules from Table II}

TABLE I: Design space for each design problem

Visualization 6 d a a
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TABLE 1II: Modules in the modular design problem with
visualization of the DH parameters. * describes the parameter
being actuated.

large values of d or a to prevent excessively large robots.
Lastly, the modular design problem investigates the design
and placement of a modular robot. Each module % is modeled
by a set of DH parameters ¢;. This example will use five
different modules outlined in Table II. An overview of the
three design spaces is provided in Table I.

V. OPTIMIZING THE DESIGN PROBLEMS

In this section, we will optimize the design problems
we have formulated. We begin with the continuous design
problem, which can be directly formulated as a trajectory
optimization problem. Subsequently, we demonstrate how
the solution for the continuous problem can be extended
to address the kinematic structure design problem and the
modular design problem.

A. Optimizing the continuous design problem

The continuous design problem takes the form of the
trajectory optimization problem defined in (1). To tackle
this problem, we employ the direct collocation method [15].
Direct collocation is a type of trajectory optimization algo-
rithm in which the joint trajectory is approximated using a
set of piecewise polynomials. Instead of directly optimizing
the joint trajectory, collocation optimizes the parameters of
these polynomials. This results in a very sparse optimization
problem that scales well with increasing degrees of free-
dom [15]. By setting the polynomial degree to 3 for moving
joints and O for design joints, we ensure a smooth moving
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Fig. 1: Design joints for different design problems

joint trajectory while keeping the design joints constant. This
implicitly satisfies the design joint constraint g, (¢) = 0. All of
these reasons make direct collocation particularly well suited
for the continuous design problem. Solving the collocation
yields the optimal joint trajectory g,,(¢) and optimal design
joints g4(1).

B. Optimizing the kinematic structure design problem

Solving the kinematic structure problem involves deter-
mining the values of continuous design joints, identifying
whether a joint is prismatic or revolute, and selecting the
number of joints. As such it is a direct extension of the
continuous design problem that adds several discrete de-
cisions. While this might initially seem like a complex
mixed integer problem, for a 6-DOF robot there are only 64
possible kinematic structures. These structures are typically
encoded as a string where P represents a prismatic joint
and R a revolute joint. And due to exponential scaling,
considering all robots with 6 or fewer joints only yields 123
such structures. Given the efficient nature of optimizing the
continuous design problem, it is feasible to simply optimize
it for each structure. The kinematic structure design problem
can thus be solved by optimizing the continuous design
problem for each possible structure and then selecting the
best one. Best in this case means the structure that yields the
lowest design cost while still being able to track the toolpath.
Although this might seem like a very naive approach, it can
easily be parallelized and is guaranteed to find the optimal
structure given a suitable continuous design problem solver.

C. Optimizing the modular design problem

The modular design problem initially appears quite dif-
ferent from the previous two problems because it only has
discrete design joints. We also can’t simply optimize over all
possible combinations like in the kinematic structure design
problem because the number of possible robots is now much
larger. Instead, we propose to just assume that the design
joints are continuous, then optimize the continuous design
problem, and then round the solution to the nearest modular
robot. For this to work, it is crucial that the continuous
solutions closely resemble the modules. This is achieved by
introducing an additional design cost, defined as:

6 K
Lmod = Z H ”(’Id,i(t) _qu2

i=1k=1

(6)

Here, g4 ; represents the vector describing the design joints
in the i-th DH transformation, and ¢;(¢) represents the vector
describing the DH parameters of module j. This function is
minimized if each set of design joints g,4;(¢) is equal to one
of the modules g;. In practice, additional weights are added
to balance the influence of the angular and linear components
of g4(t). Depending on the size of the robot one can weigh
the angular and linear components of ¢, ;(t) differently to
prevent the angular components from dominating the cost.
After optimizing this modified continuous design problem
each design joint g4;(z) is rounded to its closest module
q;(t). The placement problem is then optimized again to
account for potential changes resulting from the rounding
process. This process assumes that modules share the same
joint type and that the number of moving joints is predeter-
mined. If this is not the case continuous optimization can be
extended to the kinematic structure design problem.

VI. RESULTS

In the introduction of this paper, we asserted that the
robot design problem is intertwined with the workpiece
placement problem. In this section, we examine this claim
using the example application of an optimal milling system.
We expect that an optimally placed and designed robot would
outperform and look different compared to an optimally
designed robot placed at the origin. Our measure of per-
formance is the design cost (3) integrated over the time
interval [ro,77] which encodes our objective of minimizing
the deformation of the robot. For the optimization results to
be meaningful, the performance of the optimizer needs to
be benchmarked first. Therefore, we will conduct a series
of experiments to evaluate the performance of the trajectory
optimization approach for the continuous design problem.
We will then investigate how the trajectory optimization
approach performs on the kinematic structure design problem
and the modular design problem.

A. Results for the continuous design problem

Before investigating how combining placement and design
optimization affects performance we first benchmark the
trajectory optimization approach (TO) against existing state-
of-the-art approaches. Here we use the forward kinematics-
based optimization approach (FK) proposed by Whitman et
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Fig. 2: Results of the 6R robot design and workpiece place-
ment problem with design costs according to (3) integrated
over the whole trajectory.

al. [9]. In its continuous form it is given by:

lf
minimize Ly(qm(t),qq)dt
dm-4d 0 (7

subject to L, (p(gm(t),q4)) < €

where € is a small constant and L, is the tracking cost
defined in (1). Here g, is not dependent on time. While
this formulation was proposed for robot design optimization,
using the notion of design joints it can also be used for
placement optimization. For this reason, the FK approach
will be used as a benchmark for both the placement problem
and the combined problem. The resulting total design cost
(3) is shown in Fig. 2. Since both algorithms require a dis-
cretization of the toolpath s(¢) we used 80 waypoints for both
algorithms. Fig, 2 shows that the TO approach outperforms
the FK approach in each case with the gap increasing as
the number of design joints increases. This indicates that
formulating the design problem as a trajectory optimization
problem is a promising approach. The Figure also shows
that the combined design and placement yields better results
no matter the algorithm. One might simply attribute this
to the fact that the combined problem has more degrees
of freedom. However, placement alone performs better than
design optimization alone, even though it has much fewer
degrees of freedom. This indicates that placement is an
integral part of the design process, in some cases even more
important than the design of the robot itself. Looking at the
resulting robots shown in Fig. 3, we see a clear difference.
The robot that was jointly optimized and placed appears
much smaller with shorter links and revolute joints closer
to the end effector. This further indicates that the placement
problem is not independent of the robot design problem and
needs to be considered when optimizing a robot.

B. Results for the kinematic structure design problem

To evaluate the effectiveness of our proposed kinematic
structure design for milling tasks, we compare its perfor-

T 0~ &

(a) Optimized robot  (b) Optimized robot
(A) and placement (B)

(c) Optimized mod-
ules (C)

Fig. 3: Kinematic representation of the optimized robots for
the three design problems of section IV.

mance against what we believe to be the optimal configura-
tions, based on insights from traditional serial milling ma-
chines. These machines, depending on their specific model,
adopt kinematic configurations like PPPRRR, PPPRR, PPPR,
or PPP, positioning revolute joints close to the tool or end
effector to reduce deformation introduced by leverage effects.
If our optimization algorithm is effective, it should similarly
identify these configurations as optimal. Specifically, for our
task of milling on a planar surface, the simplest three-degree-
of-freedom (3-DOF) PPP structure is expected to be the most
optimal. Looking first at the optimal 6-DOF robot given the
number of prismatic joints in Fig. 4, we see that the optimal
robot uses as few revolute joints as possible as expected.
Looking at the right side of the figure we see that given
several revolute joints the optimization indeed prefers them
near the endeffector. The same is true for the 5-DOF robot
as shown in Fig. 5, which also outperforms the 6-DOF robot.
This trend continues for 4-DOF and 3-DOF robots leaving
the PPP structure as the optimal structure. We thus conclude
that our optimization approach can be used to effectively find
optimal structures given the number of joints as well as the
optimal number of joints themselves.

C. Results for the modular design problem

While existing approaches like [6] offer modular robot
design methods, they cannot be extended to incorporate
placement, as mentioned in the introduction. Hence, we can’t
use them as benchmarks for our modular design approach.
However, our TO approach has already demonstrated its
capability to optimize both robot design and placement. We
thus mainly have to check whether introducing modular
design cost (6) results in solutions that resemble the modules
and how this affects the overall performance. To address this
question we perform the modular design optimization and
plot the resulting sets of design joints g4; and modules g;
in a principal component analysis (PCA) plot (Fig. 6) to
access their similarity. As we can see most joints can be
clearly assigned to a module, indicating that introducing the
modular design cost (6) results in solutions that resemble
the modules. Note that the resulting modular robot looks
very different from the original TO formulation as pictured
in Fig. 3. Its performance however is similar with a design
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cost 6.72x 10~ compared to the original 4.16 x 1074, Tt
also still outperforms the FK method with 1.261 x 1073,
This indicates that our modular design approach is capable
of finding suitable solutions and can extend modular robot
design to incorporate placement optimization.

VII. LIMITATIONS AND FUTURE PROSPECTS

The experiments presented in the previous section have
shown that optimizing the design of a robot should also
consider its placement. However, we believe that the field of
robot and layout design optimization is still in its infancy and
there are many open questions. In this section, we will outline
some of these, highlighting the limitations of our approaches
and offer future research directions. One area requiring
further investigation is the integration of design joints into
trajectory planning. The number and gaps between waypoints
seem to greatly influence performance but the reasons remain
unclear. Additionally, planning complex trajectories between
distant waypoints, especially in the presence of intricate
obstacles, presents challenges that collision costs like the
one proposed in [9] may not adequately address. Integrating
design joints into gradient-free optimizers like rapidly explor-
ing random trees is an open question. In modular design, the
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influence of available modules on optimization performance
and the impact of the number of modules are important
considerations yet to be explored. A general practical concern
is that current algorithms provide only a single solution,
while different scenarios may have multiple equally valid
solutions. To provide a comprehensive picture, presenting a
set of solutions would be valuable.

VIII. CONCLUSION

In this work, we have taken a look at the long-standing
problems of task-specific robot design and workpiece place-
ment. We highlighted that both problems can be thought of as
trajectory optimization, allowing for their unification. Using
the example of a milling system we showed that combining
these problems leads to an eight-fold improvement in perfor-
mance. We believe that this has shown that if possible robot
design and placement should be optimized together.
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