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Abstract—In trajectory forecasting tasks for traffic, future
output trajectories can be computed by advancing the ego
vehicle’s state with predicted actions according to a kinematics
model. By unrolling predicted trajectories via time integra-
tion and models of kinematic dynamics, predicted trajectories
should not only be kinematically feasible but also relate
uncertainty from one timestep to the next. While current
works in probabilistic prediction do incorporate kinematic
priors for mean trajectory prediction, variance is often left as
a learnable parameter, despite uncertainty in one time step
being inextricably tied to uncertainty in the previous time step.
In this paper, we show simple and differentiable analytical
approximations describing the relationship between variance
at one timestep and that at the next with the kinematic bicycle
model. In our results, we find that encoding the relationship
between variance across timesteps works especially well in
unoptimal settings, such as with small or noisy datasets. We
observe up to a 50% performance boost in partial dataset
settings and up to an 8% performance boost in large-scale
learning compared to previous kinematic prediction methods on
SOTA trajectory forecasting architectures out-of-the-box, with
no fine-tuning.

I. INTRODUCTION

Motion forecasting in traffic involves predicting the next
several seconds of movement for select actors in a scene,
given the context of historical trajectories and the local en-
vironment. There are several different approaches to motion
forecasting in deep learning, but one thing is in common—
scaling resources, dataset sizes, and model sizes will always
help generalization capabilities. However, the difficult part of
motion forecasting is not necessarily how the vehicles move,
but rather, figuring out the why, as there is always a human
(at least, for now) behind the steering wheel.

As model sizes become bigger and performance increases,
so does the complexity of learning the basics of vehicle
dynamics, where, most of the time, vehicles travel in rel-
atively straight lines behind the vehicle leading directly
in front. Since training a deep neural network is costly,
it is beneficial for both resource consumption and model
generalization to incorporate the use of existing dynamics
models in the training process, combining existing knowl-
edge with powerful modern architectures. With embedded
priors describing the relationships between variables across
time, perhaps a network’s modeling power can be better
allocated to understanding the why’s of human behavior,
rather than the how’s.
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Fig. 1: Motivating example for probabilistic kinematic

priors. In real-world traffic, vehicles have a constrained
range of behaviors. For instance, it is not possible for
a vehicle to move side to side directly, and driving in
reverse is highly unlikely. Without kinematic priors, neural
networks may search the space of all trajectories, possible
or impossible. Without accounting for analytical variances in
trajectories as in previous work, the range of possible future
trajectories may also be unrealistic.

Kinematic models have already been widely used in
various autonomous driving tasks, especially trajectory fore-
casting and simulation tasks [1], [2], [3], [4]. These models
explicitly describe how changes in the input parameters
influence the output of the dynamical system. Typically,
kinematic input parameters are often provided by either
the robot policy as an action, or by a human in direct
interaction with the robot, e.g. steering, throttle, and brake for
driving a vehicle. For tasks modeling decision-making, such
as trajectory forecasting of traffic agents, modeling the input
parameters may be more descriptive and interpretable than
modeling the output directly. Moreover, kinematic models
relate the input actions directly to the output observation;
thus, any output of the kinematic model should, at the very
least, be physically feasible in the real world [1].

While previous works already use kinematic models to
provide feasible output trajectories, none consider com-
pounding uncertainty into the time horizon analytically.
Previous works apply kinematic models deterministically,
either for deterministic trajectory prediction or to predict
the average trajectory in probabilistic settings, leaving the
variance as a learnable matrix.

Kalman filtering is a relevant and classical technique that
uses kinematic models for trajectory prediction. Kalman
filters excel in time-dependent settings where signals may be
contaminated by noise, such as object tracking and motion
prediction [5], [6]. Unlike classical Kalman filtering methods
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Fig. 2: Qualitative example. We visualize an example of the mean trajectory of the highest-scored Gaussian from the results
of Table II. Standard deviations are visualized as ellipses at each second into the future, and ground truth trajectories are
drawn in green. Our method (blue) not only predicts a smoother, less jagged mean trajectory but also provides a more realistic
spread of trajectories into the future. The baseline method (red) shows uneven speeds (ellipses are at uneven intervals) in
addition to uncertainty extending far beyond the road boundaries.

for motion prediction, however, we focus on models of
learnable actions and behaviors, rather than constant models
of fixed acceleration and velocity. We believe that, with
elements from classical methods such as Kalman filtering
in addition to powerful modern deep learning architectures,
motion prediction in traffic can have the best of both worlds
where modeling capability meets stability.

In this paper, we go one step further from previous work
by considering the relationship between distributions of kine-
matic parameters to distributions of trajectory rollouts, rather
than single deterministic kinematic parameter predictions to
the mean of trajectory rollouts [1], [4]. We hypothesize that
modeling uncertainty explicitly across timesteps according
to a kinematic model will result in better performance,
realistic trajectories, and stable learning, especially in dis-
advantageous settings such as small or noisy datasets, which
can be common settings, especially in fine-tuning. We run
experiments on four different kinematic formulations with
Motion Transformer (MTR) [7] and observe up to a 50%
performance boost in partial-dataset settings and up to an
8% performance boost in full dataset settings on mean av-
erage precision (mAP) metrics for the Waymo Open Motion
Dataset (WOMD) [8] compared to with kinematic priors
enforced on mean trajectories only.

In summary, the main contributions of this work include:

1) A simple and effective method for incorporating

analytically-derived kinematic priors into probabilistic
models for trajectory forecasting (Section IV), which
boosts performance and generalization (Section V) and
requires trivial additional overhead computation;

2) Results and analysis in different settings on four dif-

ferent kinematic formulations: velocity components v,
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Fig. 3: Linear approximation of position distributions via
kinematic priors.

and v,, acceleration components a, and a,, speed
s and heading 6 components, and steering § and
acceleration a (Section IV-B).

3) Analytical error bounds for the first and second-order
kinematic formulations (section IV-C).

II. RELATED WORKS

A. Trajectory Forecasting for Traffic

Traffic trajectory forecasting is a popular task where
the goal is to predict the short-term future trajectory of
multiple agents in a traffic scene. Being able to predict
the future positions and intents of each vehicle provides
context for other modules in autonomous driving, such
as path planning. Large, robust benchmarks such as the
Waymo Motion Dataset [8], [9], Argoverse [10], and the
NuScenes Dataset [11] have provided a standardized setting
for advancements in the task, with leaderboards showing
clear rankings for state-of-the-art models. Amongst the top
performing architectures, most are based on Transformers for
feature extraction [7], [12], [13], [14], [15]. Current SOTA



models also model trajectory prediction probabilistically, as
inspired by the use of GMMs in MultiPath [16].

One common theme amongst relevant state-of-the-art,
however, is that works employing kinematic models for time-
integrated trajectory rollouts typically only consider kine-
matic variables deterministically, which neglect the relation
between kinematic input uncertainty and trajectory rollout
uncertainty [1], [4], [17]. In our work, we present a method
for use of kinematic priors which can be complemented with
any previous work in trajectory forecasting. Our contribution
can be implemented in any of the SOTA methods above,
since it is a simple reformulation of the task with no
additional information needed.

B. Physics-based Priors for Learning

Model-based learning has shown to be effective in many
applications, especially in robotics and graphics. There are
generally two approaches to using models of the real world:
1) learning a model of dynamics via a separate neural
network [18], [19], [20], [21], or 2) using existing models of
the real world via differentiable simulation [22], [23], [24],
[25], [26], [27], [28].

In our method, we pursue the latter. Since we are not
modeling complex systems such as cloth or fluid, simulation
of traffic agent states require only a simple, fast, and dif-
ferentiable update. In addition, since the kinematic models
do not describe interactions between agents, the complexity
of the necessary model is greatly reduced. In this paper, we
hypothesize that modeling the simple kinematics (e.g., how a
vehicle moves forward) with equations will allow for greater
modeling expressivity on behavior.

III. KINEMATICS OF TRAFFIC AGENTS

Our method borrows concepts from simulation and kine-
matics. In a traffic simulation, each vehicle holds some sort
of state consisting of position along the global x-axis z,
position along the global y-axis y, velocity v, and heading
. This state is propagated forward in time via a kinematic
model describing the constraints of movement with respect
to some input acceleration a and steering angle § actions.
The Bicycle Model, both classical and popularly utilized in
path planning for robots, describes the kinematic dynamics
of a wheeled agent given its length L:

T T v - cost
d |y U v - sinf
% 0 = 9 = v-tan
v ) a

We refer to this model throughout this paper to derive
the relationship between predicted distributions of kinematic
variables and the corresponding distributions of positions x
and y for the objective trajectory prediction task.

We use Euler time integration in forward simulation of
the kinematic model to obtain future positions. As we will
show later, explicit Euler time integration is simple for
handling Gaussian distributions, despite being less precise

than higher-order methods like Runge-Kutta. Furthermore,
higher-order methods are also difficult to implement in a
parallelizable and differentiable fashion, which would add
additional overhead as a tradeoff for better accuracy. An
agent’s state is propagated forward from timestep ¢ to ¢ 4 1
with the following, given a timestep interval At:

Tt41 Tt T
Yig1 Yt Y
- + %] At
O i1 ¢ 0
V41 V¢ )

IV. METHODOLOGY
A. Probabilistic Trajectory Forecasting

Trajectory forecasting is a popular task in autonomous
systems where the objective is to predict the future trajectory
of multiple agents for 7" total future timesteps, given a short
trajectory history. Recently, state-of-the-art methods [29],
[30], [31], [7] utilize Gaussian Mixture Models (GMMs)
to model the distribution of potential future trajectories,
given some intention waypoint or destination of the agent
and various extracted agent or map features. Each method
utilizes GMMs slightly differently, however, all methods
use GMMs to model the distribution of future agent tra-
jectories. We apply a kinematic prior to the GMM head
directly—thus, our method is agnostic to the design of the
learning framework. Instead of predicting a future trajectory
deterministically, current works instead predict a mixture
of Gaussian components (fiy, fty, 0y, 0y, p) describing the
mean 4 and standard deviation ¢ of x and y, in addition to a
correlation coefficient p and Gaussian component probability
p. The standard deviation terms, o, and o,, along with
correlation coefficient p, parameterize the covariance matrix
of a Gaussian centered around pi, and .

Ultimately, the prediction objective is, for each timestep,
to maximize the log-likelihood of the ground truth trajec-
tory waypoint (x,y) belonging to the position distribution
outputted by the GMM:

L= —logpp —log Npp (& — fig, 003y — fuy; p)

This formulation assumes that distributions between
timesteps are conditionally independent, similarly to Mul-
tipath [29] and its derivatives. Alternatively, it’s possible
to implement predictions with GMMs in an autoregressive
manner, where trajectory distributions are dependent on the
position of the previous timestep. The drawback of this is the
additional overhead of computing conditional distributions
with recurrent architectures, rather than jointly predicting for
all timesteps at once.

B. Kinematic Priors in Gaussian-Mixture Model Predictions

The high-level idea for kinematic priors is simple: instead
of predicting the distribution of positions at each timestep,
we can instead predict the distribution of first-order or
second-order kinematic terms and then use time integration
to derive the subsequent position distributions.
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The intuition for enforcing kinematic priors comes from
the idea that even conditionally independent predicted trajec-
tory waypoints have inherent relationships with each other
depending on the state of the agent, even if the neural
network does not model it. By propagating these relation-
ships across the time horizon, we focus optimization of the
network in the space of kinematically feasible trajectories.
We consider four different formulations: 1) with velocity
components v, and v,, 2) with acceleration components a,,
and a,, 3) with speed s = ||v| and heading 6, and finally,
4) with acceleration a (second order of speed) and steering
angle 9.

1) Formulation 1: Velocity Components: The velocity
component formulation is the simplest kinematic formula-
tion, where the GMMs predict the distribution of velocity
components v, and v, for each timestep t.

Our goal is to derive (pit!, ult oft! ol*1) given
(15, 115,50, 0 ). In the deterministic setting, the position
at the next timestep can be generated via Euler time inte-
gration given a time interval (in seconds) At, which varies
depending on the dataset:

ot =2t ol At

If we consider both = and v to be Gaussian distributions
rather than scalar values, we can represent the above in terms
of distribution parameters below with the reparameterization
trick used in Variational Autoencoders (VAEs) [32]:

Novwr = (ul + 0l - &) + (uh,, + 07, - €,) - At

where €;, ¢, ~ N (0,1). By grouping deterministic (without
€) and probabilistic terms (with ¢), we obtain the reparame-
terized form of the Gaussian distribution describing x**+!:

Naewr = (ug + g, - At) + (0 - € + 0, - At - ¢,)

and thus,
Pt =t ot AL ot = [ot? ot 2 A (D)
W= gl AL o = [t et ToAR @)

Also, for the first prediction timestep, we consider the
starting trajectory position to represent a distribution with
standard deviation equal to zero.

This Gaussian form is also intuitive as the sum of two
Gaussian random variables is also Gaussian. Since this
formulation is not dependent on any term outside of timestep
t, distributions for all 7' timesteps can be computed with
vectorized cumulative sum operations. We derive the same
distributions in the following sections in a similar fashion
with different kinematic parameterizations.

2) Formulation 2: Acceleration Components: Follow-
ing directly from the first formulation above, we now
consider the second-order case where the GMM pre-
dicts acceleration components. Here, our goal is to derive
(WG gt ot oyt given (uf,, pih, 0l , 0%, ). The de-
terministic relationship between acceleration components a,
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Fig. 4: Average Displacement Error (ADE) across training
across each method and formulation in the small dataset
setting. Learning with stochastic kinematic priors aids with
faster learning. Compared to the baseline (blue), all models
employing kinematic priors converge much more quickly.
Formulation 4 (brown) converges most quickly.

and a, with v, and v, via Euler time integration is simply

it = +al - At
1t
v, =0, +ay - At

Following similar steps to Formulation 1, we obtain the
parameterized distributions of v, and v,:

Mf}jl = Mzw + be - At, O'f)jl = 0-122 + Uztzx2 CAE2 (3)
pltt =l ok - At ol =4 fot 2ol 2 AR (4)

When computed for all timesteps, we now have 7' total
distributions representing v, and v,,, which then degenerates
to Formulation 1 in Equation 1.

3) Formulation 3: Speed and Heading: Now, we derive
the approximated analytical form of position distributions
according to first-order dynamics of the Bicycle Model,
speed s = ||v|| and heading 6. Similarly as before, our goal
is to derive (puit!, pitt ot o) given (ul, pup, ok, 0f).
Deterministically, we can get the update for z'*! and g'*!
with the following relation from the Bicycle Model:

1

ol |

When representing this formulation in terms of Gaussian
parameters, we point out that the functions cos(-) and
sin(-) applied on Gaussian random variables do not produce
Gaussians:

)|

Nt
To amend this, we instead replace cos(-) and sin(-) with
linear approximations 7T'(-) evaluated at .

xt 4+ st - cosf - At
yt 4 st -sinf - At

(1 + 0% - €z) + (s + 0l
(1 + 0t - €y) + (b + o

ceg) - At
€y) - AL

- €5) - cos(uh + of
) s 1 o

Tein(0) = sin(ug) + cos(po) - (0 — po)
Teos(8) = cos(pg) — sin(pg) - (0 — o)



We now derive the formulation of the distribution of positions
with the linear approximations instead:

|:Nzt+1:| ~ |:M1;+1 +U§7+1.6m:|

Nyt phtt +oltt e,
where
pott = gl + - cos(ue) - At (5)
olttl = \/agf + A2+ B2+ (2 (6)
A= pg - op - sin(ug) - At (7)
B =o' - cos(up) - At (8)
C =ol-ol - sin(uh) - At )
and

pytt = gy + il - sin(pg) - At (10)
R \/a;2 L D24 B2 4 F2 (11)
D =yl ol cos(uh) - At (12)
E = ol - sin(uh) - At (13)
F=c!-ol- cos(uh) - At (14)

The full expansion of these terms is described in Sec-
tion VII-A of the appendix, which can be found on our
project page under the title.

4) Formulation 4: Acceleration and Steering: Lastly, we
derive a second-order kinematic formulation based on the
bicycle model: steering § and acceleration a. This formu-
lation is the second-order version of the velocity-heading
formulation. Here, we assume acceleration a to be scalar
and directionless, in contrast to Formulation 2, where we
consider acceleration to be a vector with lateral and lon-
gitudinal components. Similarly to Formulation 2, we also
use the linear approximation of tan(-) in order to derive
approximated position distributions.

Following the Bicycle Model, the update for speed and
heading at each timestep is:

sttt st+a- At
0t+1 = 9t+ s~taLn(5) N

Where L is the length of the agent. When we represent
this process probabilistically as random Gaussian variables,
we solve for the distributions of first-order variables, speed
(s) and heading (6):

|:N5t+1:| - [,ué'“ + 0§+1 . 63:|

N9t+l utg-"_l + 0’§+1 - €9

where

Pt = bt A (15)
ot = ot 1ot . At (16)
1
a§+1=\/052+X2+Y2+Z2 (18)
1 1
X=— -yl ol —— At 19)
L cos? (k)
1
Y = 7 ol tan(ub) - At (20)
1 t t 1
_ L At 21
L7 % cos(uh) e

With the computed distributions of speed and heading, we
can then use the analytical definitions from Formulation 3,
in Equation 5, to derive the distribution of positions in terms
of x and y.

C. Error Bound of Linear Approximation.

The linear approximations used to derive the variance in
predicted trajectories come with some error relative to the
actual variance computed from transformations on predicted
Gaussian variables, which may not necessarily be easily
computable or known. However, we can bound the error of
this linear approximation thanks to the alternating property
of the sine and cosine Taylor expansions.

We analytically derive the error bound for the linear
approximation for f(z) = cos(xz) and f(z) = sin(x)
functions at pp. Since the Taylor series expansion of both
functions are alternating, the error is bounded by the term
representing the second order derivative:

—cos (e
R (o + 09 - €9) < 72,( ) (o + 00 - €6 — pg)?
—cos(pg) o2
= —s J%ef)g?efg
; — sin(ue
R (1o + 00 - €9) < # (1o + 06 - €0 — p1g)*
—sin(pg) o2
= —s 03 . 63 < 79 63

For both functions, the Lagrange error R(z) = f(x) — T'(x)
is bounded by R(z) < % - < % - €2,

In other words, the error from each linear approximation
is, at most, on the order of o7 - €5, where €y is a random vari-
able sampled from N'(0,1). While this error can compound
across timesteps, we point out that o values empirically
remain quite small within the task (bounded most of the
time by road width or differences in speed), where one unit
value is one meter, as well as the random chi-square variable
€2 being heavily biased towards 0 (~ 68% probability under
1, and ~ 99.5% probability under 4 for normal chi-square
distribution).



TABLE I: Performance comparison for vehicles on each
kinematic formulation versus SOTA baseline [7] and
DKM [1] on Waymo Motion Dataset, Marginal Tra-
jectory Prediction. In our experiments, we downscale
the backbone model size from 65M parameters to 2M
parameters. From the results, we find that Formulation
3 (speed and heading) provides the greatest and most
consistent boost in performance across most metrics over
the baseline that does not include kinematic priors.

Method ‘ mAPT minADE] minFDE| MissRate]
MTR 0.3872 0.8131 1.6700 0.1817
DKMy i form 0.3613 0.8724 1.7685 0.1994
DKMy eqrnable | 0.3821 0.8150 1.6788 0.1839
Ours gy 0.3880 0.8241 1.6783 0.1834
Ours o 0.3892 0.8217 1.6710 0.1829
Ours g3 0.3914 0.8102 1.6634 0.1792
Ours g 0.3910 0.8220 1.6782 0.1830
V. RESULTS

In this section, we show experiments that highlight the
effect of kinematic priors on performance. We implement
kinematic priors on state-of-the-art method Motion Trans-
former (MTR) [7], which serves as our baseline method.

Hardware. We train all experiments on eight RTX A5000
GPUs, with 64 GB of memory and 32 CPU cores. Ex-
periments on the full dataset are trained for 30 epochs,
while experiments with the smaller dataset are trained for
50 epochs. Additionally, we downscale the model from its
original size of 65 million parameters to 2 million parameters
and re-train all models under these settings for fair compari-
son. Furthermore, we re-implement Deep Kinematic Models
(DKM) [1] to contextualize our probabilistic method against
deterministic methods, as the official implementation is not
publicly available. DKM is implemented against the same
backbone as vanilla MTR and our models. More details on
training hyperparameters can be found in Table VIII of the
appendix, which can also be found on the project website.

A. Performance on Waymo Motion Prediction Dataset

We evaluate the baseline model and all kinematic formu-
lations on the Waymo Motion Prediction Dataset [8]. The
Waymo dataset consists of over 100,000 segments of traffic,
where each scenario contains multiple agents of three classes:
vehicles, pedestrians, and cyclists. The data is collected from
high-quality, high-resolution sensors that sample traffic states
at 10 Hz. The objective is, given 1 second of trajectory
history for each vehicle, to predict trajectories for the next 8
seconds. For simplicity, we use the bicycle kinematic model
for all three classes and leave discerning between the three,
especially for pedestrians, for future work.

We evaluate our model’s performance on Mean Average
Precision (mAP), Minimum Average Displacement Error
(minADE), minimum final displacement error (minFDE),
and Miss Rate, similarly to [8]. We reiterate their definitions
below for convenience.

e Mean Average Precision (mAP): mAP is computed
across all classes of trajectories. The classes include

straight, straight-left, straight-right, left, right, left u-
turn, right u-turn, and stationary. For each prediction,
one true positive is chosen based on the highest confi-
dence trajectory within a defined threshold of the ground
truth trajectory, while all other predictions are assigned
a false positive. Intuitively, the mAP metric describes
prediction precision while accounting for all trajectory
class types. This is beneficial especially when there is
an imbalance of classes in the dataset (e.g., there may
be many more straight-line trajectories in the dataset
than there are right u-turns).

e Minimum Average Displacement Error (minADE): av-
erage L2 norm between the ground truth and the closest
prediction; minADE(G) = min; & 31, [|5% — sit]|o.

¢ Minimum final displacement error (minFDE): L2 norm
between only the positions at the final timestep, 7T
minFDE(G) = min; |35 — si||2.

o Miss Rate: The number of predictions lying outside a
reasonable threshold from the ground truth. The miss
rate first describes the ratio of object predictions lying
outside a threshold from the ground truth to the total
number of agents predicted.

We show results for the Waymo Motion dataset in Ta-
ble I, where we compared performance across two base-
lines, MTR [7] and two variants of DKM [1], one with
uniform variance and one with learnable variance (used in
Multipath [29]), and all formulations. From these results,
we observe the greatest improvement over the baseline
with Formulation 3, which involves the first-order velocity
and heading components. We observe that the benefit of
our method in full-scale training settings diminishes. This
performance gap closing may be due to the computational
complexity of the network, the large dataset, and or the long
supervised training time out-scaling benefits provided by
applying kinematic constraints. However, deploying models
in the wild may not necessarily have such optimal settings,
especially in cases of sparse data or domain transfer. Thus,
we also consider the effects of suboptimal settings for
trajectory prediction, as we hypothesize that learning first or
second-order terms provides information when data cannot.

B. Performance on a Smaller Dataset Setting

We examine the effects of kinematic priors on a smaller
dataset size. This is motivated by imbalance of scenarios
in driving datasets, where many samples are representative
of longitudinal straight-line driving or stationary movement,
and much less are representative of extreme lateral move-
ments such as U-turns. Thus, large and robust benchmarks
like the Waymo, Nuscenes, and Argoverse datasets are nec-
essary for learning robust models.

We train the baseline model and all formulations on only
1% of the original Waymo dataset and benchmark their
performance on 100% of the evaluation set in Table II.
All experiments were trained over 50 epochs. In the small
dataset setting, we observe that providing a kinematic
prior in any form improves performance on all metrics
except the deterministic case of DKM. Figure 4 shows how
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TABLE II: Performance comparison on vehicles for each
kinematic formulation versus SOTA in a small dataset
setting. We train models on 1% of the Waymo Motion
Dataset and use the same full evaluation set as that
in Table I. We see pronounced improvements in per-
formance metrics in settings with significantly less data
available, with a nearly 13% mAP performance gain
over the baseline and nearly 50% mAP performance
gain compared to deterministic kinematic method from
DKM [1] across most formulations. In the case of For-
mulation 4, analytical modeling of variance contributes
an additional 2.5% in mAP performance over DKM
with Learnable Covariance (DKM .., napie)s Which is
employed by MultiPath [29].

Method ‘ mAPT minADE] minFDE|  MissRate]
MTR 0.1697 1.4735 3.7602 0.3723
DKMy i form 0.1283 1.6632 3.7148 0.4361
DKMy earnable | 0.1811 1.3082 2.9044 0.3612
Ours gq 0.1907 1.2819 2.7956 0.3489
Ours po 0.1932 1.4141 2.6953 0.3376
Ours g3 0.1833 1.3525 2.8362 0.3470
Ours g 0.1859 1.2932 2.8271 0.3502

all kinematic formulations improve convergence speed over
the baseline, with Formulation 4 (acceleration and steering)
converging most quickly. Overall, Formulation 2 provides
the greatest boost in mAP performance in the small dataset
setting, with over 13% mAP gain over the vanilla baseline
and 50% mAP gain over the deterministic baseline DKM.
In general, all formulations provide similar benefits in the
small dataset setting, with the most general performance
benefit coming from Formulation 2. While Formulation 4
also provides a comparable performance boost, the perfor-
mance difference from Formulation 1 and 2 may be attributed
to compounding error from second-order approximation.
Interestingly, we note that modeling mean trajectories with
kinematic priors is not enough to produce performance gain,
as shown by the lower performance of DKM, which is
deterministic with unit variance, and Formulation 4 with
Learnable Covariance (DKM cq;napie in Table II).

Compared to the results from Table I, the effects of
kinematic priors in learning are more pronounced in smaller
dataset settings. Since kinematic priors analytically relate
the position at one timestep to the position at the next,
improvements in metrics may suggest that baseline models
utilize a large amount of expressivity to model underlying
kinematics. In backpropagation, optimization of one position
further into the time horizon directly influences predicted po-
sitions at earlier timesteps via the kinematic model. Without
the kinematic prior, the relation between timesteps may be
implicitly related through neural network parameters. When
the model lacks data to form a good model of how an
agent moves through space, the kinematic model can help
to compensate by modeling simple constraints.

C. Performance in the Presence of Noise

We also show how kinematic priors can influence per-
formance in the presence of noise. This is inspired by the
scenario where sensors may have a small degree of noise
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TABLE III: Percentage (%) degradation of performance
in the presence of noise. We also compare the robustness
of each method by measuring the impact on performance
in the presence of noise. In the table, we compute the rela-
tive change in performance between perturbed evaluation
and clean evaluation, relative to each method. We observe
that the model trained with Formulation 4 (steering and
acceleration representations) offers the greatest robustness
over other formulations in the presence of noisy inputs.

Method ‘ mAPT minADE| minFDE| MissRate|
MTR -2.965 2.302 0.671 1.928
DKMy carnable | -1.268 1.404 1.068 1.223
Ours -5.271 1.436 0.710 1.849
Ours po -5.780 1.809 0.897 2.475
Ours s -3.445 1.052 0.369 1.510
Ours g -2.028 1.165 1.375 0.823

associated with measurements dependent on various factors,
such as weather, quality, interference, etc. or compounding
error from other modules in the autonomy stack.

We evaluate the models from Table I when input trajecto-
ries are perturbed by standard normal noise n. ~ A(0,1);
results for performance degradation are shown in Table III.

Table III results are computed by measuring the % of
degradation of the perturbed evaluation from the correspond-
ing original clean evaluation. We find that Formulation 4
from Section IV-B.4 with steering and acceleration com-
ponents preserves the most performance in the presence
of noise. This may be due to that second-order terms like
acceleration are less influenced by perturbations on posi-
tion, in addition to providing explicit constraints on vehicle
movement. Additionally, distributions of acceleration are
typically centered around zero regardless of how positions
are distributed [33], which may provide more stability in
learning.

VI. DISCUSSION AND CONCLUSION

In this paper, we present a simple method for including
kinematic relationships in probabilistic trajectory forecasting.
Kinematic priors can also be implemented for deterministic
methods where linear approximations are not necessary.
With nearly no additional overhead, we not only show
improvement in models trained on robust datasets but also in
suboptimal settings with small datasets and noisy trajectories,
with up to 12% improvement in smaller datasets and 1% less
performance degradation in the presence of noise for the full
Waymo dataset. We find Formulation 2 with acceleration
components to achieve the best rote performance, but
Formulation 4 to be the most robust and fastest to converge.
All experiments with kinematics modeled achieve non-trivial
improved performance over the baseline model predicting
trajectories directly.

When there is large-scale data to learn a good model of
how vehicles move, we observe that the effects of kinematic
priors are less pronounced. This is demonstrated by the less
obvious improvements over the baseline in Table I compared
to Table II; model complexity and dataset size will eventually
out-scale the effects of the kinematic prior. With enough



resources and high-quality data, trajectory forecasting models
will learn to “reinvent the steering wheel”, or implicitly learn
how vehicles move via the complexity of the neural network.

One limitation is that we primarily explore analysis in
one-shot prediction; future work focusing on kinematic
priors for autoregressive approaches would be interesting
in comparison to one-shot models with kinematic priors,
especially since autoregressive approaches model predictions
conditionally based on previous timesteps.

In future work, kinematic priors can be further explored
for transfer learning between domains. While distributions of
trajectories may change in scale and distribution depending
on the environment, kinematic parameters, especially on the
second order, will remain more constant between domains.
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