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Abstract— Ensuring safety and adapting to the user’s be-
havior are of paramount importance in physical human-robot
interaction. Thus, incorporating elastic actuators in the robot’s
mechanical design has become popular, since it offers intrinsic
compliance and additionally provide a coarse estimate for the
interaction force by measuring the deformation of the elastic
components. While observer-based methods have been shown
to improve these estimates, they rely on accurate models of the
system, which are challenging to obtain in complex operating
environments. In this work, we overcome this issue by learning
the unknown dynamics components using Gaussian process
(GP) regression. By employing the learned model in a Bayesian
filtering framework, we improve the estimation accuracy and
additionally obtain an observer that explicitly considers local
model uncertainty in the confidence measure of the state
estimate. Furthermore, we derive guaranteed estimation error
bounds, thus, facilitating the use in safety-critical applications.
We demonstrate the effectiveness of the proposed approach
experimentally in a human-exoskeleton interaction scenario.

I. INTRODUCTION
Robots are increasingly deployed in application scenar-

ios, where physical interaction with a human operator is
required. In order to achieve safe interaction forces, robots
with series elastic actuators (SEAs) are a popular choice
and have been employed in safety-critical domains such as
physical human-robot interaction [1]. Since SEAs decouple
motor and load-side through an elastic spring, compliance is
inherently guaranteed. Moreover, the elongation of the spring
is often used as a measure of interaction force [2], which
is particularly useful in rehabilitation robots for instance to
quantify the patient’s participation, e.g., in assist-as-needed
schemes [3]. However, while the spring elongation is readily
available in SEAs, it may not reflect an accurate measure of
the external force if dynamic effects are acting on the load-
side [4]. Furthermore, it is challenging to isolate specific
contributions to the spring interaction torque, if multiple
forces are acting on the SEA load-side, e.g., during human-
robot co-manipulation [5]. Thus, the use of external force
observers is proposed to mitigate these issues.
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A widely used approach is the Kalman filter (KF), which
allows to consider uncertainty in the estimation by adopting
a Bayesian framework [6]. In [7] for instance, a KF is used
to estimate the generalized momentum of an upper-limb
exoskeleton to infer human interaction forces. Another work
explicitly exploits additional information encoded in the
spring torque of a SEA, by augmenting the state vector by the
external load-side torque and utilizing the KF as a full-state
observer for estimation [4]. However, while the KF allows to
consider modelling errors through process noise, inaccurate
dynamics models still lead to a deteriorating quality of the es-
timation [8]. This is especially prevalent in physical human-
robot interaction, as the dynamics are strongly influenced by
the human, thus, requiring adaption to the individual user [9].

A common approach to achieve this adaptation relies on
learning a model of the unknown dynamics, which can in
turn be used in a learning-augmented, model-based observer.
Gaussian process (GP) regression has become popular for
learning such models in recent years since it exhibits strong
theoretical guarantees such as an inherent variance-bias
trade-off, a high data-efficiency and a strong expressivity
[10]. Moreover, it explicitly provides an uncertainty represen-
tation and admits the derivation of prediction error bounds
[11], which is particularly useful in safety-critical applica-
tions. While GPs have been employed in the context of
momentum observers to estimate external forces [12], [13],
to the best of the authors’ knowledge there is no work using
GPs in a KF framework to derive a force observer for robots
with series elastic actuators. The general approach of com-
bining GP regression and Bayesian filtering (GP-BayesFilter)
is introduced in [14], where the motion model of a robotic
blimp is learned using GP regression. However, existing
GP-BayesFilters lack theoretical guarantees on the achieved
estimation error, which are vital in human-robot interaction.

In this work, we propose a novel approach for design-
ing a learning-augmented force observer by combining GP
regression with Bayesian filtering to learn residual load-
side dynamics of a SEA robot and augmenting the KF
prediction model accordingly. Differently to [14], we do not
learn a state transition residual directly, but instead propose
a data-generation architecture that allows to infer residual
dynamics instead, which additionally lends itself for online
model inference. Finally, we address the lack of theoretical
estimation guarantees of GP-BayesFilters by proposing a
novel approach of combining GP prediction error bounds
with ellipsoid set bounds of KFs [15]. We demonstrate the
effectiveness of the proposed approach in human-exoskeleton
experiments of a SEA robot with one degree of freedom.
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II. PROBLEM STATEMENT

We consider the physical interaction between a human
operator and an elastic joint robot, e.g., an exoskeleton with
series elastic actuators (SEAs). The dynamics of such a rigid
link robot with n ∈ N elastic joints is described by a set of
Euler-Lagrange equations1 [16]

M(q)q̈ +C(q, q̇) +N(q, q̇) + τs(θs, θ̇s) = τext (1a)

J(θm)θ̈m +Dmθ̇m − τs(θs, θ̇s) = τm, (1b)

where (1a) describes the load-side dynamics and (1b)
the motor-side dynamics. Here, q ∈ Rn represents the
joint angles, θm ∈ Rn represents the motor angles,
M(q) ∈ Rn×n is the inertia matrix of the rigid link,
J(θm) ∈ Rn×n is the inertia matrix of the motors,
C(q, q̇) ∈ Rn×n denotes Coriolis, centrifugal and
gravitational terms on the load side, Dm ∈ Rn×n denotes
the motor damping matrix and N(q, q̇) ∈ Rn represents
other, lumped nonlinear effects on the load-side such as
friction. The column vector τm describes the torque inputs
provided by the motors, while τext corresponds to any
external torques acting on the load side, e.g., environmental
disturbances or human torques. Both load and motor side
are coupled through the elastic transmission torque

τs(θs, θ̇s) = Ks(θs, θ̇s)θs +Ds(θs, θ̇s)θ̇s, (2)

which is dependent on the spring deformation θs = q− θm
with nonlinear stiffness Ks ∈ Rn×n and damping
matrix Ds ∈ Rn×n. The goal is to estimate the actively
generated torques of the human operator acting on the
load-side of the elastic joint robot. To this end, we
decompose the external torques τext into passive torques
τh,pas(q, q̇, q̈) : Rn × Rn × Rn → Rn due to inertial,
gravitational and viscoelastic torques of the human limb
and active torques τh,act ∈ Rn generated by volitional
muscle activity, i.e., τext = τh,pas + τh,act. Since the precise
identification of the parameters governing the human
passive dynamics is challenging, we merely assume that
an approximate model of τh,pas is available, e.g., using
anthropometric tables [17]. Also, we assume that the
nonlinear effects N(q, q̇) on the load-side are unknown.
This restriction reflects the fact that it is generally difficult to
model effects such as friction using parametric approaches.
Thus, we can lump all uncertain dynamics components into
the unknown function f(z) = N(q, q̇) − τh,pas(q, q̇, q̈),
where z :=

[
q⊺ q̇⊺ q̈⊺

]⊺
is the concatenation of joint angles,

velocities and acceleration, such that we can write (1a) as

M(q)q̈ +C(q, q̇) + f(z) + τs(θs, θ̇s) = τh,act, (3)

To obtain an accurate estimate of τh,act despite the residual
dynamics error, we assume access to the following
measurements to infer a model of f(·).

1Notation: Lower/upper case bold symbols denote vectors/matrices,
R+/N+ all real/integer positive numbers, In×n the n× n identity matrix,
0n×n the n× n matrix with zero entries and ⊕ the Minkowski sum. We
denote an ellipsoidal set with E(c,X) with center c and shape matrix X
define the set as E(c,X) = {x ∈ Rn|(x− c)TX−1(x− c) ≤ 1}.

Assumption 1: The motor torque τm, the load-side kine-
matics {q, q̇, q̈} and the motor kinematics {θm, θ̇m, θ̈m} are
available for model inference.

The motor torque τm is directly computable from the
applied current and motor constant. Moreover, SEAs are typ-
ically equipped with encoders on load- and motor-side such
that q and θm are measurable and angular velocities and ac-
celerations can be obtained through numerical differentiation.
Note that we do not assume any force/torque measurements
on the load-side, which would require expensive sensors that
additionally often suffer from measurement noise.

Based on the above, we consider the problem of estimating
the active human torque τh,act using a model-based observer.
Since the estimation of τh,act requires an accurate model of
the human-robot system, we learn the unknown dynamics
component, including the human passive dynamics, and
augment the observer with the inferred f(·). Finally, due
to the safety-critical application scenario, guarantees for the
estimate τ̂h,act should be obtained. We aim to derive guaran-
tees in the form of probabilistic estimation error bounds

Pr
(
|τ̂h,act − τh,act| ≤ ρ

)
≥ 1− δ, (4)

with the upper bound ρ ∈ R+ evaluated for a probability
level determined by δ ∈ (0, 1). The bound (4) represents the
confidence in the estimated torque τh,act and ensures reliable
use in physical human-exoskeleton interaction.

Remark: While we consider the estimation of active hu-
man torques in this work, the proposed approach is not lim-
ited to this application and may also be employed as a general
external force observer. In this case, the unknown dynamics
are primarily introduced by unmodelled component on the
load-side of the robot, e.g., due to nonlinear friction. Thus,
no decomposition of the external force τext is required.

III. PRELIMINARIES

To estimate the active human torque, we employ Bayesian
filtering together with GP regression. Fundamentals of state
estimation using Bayesian filtering are introduced in Sec-
tion III-A, before explaining GP regression in Section III-B.

A. State Estimation using Bayesian Filtering

A well-studied approach to estimate non-measurable quan-
tities of interest is by means of Kalman filter (KF). While the
KF was first developed for linear systems [6], several exten-
sions to nonlinear systems, e.g., the extended KF (EKF) [18],
have been proposed since. Due to the nonlinear dynamics of
human-exoskeleton system, we adopt the EKF framework in
the following. Consider a nonlinear system

xk+1 = fk(xk,uk) +wk (5)
yk = Hxk + vk (6)

at time steps k ∈ N+ with system states x ∈ Rd, control
input u ∈ Rr and measurement vector y ∈ Rm as well as
nonlinear state transitions f : Rd × Rr → Rd and linear ob-
servation model H ∈ Rm×d. The process wk ∼ N (0,Qk)
and measurement noise vk ∼ N (0,Rk) follow a Gaussian
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Algorithm 1 Extended Kalman filter (EKF)
1: Initialize x̂0, P0

2: for k = 1, ..., K do
Prediction step:

3: Fk−1 =
∂fk−1

∂x

∣∣∣
x̂k−1,uk−1

4: x̂−
k = fk−1(x̂k−1,uk−1)

5: P−
k = Fk−1Pk−1F

T
k−1 +Qk

Update step:
6: Kk = P−

k HT
(
HP−

k HT +Rk

)−1

7: x̂k = (Id −KkHk) x̂
−
k +Kkyk

8: Pk = (Id −KkHk)P
−
k

9: end for

distribution with variance Qk ∈ Rd×d and Rk ∈ Rm×m, and
are assumed uncorrelated and white, i.e., E[vk,wk] = 0 ∀k,
E[vk,vj ] = 0 ∀k ̸= j and E[wk,wj ] = 0 ∀k ̸= j. Note that
in the considered SEA scenario, the measurement model H
is typically linear, thus, (6) does not pose a restriction.

The EKF provides estimates in the form of a mean state
estimate x̂k together with an uncertainty description through
the covariance Pk ∈ Rd×d. In particular, the EKF follows a
Bayesian approach where a prior distribution, i.e., prior mean
x̂−
k and covariance P−

k , are predicted using the dynamics
model (5) and the previous state estimate x̂k−1, which
are then updated by conditioning the prior distribution on
measurements yk to obtain a posterior distribution x̂k and
Pk. The complete procedure is shown in Algorithm 1. An
advantage of the KF framework is that it permits an elegant
uncertainty propagation from the prediction to the update
step through the Kalman gain Kk (Alg. 1, line 8). When
process noise Qk is dominant, i.e., high model uncertainty,
the prior covariance P−

k becomes large, resulting in a high
gain Kk and giving more weight to the measurement yk.
Conversely, when measurement noise Rk dominates, the gain
Kk is low and less weight is put to the measurement yk.

Thereby, the KF provides a convenient framework to
include local model uncertainty. Thus, if the deployed pre-
diction model (5) is augmented by a learned component,
it can be beneficial to explicitly include the uncertainty
of the inferred model in the estimation. While the process
noise covariance Q may be naively set to a constant values
determined by a global measure of learning error as in
[8], this approach cannot take local model uncertainties
into account, which typically arises due to inhomogenous
data distributions. On the other hand, learning techniques
that quantify local model uncertainty facilitate dynamically
updating the process noise covariance Qk based on the
local confidence of the learned model at each step k. A
prominent learning method that quantifies uncertainty is
Gaussian Process regression introduced in the following.

B. Gaussian Process Regression

Gaussian process (GP) regression is a modern machine
learning technique basing on the assumption that any finite
number of evaluations {f(x(1)) . . . f(x(N))}, N ∈ N+ of
an unknown function f : Rρ → R, ρ ∈ N, at inputs x ∈ Rρ

follows a joint Gaussian distribution [10]. This distribution

Human-
robot
system

GP
model

Nominal
model

K

Nominal
model

tk

H

H
x̂

xτm y

ŷ

v

GP-Kalman Filter

Learning

Fig. 1: GP-BayesFilter architecture with learning components
highlighted in red and the filtering blocks illustrated in blue.

is defined using a prior mean function m : Rρ → R
and a covariance function k : Rρ × Rρ → R yielding
the compact notation GP(m(x), k(x,x′)). The prior mean
function is commonly used to incorporate prior such as an
approximate model and is commonly set to 0, which we also
assume in the following. The covariance function encodes
more abstract information such as differentiability of the
unknown function. Due to its infinite differentiability, the
squared exponential kernel

k(x,x′) = σ2
fexp

(
−

ρ∑
i=1

(xi − x′
i)

2

2l2i

)
, (7)

is commonly employed as covariance function, whose shape
depends on the signal standard deviation σf ∈ R+ and the
length scales li ∈ R+. Together with the target noise
standard deviation σon ∈ R+, they form the hyperparam-
eters θ =

[
σf l1 . . . lρ σon

]⊺
, which are commonly

obtained by maximizing the log-likelihood [10].
Given the hyperparameters, the posterior distribution con-

ditioned on training data can be calculated under the as-
sumption of training targets perturbed by zero mean Gaussian
noise with σ2

on. It is straightforward to show that this poste-
rior follows a Gaussian distribution with mean and variance

µ(x) = yT
(
K + σ2

onIN
)−1

k(x) (8)

σ2(x) = k(x,x)− kT (x)
(
K + σ2

onIN
)−1

k(x), (9)

where we define the elements of the kernel vector
k(x) ∈ RN as ki(x) = k(x(i),x).

IV. HUMAN TORQUE ESTIMATION USING GAUSSIAN
PROCESSES

In order to seamlessly integrate the GP regression into a
model-based observer, we propose the filter architecture out-
lined in Figure 1. It consists of a component responsible for
model inference using GPs, which is detailed in Section IV-
A. The learning component is used to enhance an EKF in
Section IV-B and guaranteed estimation error bounds for the
proposed GP-enhanced observer are derived in Section IV-C.
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A. Data Generation and Model Inference

In order to account for the unknown dynamics component
f(·) in (3), it is necessary to augment the KF by a model
inferred from data. While the use of GP models in a
Bayes-filter framework by directly learning a state transition
residual ∆x is discussed in [14], applying this approach to
the SEA dynamics leads to a coupling of load-side inertia
M(·) and external torques τext. Due to the considered lack of
force/torque sensors as stated in Assumption 1, this coupling
cannot be resolved and the inertia error would persist.

To overcome this problem we learn the residual torque
f(·) instead. To this end, we rearrange the motor-side
dynamics (1b) and substitute the spring torque τs(·, ·) into
the load-side (3) yielding the inverse dynamics expression

f(z) = τh,act + τm −
(
τl(z) + J(θm)θ̈m +Dmθ̇m

)
, (10)

where τl(z) := M(q)q̈ + C(q, q̇). We make following
assumption for τh,act during the data generation.

Assumption 2: The human operator is assumed passive
during training, i.e., the actively generated torque τh,act = 0.

Similar assumptions are common in learning-augmented
observer design [8], [12], [13] and are necessary to de-
compose discrepancies due to modelling errors and external
disturbances, which is an inherently ill-posed problem [19].
Since the motor torque τm, load-side kinematics {q, q̇, q̈}
and motor kinematics {θm, θ̇m, θ̈m} are measurable due to
Assumption 1 and a model of the SEA dynamics is available,
the right hand side of (10) can directly be computed given
Assumption 2. Therefore, it remains to define a sampling
rate 1/t, t ∈ R+ at which measurements of z are taken and
values f(·) are computed, such that a training data set

{(x(k) = z(kt), y(k) = f(kt)}Kk=0 (11)

is aggregated based on the measurements. Using the data set,
we can update an independent GP for each target dimension
of y(k), i.e., for each i = 1, . . . , n a GP is updated using
a training pair (x(k), y

(k)
i ). In order to employ the GP

models in the observer, their predictions and variances are
concatenated into a vector µ(x)=[µ1(x) · · · µn(x)]

T and
σ2(x) = [σ2

1(x) · · · σ2
n(x)]

T , respectively.

B. Learning-based Augmented-State Torque Observer

To enhance the prediction of the observer using the learned
model, we deploy an augmented-state Kalman filter (AKF),
where we define the augmented state vector x ∈ R5n as

x =
[
θ⊺
m θ⊺

s θ̇⊺
m θ̇⊺

s τ⊺
h,act

]⊺
. (12)

Rearranging the motor-side dynamics (1b) yields

θ̈m = J−1(τm + τs(θs, θ̇s)−Dmθ̇m). (13)

Substituting (13) in (3) and applying θs=q−θm, we get

θ̈s = M−1
(
τh,act − f(z)−C(x)− τs(θs, θ̇s)

)
−J−1

(
τm + τs(θs, θ̇s)−Dmθ̇m

)
.

(14)

Thus, based on (13) and (14), the system state is driven by
the nonlinear dynamics

ẋ = fnom(x,u)− IfM
−1f(z), (15)

where, omitting the dependencies on entries of x for im-
proved readability, we define the nominal dynamics

fnom(x,u) = (16)
θ̇m
θ̇s

J−1(τm + τs −Dmθ̇m)

M−1(τh,act−C−τs)−J−1
(
τm+τs−Dmθ̇m

)
0n×1

 ,

u = τm and Iµ = [0n 0n 0n In 0n]
⊺. Note that (16)

imposes zero-order dynamics for the active torque, i.e.,
τ̇h,act = 0, which is sufficient to model piece-wise constant or
slowly varying behavior [20]. However, if more information
is available, it is straightforward to include it by introducing
a torque state ω with arbitrary dynamics ω̇ = s(ω).

To flexible adapt to the unknown dynamics, we exploit the
learned model and substitute f(·) in (15) with the concate-
nation of GP predictions µ(·). Thus, we write the nonlinear
prediction model of the GP-enhanced AKF (GP-AKF) to

f(x,u) = fnom(x,u)− IµM
−1µ(z). (17)

Since the prediction model (17) is nonlinear, the Jacobian
of f(·, ·) is needed to apply the EKF algorithm. It is
straightforward to compute the linearization for the nominal
dynamics model fnom(·, ·) as demonstrated in [4]. For the
Jacobian of the GP predictions we obtain

∂µ

∂x

∣∣∣∣
x̂

=

(
∂k(x)

∂x

)⊺(
K + σ2

onIN
)−1

y, (18)

which is easily computable for common kernel choices,
such as the squared exponential kernel (7), since

∂k(x(i),x)

∂x(i)
=

x− x(i)

l2
k(x(i),x). (19)

Then, introducing the notation Fnom := ∂fnom
∂x

∣∣
x̂

and
FGP := ∂µ̃

∂x

∣∣
x̂

, we get the linearized GP-AKF dynamics

F (x,u) =Fnom(x,u)− IµM
−1FGP(x,u), (20)

In order to additionally leverage the inherent uncertainty
quantification provided by the GP, we incorporate the GP
posterior variance σ2(·) in the EKF process noise covariance

Q(x) = Σnom +Σ(x), (21)

where Σnom denotes the process noise covariance of the nom-
inal model and Σ(·) the covariance induced by the GP-model

Σ(x) = IµM
−1diag(σ2(x))M−⊺I⊺

µ . (22)

Finally, we apply a time-discretization procedure, e.g., as
described in [20], to obtain the time-discrete, nonlinear GP-
enhanced AKF. The resulting method is shown in Algo-
rithm 2, where, with a slight abuse of notation, we denote
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Algorithm 2 GP-enhanced AKF (GP-AKF)
1: Initialize x̂0, P0

2: µ̃k ← 0n×1, σ̃
2
k ← 0n×1

3: for k = 1, ..., K do
Prediction step:

4: for i = 1, ..., n do
5: µ̃k,i, σ

2
k,i = GPi.PREDICT(ẑk−1)

6: end for
7: x̂−

k = fk
nom − IµM

−1µ̃k

8: Fk = Fnom − IµM
−1FGP

9: Qk = Σnom,k + IµM
−1diag(σ2

k)M
−⊺I⊺

µ

10: P−
k = FkPk−1F

T
k +Qk

Update step:
11: identical to Algorithm 1
12: end for

the time-discretized system using the same symbols and
time-step k. In comparison to the EKF in Algorithm 1, our
proposed GP-AKF uses the learning-augmented model (17)
to predict the prior estimate x̂−

k (Alg. 2, line 7) and exploits
the uncertainty quantification of the GP in the covariance es-
timate (Alg. 2, line 8-10). Note that using the GP-augmented
covariance Qk (Alg. 2, line 9) to update the KF covariance
P−

k allows us to obtain an observer that explicitly considers
local model uncertainty in the confidence measure of the state
estimate. However, for the prediction of the prior covariance
P−

k (Alg. 2, line 10) the linearized model Fk is used to
retain a Gaussian distribution. Thereby, an error is introduced
and the estimated covariance does not represent the true
covariance in general. Nevertheless, it is possible to derive
guaranteed estimation error bounds for the proposed GP-
AKF method, which we demonstrate in the following section.

C. Guaranteed Error Bounds on the Estimated Torque

In order to derive estimation error bounds for the learning-
based observer, we integrate the confidence sets of the GP
prediction into the KF framework. To this end, we adopt the
elliptical set-membership approach [15], where the system
state x is expressed as a set of Gaussian distributions

{x ∼ N (x̄+ d,Σ) | d ∈ E(0,X) ⊂ Rd}, (23)

with mean x̄ and unknown but bounded perturbation
d described by the positive semi-definite shape matrix
X ∈ Rd×d. Thus, the set (23) is generated by a set of
Gaussian distributions with covariance Σ, which are centered
around a set of means X = E(x̄,X). Furthermore, the
confidence set of a Gaussian distributed random variable
ξ ∼ N (ξ̄,C) for a probability level δ ∈ (0, 1) is defined
by an ellipsoid E(ξ̄, sC) such that

Pr
(
ξ ∈ E(ξ̄, sC)

)
≥ 1− δ (24)

where the scalar s is determined by the chi-square distribu-
tion for the selected probability level [15]. Thus, based on
(24), an ellipsoidal confidence set C can be obtained for x

C = E(x̄,X)⊕ E(0, sΣ), (25)

satisfying Pr(x ∈ C)≥1−δ. To derive a confidence set C for
our GP-AKF, we utilize the fact that GP regression provides

guaranteed error bounds on the regressed mean function

Pr
(
|fi(x)− µi(x)| ≤ βσi(x), ∀x ∈ X

)
≥ 1− δ, (26)

where X ⊂ Rn can be an arbitrary compact set and β ∈ R+

is a constant [11], [21]. To integrate the GP error bounds in
the KF set-membership approach, we first reformulate the
interval bound (26) to an ellipsoid.

Lemma 1: The interval bound |fi(x) − µi(x)| ≤ η for
every η ∈ R+ is equivalent to the one-dimensional ellipsoid
inclusion fi(x) ∈ E(µi(x), η

2).
Proof: This can be seen directly by squaring the interval

bound and dividing by the squared error bound, resulting in

(fi(x)− µi(x)) η
−2(fi(x)− µi(x)) ≤ 1, (27)

which is exactly an ellipsoid E(µi(x), η
2) centered around

µi(x) with shape parameter η2, concluding the proof.
When considering multi-dimensional prediction with n

independent GPs for each target dimension, as in Section IV-
A, it is straightforward to enclose the n one-dimensional
ellipsoids by one n-dimensional ellipsoid. To this end, we
define the pair of mean vector µ̃i = [0 . . . µi . . . 0]

⊺ and
shape matrix X̃i = diag([0 . . . η2i (κ,x) . . . 0]). Then taking
the Minkowski sum of the n ellipsoids defined by the pairs
{µ̃i, X̃i} yields an outer approximation

E(µ̃, X̃) ⊇
n⊕

i=1

E(µ̃i, X̃i), (28)

with shape matrix X̃ that bounds the error of the GP
prediction µ̃ with probability 1−δ. Hence, using the elliptical
set-membership formalism (23) together with the ellipsoidal
GP error bound (28), the error sources of the GP-AKF can
be decomposed for each source separately to derive a novel
error bound for the overall approach. The derivations of the
estimation error bounds is presented in the following result.

Theorem 1: Consider a nonlinear system

xk+1 = fk(xk,uk) +wk + dk, (29)
yk = Hxk + vk (30)

where f(·, ·) is a GP-enhanced prediction model, H
is the linear measurement model, wk ∼ N (0,Qk) and
vk ∼ N (0,Rk) denote process and measurement noise and
dk represents the GP prediction error bound satisfying

Pr
(
dk ∈ E(0, X̃), ∀x ∈ X

)
≥ 1− δ. (31)

Then, given a previous estimate x̂k and a confidence set
Ck = E(x̂k, X̂k) ⊕ E(0, sPk) satisfying xk ∈ Ck, where
X̂k parameterizes the ellipsoidal set of means of the previous
time step, applying Algorithm 2 yields a posterior estimate
x̂k+1 with a confidence set Ck+1 containing the true state
xk+1 with probability Pr

(
xk+1 ∈ Ck+1

)
≥ 1− δ.

Proof: The first-order approximation of f(·, ·) yields

f̄k(xk,uk) = fk(x̂k,uk) +Ak(xk − x̂k) +Bkuk, (32)

with linearization Ak ∈ Rd×d and Bk ∈ Rd×r, resulting in
the linear state propagation for the EKF prediction

x̄k+1 = f̄k(xk,uk) +wk + dk. (33)
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Since the current confidence set xk ∈ Ck is given, we can
bound the linearization error εk+1 = xk+1− x̄k+1 to the set{

fk(xk,uk)− f̄k(xk,uk) | xk ∈ Ck
}
, (34)

which is independent of wk and dk since they cancel out.
Following the derivations in [15], the linearization error can
bounded by an over-approximating ellipsoid denoted as such

εk+1 ∈ E(0,Xf
k ), (35)

where the elements in Xf
k are computed by taking the

maximum error in each dimension seperately [15]. Finally,
we propagate the previous set of means E(x̂k, X̂k) using
the linearized model (33), which, due to ellipsoids permitting
affine transformations [15], yields the set of prior predictions

E(x−
k+1,X

−
k+1) = E

(
fk(x̂k,uk) +Bkuk, AkX̂kA

⊺
k

)
︸ ︷︷ ︸

linear propagation of E(x̂k,X̂k)

⊕ E
(
0, X̃

)︸ ︷︷ ︸
GP prediction error

⊕ E
(
0,Xf

k

)
,︸ ︷︷ ︸

linearization error

(36)

where we bound the errors due to the GP prediction and
linearization using (31) and (35). After computing the prior
covariance P−

k+1 as described in Algorithm 2, inserting the
observation model H yields the Kalman gain

Kk+1 = P−
k+1H

⊺
(
HP−

k+1H
⊺ +Rk+1

)−1
(37)

Thus, the filtering step is carried out on the prior prediction
set E(x−

k+1,X
−
k+1) to obtain a set of posterior means

E(x̂k+1, X̂k+1) = (I −Kk+1H)E(x̂−
k+1, X̂

−
k+1)

+Kk+1yk+1

Finally, with posterior covariance Pk+1=(I−Kk+1H)P−
k+1,

we obtain a confidence set

Ck+1 = E(x̂k+1, X̂k+1)⊕ E(0, sPk+1), (38)

which, given an appropriate choice of scalar s determined
by the probability level δ, contains xk+1 with probability
Pr
(
xk+1 ∈ Ck+1

)
≥ 1− δ, concluding the proof.

Intuitively, Theorem 1 propagates the confidence set Ck
for the Gaussian distributed state xk by linearly propagating
the set of means E(x̂k, X̂k) using a first-order linearization
and separately considering the maximum impact of neglected
nonlinearities and GP prediction errors as additive and
bounded perturbations. Since each term is represented by an
ellipsoid, an outer-approximating ellipsoid can be obtained,
which represents the propagated set of means. By addition-
ally propagating the covariance matrix, stochastic uncertain-
ties due to process and measurement noise are considered,
thus, allowing us to obtain a probabilistic bound for the
posterior estimate. Note that while we derive the estimation
guarantees for a linear measurement model, it is straightfor-
ward to extend the procedure to nonlinear observation mod-
els. The overall scheme including the decomposition of error
sources and uncertainty propagation is illustrated in Figure 2.
Theorem 1 demonstrates that our proposed method permits

Prediction step Filtering step
Guaranteed error

bounds
[Theorem 3.3.1.]

Ek−1

P k−1

Elin

EGP = Dµ̂ +D

E(0,Xf
k)

f linerr
k

f lin
k

d
GPµ

k

E -
k

P -
k

Hk Eŷk Kk

yk

Ek

P k

E(0, X̃)

dk

εk

f̄k

Fig. 2: Ellipsoid error bounding scheme. The sets of means
are represented in green color, Gaussian densities bounded
to a certain sigma level are represented by blue color.

error bounds for the estimated augmented-state, which in our
considered application scenario translates to error bounds on
the estimated active human torque. Thus, the GP-AKF is
well-suited for use in conjunction with down-stream compo-
nent, e.g., cooperative controllers, where reliable estimates
are essential to guarantee safety of the interaction.

V. EXPERIMENTAL EVALUATION

For the evaluation of the proposed learning-based force
observer, we perform a human-robot interaction experiment
with a one DoF SEA elbow-exoskeleton introduced in Sec-
tion V-A. First, we demonstrate that the model inference
correctly learns the human passive dynamics in Section V-B.
Then our proposed method is successfully applied to estimate
dynamic torques exerted by a subject in Section V-C. The
code for our GP-AKF in Algorithm 2 is available at https:
//github.com/stesfazgi/GP-KalmanFilter.

A. Human-Exoskeleton Interaction Experimental Setup

The experiments are executed on an one DoF version of a
SEA-driven shoulder-elbow exoskeleton introduced in [22].
The actuation unit is equipped with a DC brushless motor, a
1:100 reduction stage and a custom torsional spring running
with a sampling rate of 100Hz for data aggregation. The load
side angle q and motor side angle θm are measured using two
19-bit absolute encoders and the motor torque τm is com-
puted from the control input and torque constant. Angular
velocity and acceleration are obtained by numerical differen-
tiation of the encoder signals together with a moving average
filter. All experiments are performed on an Intel i5-10500
with 3.1GHz running Matlab2021b and LabVIEW2018.

In our setup, the exoskeleton is attached to the subject’s
forearm with a cuff, while the torso is strapped to a fixed
frame. Thereby, the participant’s shoulder joint is fixed in
place, gravitational torques of the upper arm are removed
and only elbow flexion/extension movements can be per-
formed. Each experiment consists of an online training phase
followed by an estimation phase. During the training phase
the subject is instructed to remain passive, i.e., not resist
or support the robot by intentional muscle activation. To
minimize inconvenient calibration time, we perform online
learning of the unknown dynamics during the training phase.
Additionally, due to the intrinsic compliance properties and
torque limits of the SEA, it is guaranteed that the interaction
forces applied to the human arm remain in safe regions.
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B. Accuracy with Human Passive Dynamics Online Learning

First, we demonstrate online model inference of the human
passive dynamics and the principle applicability of Assump-
tion 2. To this end, we perform training and estimation on the
same trajectory and instruct the participant to remain passive
during both stages. Thus, given an accurate model inference
during training, the estimated human torque is exactly 0.

In particular, we use sequences of sigmoid functions as
reference trajectory to generate data due to their minimum-
jerk profile, which are tracked by a PID position controller.
Each sequence starts at an initial position 10 deg and moves
to the target position 75 deg in 3.5s. Repeating this sequence
forwards and backwards 6 times yields a total of N = 2100
training samples. For online learning we use the locally
growing random tree of GPs (LoG-GP) approach [23] with
a maximum number N̄ = 100 training samples per local
model and the gradient-based method from [24] to optimize
the hyperparameters of the GPs online during training. For
our GP-AKF method, we determine the measurement noise
matrix using the autocovariance least-squares method [25] to

R = diag
(
0.0461, 3.6 · 10−6, 0.1288, 1.01 · 10−5

)
, (39)

while we set the nominal process noise to

Σnom = diag
(
10−1, 103, 102, 10−9, 10−2

)
. (40)

The initial state x̂0 is measured and accordingly the initial
covariance P0 is set to the measurement noise covariance R.

We compare our proposed GP-enhanced torque observer to
a standard augmented-state KF (AKF) [4] and to the spring
torque τs(·, ·) (2), which is frequently used as a measure
of the interaction torques [2]. The estimated active human
torques τ̂h,act are depicted in Figure 3. Furthermore, a quan-
titative comparison of the estimation accuracy is provided in
Table I, where the achieved root mean square error (RMSE)
is shown. It is clearly visible that both the AKF method
and spring torque τs(·, ·) fail to provide an accurate estimate
of the active human torque. For the AKF this is primarily
due to static friction effects that are not accounted for by
the nominal dynamics model, thus, inducing large jumps at
time steps coinciding with turning points of the trajectory.
While the spring torque is not effected by this friction, it
still produces inaccurate results due to the non-negligible
load-side dynamics. Finally, our proposed approach is able
to recover an accurate estimate of the actively applied human
torque during estimation, which implies that a correct model
of the human passive dynamics was learned during the online
training phase. Moreover, it can be seen that the uncertainty
of the GP-AKFs shrinks quickly from the conservative initial
value to a tight region around the estimate and indicates high
confidence in the learned dynamics. The accurate estimation
implies that the model inference from Section IV-A not only
successfully learns the passive human dynamics but also
unmodelled effects such as friction.

C. Estimation of Dynamic Human Torques

To demonstrate the accurate estimation of dynamic torques
exerted by the subject, we design an experiment where active
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Fig. 3: Estimated active human torque τ̂h,act for a passively
acting subject. The ground truth (zero) is depicted with a
black, dotted line. Our proposed GP-AKF (green) estimates
the zero torque correctly based on the learned passive human
dynamics, while the standard AKF (dark blue) overshoots
due to unmodelled friction effects. The spring torque (red)
also provides inaccurate estimates. 2σ bounds based on the
estimate covariance Pk are represented by the shaded areas.

TABLE I: RMSE for the estimated active human torque τ̂h,act
for a passively acting subject.

GP-AKF AKF SPRING TORQUE

RMSE [NM] 0.067 4.175 1.359

and passive human torques can be decomposed such that the
ground truth is available. In particular, the task is performed
in a static position, e.g., q0 = 10deg, while the exoskeleton
is in open loop torque-control. The motor-torque is set to
τm = τdes + τcomp, with τcomp configured to compensate the
static gravity and friction torques of the human-exoskeleton
system and τdes represents the desired active torque.

During training stage τdes = 0, thus, no joint move-
ment is induced, since τcomp compensates for all load-side
dynamics. However, during the estimation phase, a torque
profile τdes = (−2 · cos (2πf · t) + 2) , with frequency f =
0.1Hz is set. Since τcomp already compensates the the load-
side gravity and friction, τdes perturbs the arm from the
initial position q0 = 10deg. The subject is instructed to
resist the perturbation and hold the arm in the static initial
position. Accordingly, the active human torque then becomes
τh,act = −τdes. The training stage is carried out online for a
duration of six seconds, yielding N = 600 training samples.

The results of the described experiment are shown in
Figure 4 and Table II. We observe that our GP-AKF method
achieves high accuracy in estimating the torque with which
the human resists the perturbation. On the other hand,
the AKF method (blue) does not recover the true active
torque τh,act. Due to the unmodelled passive dynamics, the
AFK wrongfully estimates that the subject actively generates
torques to compensate for the full motor torque τm instead of
just τdes, resulting in the offset visible in Figure 4. In compar-
ison to the observer approaches, the spring torque does not
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Fig. 4: Torque estimate τ̂h,act for an active subject. Ground
truth is depicted in black, dotted. The GP-AKF (green)
estimates the dynamic torque accurately based on the learned
human dynamics. The AKF (dark blue) has a significant
offset due to the unknown human dynamics and static
friction. The spring torque (red) does not represent the active
torque due to saturation effects of the spring deformation.

TABLE II: RMSE for the estimated active human torque
τ̂h,act for an active subject resisting the perturbation torque.

GP-AKF AKF SPRING TORQUE

RMSE [NM] 0.017 4.805 4.389

follow the periodic profile of the true human torque in Fig-
ure 4. This is due to nonlinear saturation effects in the spring
deformation, thus, leading to poor estimates of interaction
forces using the available spring torque model. Hence, only
our proposed GP-AKF approach is able to provide accurate
estimates of the actively exerted human torques by inferring
a correct model of the human-exoskeleton dynamics online.

VI. CONCLUSIONS

In this paper, we propose a novel approach for estimating
the actively applied human torque during interaction with
an elastic joint robot by combining GP regression with and
augmented-state KF. Through the uncertainty quantification
of the GP, we obtain a confidence measure of the state
estimate that considers local model uncertainty and addi-
tionally derive guaranteed estimation error bounds for the
GP-BayesFilter. Finally, the effectiveness of the approach is
demonstrated in human-exoskeleton experiments.
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