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Abstract— Interpolation of rigid body motions, or a general
frame motion in Euclidean space, is a recurring topic in
robotics. It boils down to generating trajectories in a Lie group,
either SE (3) or SO (3)×R3, with given initial and/or terminal
values. To this end, spline interpolation schemes were developed
where canonical coordinates are represented by cubic splines.
They allow for prescribing initial velocity and acceleration
only. In many robotic applications, terminal conditions are
prescribed, however. In this paper, a novel interpolation scheme
is presented that admits prescribing the terminal pose, velocity
and acceleration, or the initial condition. As example, the
scheme is applied to a rendezvous task of a UAV and describing
the deformation of a Cosserat beam as relevant for soft robotics.
The presented interpolation scheme can be directly applied to
the motion parameterization in terms of (dual) quaternions.
Keywords– Motion interpolation, splines, Lie group SE (3),
screws, geodesics, UAV, robotic manipulator, soft robotics

I. INTRODUCTION AND LITERATURE OVERVIEW

Interpolating trajectories along given spatial poses is a fre-
quent task in robotics. There are two different situation,
the trajectory planning and the reconstruction of motions
from given samples. Either task necessitates using a certain
geometric model, i.e. configuration space Lie group G, of
rigid body motions. The pose of a moving frame F relative
to a reference frame F0, e.g. an inertial frame, is represented
by C ∈ G, where G is a Lie group (with algebra g)
that is used to represent motions of rigid frames. Typical
choices for G are the group of proper rigid body motions
SE (3) and the direct product group SO (3) × R3, each
representing a different geometric model of spatial motions
(Sec. II). Rotation matrices and homogenous transformation
matrices or quaternions and dual quaternions are different
(homomorphic) representations of either group. Interpolation
of spatial frame motions has manifold applications in trajec-
tory planning of robotic manipulators, UAVs, legged robots,
humanoids etc. but also for modeling compliant elements in
soft robotics.
The geometric point-to-point interpolation problem is to find
a curve in G connecting a prescribed initial configuration C0

and terminal configuration CT , where C (τ) ∈ G describes
the pose of a moving frame F relative to a reference frame
F0, e.g. inertial frame. This curve is parameterized by a
normalized path parameter τ ∈ [0, 1] so that C0 := C (0)
and CT := C (1). A solution to the geometric interpolation
problem is given by C (τ) = C0 exp(τ ξ̂) with the constant
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vector1 ξ = log(C−1
0 CT ) ∈ g of canonical coordinates.

Notice that ξ is represented in the moving frame F at its
initial configuration (which ensures left-invariance of the
interpolation scheme). This is known as spherical linear
interpolation (SLERP), when interpolating pure rotation, i.e.
on SO (3) with ξ̂ ∈ so (3), which was first introduced in
[4] using quaternions, and as Screw Linear Interpolation
(ScLERP), when interpolating rigid body motions on SE (3),
with ξ̂ ∈ se (3), as introduced for dual quaternions in [5].
The latter was used in [6] for point-to-point path planning
of robots by restriction to SE (3) subgroups corresponding
to motion tasks. Notice that SLERP yields a geodesic on
SO (3), i.e. the motion with shortest path, while ScLERP
does not lead to a geodesic on SE (3) w.r.t. an (left-)invariant
metric. Whether a geodesic is desirable depends on the
application, i.e. on the geometric model of motion (Sec. II).
The curve in SE (3), according to ξ = log(C−1

0 CT ) of the
ScLERP, is the correct interpolation when a screw motion is
to be reconstructed, although it is not the shortest path from
C0 to CT , which would be a translation along a straight line
plus a decoupled rotation [7] (Sec. VI-B). By nesting two
SLERP interpolations, an interpolation through four quater-
nions, called spherical quadrangle (SQUAT) interpolation,
was proposed in [8], equivalent to a cubic Bézier curve.
The point-to-point trajectory interpolation problem is to find
a solution of the geometric interpolation problem which
additionally satisfies initial and/or terminal conditions of
the rigid body velocity and its derivatives. Solutions to the
trajectory interpolation problem can be expressed as

C (τ) = C0 exp X̂ (τ) (1)

where X̂ ∈ se (3) is the matrix associated to the canonical
coordinates X ∈ R6 [1]. It describes the motion relative
to the initial configuration C0. The condition C (0) = C0

implies that X (0) = 0. From a general point of view,
the trajectory interpolation on SE (3), and its Riemannian
geometry, was addressed in [9], where the differential equa-
tions were derived whose solutions are curves with minimal
acceleration and jerk, and solved for special cases. This
was also addressed in [10], where conditions for a curve in
SE (3) to have a stationary acceleration (i.e. with minimal
average acceleration w.r.t. a left-invariant metric) were de-
rived. Various interpolation schemes were developed where
the interpolation on the Lie group is lifted to an interpolation
of canonical coordinates X (τ) in (1). Quaternion Bézier

1If G = SE (3), then X̂ ∈ se (3) denotes the 4 × 4 matrix associated
to a twist/screw coordinate vector X ∈ R6. [X,Y] denotes the Lie bracket
(screw product) of two twist vectors. Details can be found in [1], [2], [3].
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curves for orientation interpolation were used in [11], and for
rigid body motion interpolation in terms of dual quaternions
in [12]. In [13], a quintic B-spline description was used. A
shortcoming of these approaches is that they do not allow
prescribing boundary values for velocities and derivatives.
A B-spline formulation that admits combined interpolation
and approximation of orientations, and allows prescribing
the velocity and arbitrary time derivatives at the all knot
points was presented in [14]. A practical guide to using
SLERP, SQUAD, and B-splines was reported in [15]. The
above formulations involve various computational steps, and
a de Casteljau algorithm. Computationally efficient interpo-
lation schemes can be derived by expressing X (τ) as cubic
polynomial. This was introduced in [16], [17] for orientation
trajectories, i.e. canonical coordinates are expressed as cubic
spline curves in so (3). However, in all cubic interpolation
schemes on Lie groups reported in the literature, it is
assumed that the initial values of velocity and acceleration
are prescribed. This is a rather limiting assumption since in
many applications, not only the pose but also the velocity and
acceleration at the terminal time are prescribed. Moreover, it
is in general necessary to combine spline interpolations with
given initial and terminal twists and accelerations.
In this paper, a novel cubic spline interpolation on Lie groups
is presented that allows prescribing the terminal velocity and
acceleration. First, the interpolation between two poses is
derived directly from the solution of the governing kinematic
equation. This naturally yields the minimum acceleration
curve as a special case, as derived from a variational principle
in [9]. Then, the spline interpolation is obtained by smoothly
combining point-to-point interpolations. The method inher-
its the simplicity of the known cubic spline method. The
examples in Sec. VI show the applicability of the proposed
method. One application is the interpolation of deformation
fields of Cosserat beams, a highly relevant topic in soft robot
modeling and kinematics. In this case, the motion of a frame
(cross section) is represented in SE (3). The interpolation
scheme will be derived for a general Lie group, which
can then be applied to the particular choice. A motion is
usually expressed as function of time t (or arc length), C (t).
For given terminal time T (or total arc length), it will be
convenient to use the normalized path parameter τ := t/T ,
so that τ ∈ [0, 1], and to express the motion as C (τ). Then
C′ = d

dτC =T Ċ denotes the derivative w.r.t. τ .

II. SPATIAL MOTIONS IN TERMS OF CANONICAL
COORDINATES

Denote with F a moving frame (e.g. representing a rigid
body or the cross section of a Cosserat beam), and with F0

another (e.g. inertial) frame. The configuration (also called
pose) of F relative to F0 is determined by the tuple r,R,
where r ∈ R3 is the position vector of F resolved in F0, and
R ∈ SO (3) the rotation matrix transforming coordinates
from F to F0. The motion of F is encoded in the con-
catenation of relative configurations. Two different geometric
models are used to this end: SE (3) and SO (3)× R3.

The special Euclidean group SE (3) represents proper rigid
body motions, usually represented by 4×4 matrices, denoted
C ∈ SE (3), that describe homogenous transformations in
E3. Starting from initial C0, the configuration of F , as a
function of time, is expressed with (1), where X̂ ∈ se (3)
is the 4 × 4 matrix associated to the vector X ∈ R6 of
canonical coordinates on SE (3). The latter are referred to
as instantaneous screw coordinates as any rigid body motion
is a screw motion [2]. As SE (3) is the semidirect product,
it correctly captures the effect of rotations on translations.
In the direct product SO (3)×R3, on the other hand, rotations
and translations are decoupled. Configurations are written as
tuple C = (R, r) ∈ SO (3) × R3, and the concatenation of
configurations is (R1, r1)·(R2, r2) = (R1R2, r1 + r2). This
geometric model is often used in robotic motion planning
assuming that translation are not affected by rotations. This
is true for floating base systems if F is located at the COM.
Prominent example is the motion planning and control of the
centroidal frame [18]. The assumption behind this model is
that the shortest path between two positions is a straight
line. The conical coordinates X = (x, r) ∈ R6 are the
scaled rotation axis x and the position vector, and in (1)
it is exp X̂ = (exp x̂, r), with exp x̂ being the exponential
on SO (3).
Both are legitimate models depending on the application.
For motion planning between two poses, SO (3)×R3 is an
obvious choice. For reconstructing a motion, SE (3) should
be used. This is relevant when motion is to be reconstructed
from motion samples (e.g. motion capture) or when dealing
with general screw motions (e.g. beam deformations).
The (normalized) rigid body velocity V ∈ R6, i.e. the veloc-
ity of frame F relative to F0, in body-fixed representation
is defined by the left Poisson-Darboux equation on G

C′ = CV̂. (2)

For given velocity, and initial pose, this equation can be
solved to determine the pose of a body. It is therefore referred
to as the kinematic reconstruction equation. As shown by
Magnus [19], if C in (1) satisfies the ODE (2) on Lie group
G, then X̂ satisfies the first-order ODE on its Lie algebra g

V = dexp−X̂X′ (3)

where dexpX : g → g is the right-trivialized differential of
the exp map [20], [21], also called tangent map [22]. The
inverse relation

X′ = dexp−1

−X̂
V (4)

relates velocity to the time derivative of the coordinates.
If G = SE (3), then V = (ω,v) is the (normalized)
body-fixed twist, with angular velocity ω and linear velocity
v = RT r′ expressed in F , and dexp is defined on se (3).
If G = SO (3) × R3, then V = (ω, r′) is the mixed
velocity, with angular velocity ω expressed in F and (nor-
malized) linear velocity r′ expressed in F0. The differential
dexpX̂X′ = (dexpx̂x

′, r′) reflects the decoupling (linear
velocity is simply the derivative of position coordinates),
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where dexpx̂ is the differential on SO (3). The right-
trivialized differential on SO (3) and SE (3), their inverse,
as well as their derivatives, admit closed form relations [20].
With slight abuse of notation, V and its derivatives V ′ and
V ′′ are referred to as velocity, acceleration and jerk, respec-
tively. They are related to the time derivatives by di

dτ iV =

T i+1 di

dtiV. It must be mentioned that, on SE (3), V̇ and V̈
are not the acceleration and jerk that would determine the
linear acceleration and jerk of the origin of frame F . Yet they
serve to express the change of the velocity, and are therefore
called reduced acceleration and jerk [23], [24], [10].
For sake of brevity, in the following, the differential of the
exp map on G is abbreviated with A (ξ) := dexp−ξ̂, and its
directional derivative with B (ξ,X) := −(D−ξ̂dexp)(X).
Then the normalized velocity and acceleration follows from
(3) as V = A (X)X′ and V ′ = A (X)X′ +B (X,X′)X′.

III. HIGHER-ORDER EXTRAPOLATION WITH GIVEN
INITIAL CONDITIONS

Using the Hausdorff-Magnus expansion of the right-
trivialized differential, it was shown in [25] that the solution
of the left Poisson equation (2) can be expressed as a series
expansion X (t) =

∑
i≥0

ti

i!Xi, where Xi are determined
recursively in terms of the initial velocity and its derivatives
V0,V ′

0,V ′′
0 , . . . the 3rd- and 4th-order approximations, in

terms of normalized velocity V and path parameter, are

X[3] (τ) = τV0 +
1

2
τ2V ′

0 +
1

6
τ3V ′′

0 +
1

12
τ3[V0,V ′

0] (5)

X[4] (τ) = X[3] (τ) +
1

24
τ4V ′′′

0 +
1

24
τ4[V0,V ′′

0 ]. (6)

These expressions allow for extrapolating solution (1) With
given initial values V0,V ′

0,V ′′
0 : They do not lead to a pre-

scribed configuration CT at specified terminal time, however.

IV. CUBIC INTERPOLATION

In this section, the above formulae are used to derive
interpolation formulae for describing a curve between initial
and terminal pose. Three interpolations are derived that differ
in the boundary conditions that are satisfied.

A. Prescribed Initial Velocity and Acceleration
The motion relative to an initial pose is described with the
formula (1). The screw coordinate vector corresponding to
the terminal configuration is ξ = log(C−1

0 CT ). A third-order
approximation is obtained from (5), with τ = 1, as

ξ = X[3] (1) = V0 +
1

2
V ′
0 +

1

6
V ′′
0 +

1

12
[V ′

0,V0] . (7)

Solving (7) for V ′′
0 and inserting this into (5) yields

X[3] (τ) = τ3ξ +
(
τ − τ3

)
V0 +

1

2

(
τ2 − τ3

)
V ′
0. (8)

Clearly, the approximation (8) satisfies the initial conditions
at τ = 0, since X′ (0) = V0 and X′′ (0) = V ′

0. Thus,
C (τ) = C0 exp(X

[3] (τ)) is a cubic interpolation formula
interpolating the trajectory between initial value X0 = 0 and
terminal value ξ, with initial velocity V0 and derivative V ′

0.

For zero initial twist and acceleration, the motion described
by (8) is C (τ) = C0 exp

(
τ3ξ

)
. The latter is a geodesic on

SO (3), which is a rotation about a constant axis but with a
trajectory depending on path parameter according to τ3, and
on SE (3) it is a screw motion about a constant screw axis.

B. Prescribed Initial and Terminal Velocity
The above formulae allows interpolating spatial motions
between initial and terminal configuration, described by
X (1) = ξ, with given initial twist and derivative. A cubic
interpolation that allows prescribing the initial as well as
terminal velocity can be derived from (8). The motion is
again described by (1) with given initial pose. To this end, V ′

0

is related to the terminal velocity VT := V (1). The terminal
velocity VT is expressed using (3). The coordinate vector
at terminal τ = 1 is obtained from the cubic interpolation
formula (8). Its time derivative is d

dτ X(3)
∣∣
τ=1

= 1
T (3ξ −

2V0 − 1
2V

′
0), and thus VT = dexp−ξ̂(3ξT − 2V0 − 1

2V
′
0).

Solving this for V ′
0 and inserting into (8) yields

X[3](τ)=
(
3τ2−2τ3

)
ξ+τ (1−τ)

2 V0+
(
τ3−τ2

)
A−1(ξ)VT .

(9)
Formula (9) is a cubic interpolation between two poses with
given initial and terminal velocity. If initial and terminal
velocity are zero, X[3] (τ) defined in (9) yields the minimal
acceleration curve as shown by Zefran [9], which is also a
geodesic on SO (3) w.r.t. the left invariant metric on SE (3).
A similar formula was presented in [16], [17], where the
point of departure was a general cubic approximation of
X (τ), rather than a solution of the kinematic reconstruction
equation. However, the interpolation proposed in [16], [17]
does not yield the minimal acceleration curve.

C. Prescribed Terminal Velocity and Acceleration
A novel interpolation in terms of terminal velocity and
acceleration can be derived by evaluating the extrapolation
(5) backward along the trajectories. To this end, the shifted
normalized path parameter τ̄ := τ−1 ∈ [−1, 0] is introduced,
where τ̄ = −1 corresponds to the initial, and τ̄ = 0 to the
terminal pose. The solution of the interpolation problem is
expressed as

C (τ̄) = CT exp ˆ̄X (τ̄) (10)

where CT = C (0). This formulation describes the motion of
moving frame F relative to its terminal pose CT . Evaluated
at τ̄ = −1, it yields the initial pose C0 = CT exp ˆ̄X (−1),
and the coordinate vector ξ̄ := X̄ (−1) that produces the
initial pose is thus ξ̄ = log(C−1

T C0). Magnus expansion of
the solution at the terminal pose with τ̄ = −1 yields

X̄[3] (τ̄) = τ̄VT +
1

2
τ̄2V ′

T +
1

6
τ̄3V ′′

T +
1

12
τ̄3[VT ,V ′

T ] (11)

in analogy to (5), where now τ̄ ∈ [−1, 0]. Evaluated at the
initial configuration at τ̄ = −1, this yields the coordinate
vector ξ̄ = −VT + 1

2V
′
T − 1

6V
′′
T − 1

12 [VT ,V ′
T ]. Solving this

for V ′′
T , and backsubstitution into (11), yields

X̄[3] (τ̄) = −τ̄3ξ̄ +
(
τ̄ − τ̄3

)
VT +

1

2

(
τ̄2 + τ̄3

)
V ′
T . (12)
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The final form of the interpolation formula is obtained by
noting that ξ̄ = −ξ, and replacing the shifted path parameter
τ̄ with the original normalized path parameter, as

X̄[3] (τ) = (τ − 1)
3
ξ +

(
τ2 − τ

)
(2− τ)VT (13)

+
1

2
τ (τ − 1)

2 V ′
T

which satisfies X̄[3] (τ = 0) = −ξ and X̄[3] (τ = 1) = 0.
The two-point interpolation is thus C (τ) = CT exp ˆ̄X (τ),
which will be the basis for a novel spline interpolation with
prescribed terminal velocity and acceleration in Sec. V-B.

V. CUBIC SPLINE INTERPOLATION

In the following, the cubic interpolation formulae (8) and
(13) are employed to derive a cubic spline interpolation
scheme. The spline interpolation presented in [16], [17] is re-
derived from relation (8) that describes a curve in G between
prescribed C0 and CT , with given initial values V0,V ′

0. A
novel interpolation scheme is derived from (13), which yields
a curve satisfying the terminal conditions VT ,V ′

T .
The motion is expressed as function of time, and the tra-
jectory is split into N time intervals. At N sampling time
instants t0, t1, . . . , tN , the configurations Ci = C (ti) , i =
0, . . . , N are given. A kth-order continuous spline in the Lie
group G is a curve C (t), passing through Ci, i = 0, . . . , N ,
with continuous k − 1 derivatives of the twist. Expressing
the motion as C (t) = C0 exp (X (t)) implies that X (t)
is Ck continuous, thus needs to be a polynomial of degree
k + 1 or higher. The standard spline interpolation is C2

continuos, and X (t) is expressed by concatenation of cubic
polynomials. C2 continuity implies that the velocity and
acceleration match at the knot points, which is referred to as
compatibility condition. Cubic spline interpolation of X for
rotations was addressed in [16], [17]. Bézier interpolation of
X for rigid body motions was presented in [12].

A. Prescribed Initial Velocity and Acceleration
Denote with Ti = ti − ti−1 the length of time segment
i, which covers the time duration t ∈ [ti−1, ti], and the
normalized path parameter with τi (t) := (t− ti−1) /Ti. The
trajectory in segment i, between successive poses Ci and
Ci−1, is expressed as C (τi) = Ci−1 exp (Xi (τi)). The
coordinates describing the relative transformation from the
pose at ti to that at ti−1, within segment i, according to
Ci = Ci−1 exp(ξ̂i), is ξi := log(C−1

i−1Ci). Both, Xi and ξi
are represented in the moving frame at ti−1.
The velocity and acceleration in segment i, normalized w.r.t.
the duration Ti, are denoted with Vi(τi) and V ′

i(τi). The
terminal values Vi−1(1) and V ′

i−1(1) of segment i − 1 are
the initial values Vi(0) and V ′

i(0) of segment i. Second-
order compatibility is achieved by identifying the velocity
and acceleration at the sampling points, i.e. TiVi−1 (1) =
Ti−1Vi (0) and T 2

i V ′
i−1 (1) = T 2

i−1V ′
i (0). With the cubic

interpolation (8), the terminal velocity of segment i is

Vi(1) = A (ξi)X
′[3]
i (1) (14)

V ′
i(1) = A (ξi)X

′′[3]
i (1) +B(ξi,X

′[3]
i (1))X

′[3]
i (1) .

The derivatives of X[3]
i at τi = 1 are obtained from (8), and

with the compatibility conditions, as

X
′[3]
i (1) = 3ξi − 2δiVi−1(1)− 1

2δ
2
i V ′

i−1 (1) (15)

X
′′[3]
i (1) = 6ξi − 6δiVi−1(1)− 2δ2i V ′

i−1(1) (16)

with δi := Ti/Ti−1. This gives rise to the cubic spline
interpolation scheme with initial velocity and acceleration:

• Input:
t0, t1, . . . , tN – sampling times
C0,C1, . . . ,CN – poses to be interpolated
V0, V̇0 – initial velocity and acceleration

• Initialization:
α∗

0 := V0, β∗
0 := V̇0, T0 := 1

• FOR i = 1, . . . , N DO
Ti := ti − ti−1

δi := Ti/Ti−1

ξi := log(C−1
i−1Ci)

αi−1 := δiα
∗
i−1

βi−1 := δ2i β
∗
i−1

ai := 3ξi − 2αi−1 − 1
2βi−1

bi := 6ξi − 6αi−1 − 2βi−1

α∗
i := A (ξi)ai

β∗
i := A (ξi)bi +B (ξi,ai)ai

• Primary Output: ξi,αi,βi

• Secondary Output: Vi =
1
Ti
α∗

i , V̇i =
1
T 2
i
β∗
i

With the output of the algorithm, the trajectory is evaluated
at t ∈ [ti, ti−1] as C (t) = Ci−1 exp (Xi (τi (t))), with
Xi (τi) = τ3i ξi+

(
τi − τ3i

)
αi−1+

1
2

(
τ2i − τ3i

)
βi−1, where

τi (t) := t−ti−1

Ti
. The velocity and acceleration can also be

evaluated continuously from the obtained Vi and V̇i.
The body-fixed formulation of the approximate solution is bi-
invariant, which is not true for the spatial representation. This
is the reason why the velocity and accelerations computed
at the end of an interval can be used directly as the initial
values for the subsequent interval, in contrast to the spatial
representation as used in [26], [10].

B. Prescribed Terminal Velocity and Acceleration
Instead of the initial conditions, in many applications the
twist and acceleration at the terminal pose are specified.
However, no such interpolation method was reported in
the literature that leads to an invariant spline interpolation
algorithm. All interpolation methods that admit prescribing
terminal velocities are based on Bézier splines, which leads
to higher computational complexity. A novel cubic spline
interpolation is derived from (17) and (13).
The motion within time interval i is described relative to
the final pose Ci as C (τ̄i) = Ci exp

ˆ̄X (τ̄i), in terms of
the shifted normalized path parameter τ̄i := τi − 1. It is
τ̄i (ti−1) = −1 at the begin, and τ̄i (ti) = 0 at the end of
segment i. The overall relative configuration attained within
time interval i is Ci−1 = Ci exp(ξ̄i), with coordinates ξ̄i :=
log(C−1

i Ci−1) = −ξi. According to (12), the coordinate
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vector describing the motion within time segment i is

X̄
[3]
i (τ̄i)=−τ̄3i ξ̄i+

(
τ̄i − τ̄3i

)
Vi(ti)+

1

2

(
τ̄2i +τ̄3i

)
V ′
i(ti) (17)

where Vi (τ̄i) is the twist corresponding to this interpolation.
Now the compatibility condition is that the velocity and
acceleration determined by the interpolation in time segment
i and i + 1, respectively, match at ti. This implies that
Ti+1Vi (1) = TiVi+1 (0) and V ′

i (1) =
T 2
i

T 2
i+1

V ′
i+1 (0). With

this interpolation, the velocity and acceleration at ti−1 are

Vi (0) = A
(
ξ̄i
)
X̄

′[3]
i (0) (18)

V ′
i (0) = A

(
ξ̄i
)
X̄

′′[3]
i (0) +B(ξ̄i, X̄

′[3]
i (0))X̄

′[3]
i (0) .

The derivatives of X̄
[3]
i are obtained from (17). Along with

the compatibility condition, at ti−1, i.e. τ̄i = −1, these are

X̄
′[3]
i (0) = −3ξ̄i−2δiVi+1(0)+

1
2δ

2
i V ′

i+1(0) (19)

X̄
′′[3]
i (0) = 6ξ̄i+6δiVi+1(0)−2δ2i V ′

i+1(0) (20)

where δi := Ti/Ti+1. This yields the cubic spline interpola-
tion through C0,C1, . . . ,CN , with terminal values VT , V̇T :

• Input:
t0, t1, . . . , tN – sampling times
C0,C1, . . . ,CN – poses to be interpolated
VT , V̇T – terminal velocity and acceleration

• Initialization:
αN := VT , βN := V̇T , TN+1 := 1

• FOR i = N, . . . , 1 DO
Ti := ti − ti−1, δi := Ti/Ti+1

ξi := log(C−1
i−1Ci)

αi := δiα
∗
i

βi := δ2i β
∗
i

ai−1 := 3ξi + 2αi +
1
2βi

bi−1 := −6ξi − 6αi − 2βi

α∗
i−1 := A (−ξi)ai−1

β∗
i−1 := A (−ξi)bi−1 +B (−ξi,ai−1)ai−1

• Primary Output: ξi,αi,βi, i = 0, . . . , N − 1

• Secondary Output: Vi =
1

Ti+1
α∗

i , V̇i =
1

T 2
i+1

β∗
i

With X̄i (τi) = (τi − 1)
3
ξi +

(
τ2i − τi

)
(2− τi)αi−1 +

1
2τi (τi − 1)

2
βi−1, the trajectory is evaluated at t ∈ [ti−1, ti]

as C (t) = Ci exp X̄
[3]
i (τi (t)), where τi (t) := (t− ti) /Ti.

VI. EXAMPLES

A. UAV performing a Rendezvous Task
As first example, the trajectory planning for a UAV landing
on and taking of from a moving platform is considered. The
UAV has to start from the initial location (pose C0), pass
through an intermediate location 1 (pose C1), and land at a
mobile platform at ’rendezvous’ location 2 (pose C2), which
is moving with a constant velocity Vplat. The rendezvous
location must be reached in 4s. After a 1s rest at the platform,
the UAV is at location 3 (pose C3), from where it must take
off and reach the final location 5 (pose C5) within 3s by
passing through location 4 (pose C4), as shown schemat-
ically in Fig. 1. This rendezvous maneuver is described

1.0

0.5

0.0

1.0 0.5
0.0

0.0

0.5

1.0

z 
in

 m

x in m
y in m

min

max

[0][1]

[2]
[3]

[4]

[5]

Fig. 1. Trajectory of a UAV performing a rendezvous with a moving
platform (pose C2 and C3) where velocity and acceleration is prescribed.
The UAV must change its attitude at via points (pose C1 and C4). Pose i
is indicated with [i]. The color of the curve indicates the translation speed.

by two subsequent trajectories, for landing and take-off,
respectively. The first part, trough C0,C1,C2, is interpolated
using the spline algorithm in Sec. V-B, with terminal values
Vplat = (0, 0, 0, 0.1 m/s,−0.3 m/s, 0)T and V̇plat = 0. The
second sequence through C3,C4,C5 is interpolated using
the algorithm in Sec. V-A with initial velocity Vplat and
acceleration V̇takeoff =

(
0, 0, 0, 0, 0, 2 m/s2

)T
.

In the landing trajectory, the transition from C0 to C2

involves an attitude change of the UAV at the via point 1,
described by C1. The subsequent take-off trajectory, from C3

to C5, involves an attitude change at via point 4, described
by C4. The necessary initial velocity and acceleration at
location 0 are the result of the cubic spline interpolation
with prescribed terminal values Vplat, V̇plat at rendezvous
location 2. The terminal values at point 5 are the result of
the spline interpolation with initial values Vplat, V̇takeoff ,
now at location 3. Fig. 1 shows the trajectory obtained
with the two spline interpolations. The coloring of the
motion curve indicated the translation speed. For the first
sequence, involving C0,C1,C2, the speed ranges between
min = 0.311m/s and max = 2.896m/s. In the second part,
through C3,C4,C5, the speed is between min = 0.316m/s
and max = 3.945m/s. The absolute values of translational
and angular speed along the trajectory are shown in Fig. 2,
which also shows the absolute value of the corresponding
acceleration. The practical background for this maneuver is
the motion planning for a UAV that must land and take off
on a moving target, where it must approach through entrance
points that require a certain attitude, e.g. small openings.
The sequence of configurations Ci, i = 0 . . . , 5 is prescribed
with position and orientation, w.r.t. the shown inertial frame
F0. The corresponding numerical values are shown in Tab.
I. An animation can be found in the video attachment.
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Fig. 2. UAV speed and acceleration during overall motion from initial to
terminal pose. Solid lines indicate linear and dashed lines angular part.

TABLE I
NUMERICAL VALUES OF THE PRESCRIBED LOCATIONS.

Location i Position ri in m Orientation Ri

0 [−0.5,−0.5, 1]T I

1 [0, 0.5, 0.6]T Rot(x, π/6)

2 [0.75, 0.25, 0]T I

3 [0.85,−0.05, 0]T I

4 [1,−0.25, 1.2]T Rot(x,−π/9)

5 [1, 1, 0]T I

B. Describing the Deformation of Cosserat Beams
Cosserat beam models are extensively used to model and
control soft robots as it captures large deflections. The
displacement of a Cosserat beam is described by a curve
in SE (3), where C (τ) describes the displacement field
of the beam cross section (frame F). The normalized path
parameter is now defined by the arc length s along the beam
and the length of the beam as τ = s/L. The beam kinematics
is governed by the relation [27], [22], [28]

C′ = Cχ̂ (21)

where χ ∈ se (3) is the strain field (also called convected
generalized curvature [29], [30]). Once the strain χ (τ) is
known, the displacement field (1) is obtained by solving
the kinematic reconstruction equation X′ = dexp−1

−X̂
χ,

analogous to (4), where C0 represents the initial deformation.
The displacement can be interpolated when the strain at
both ends of the beam or the strain and its derivative are
known at the either end. This is an important issue for soft
robot modeling and control, but also in flexible multibody
dynamics in general [31]. In many robotic applications the
strain is known from the boundary conditions or from the
loading. Denote the stress with Λ ∈ se∗ (3). Assuming linear
elastic constitutive relation, the static deflection is governed
by

Λ′ − adT
χΛ = W (22)

Λ = K (χ− χ0) (23)

where, for a beam along the x-axis, the stiffness matrix
is K (τ) = diag (GJx, EIyy, EIzz, EA,GA,GA), with A
being the cross section area, Iyy, Izz are the second moment
of area, Jx = Iyy+Izz the polar momentum about x-axis, G
the shear modulus, and E the longitudinal Young modulus.
For initially straight beams it is χ0 = (0, 0, 0, 1, 0, 0). The
6 DOF of a Reissner beam can be reduced to the 3 DOF of
a Kirchhoff beam, if transversal shear and extensibility are
neglected. Incorporating the constitutive equation (23) into
the ’static’ Euler-Poincaré equation (22), yields

χ′ = χ′
0 +K−1(adT

χK−K′) (χ− χ0) +W (24)

where W ∈ se∗ (3) is the load wrench. In this example,
distributed loads are neglected. Let W0,WT ∈ se∗ (3) be
the wrench acting at the beam at start and terminal end. From
Λ (0) = −W0,Λ (1) = −WT follow the boundary values
χ (0) = χ0 −K−1 (0)W0,χ (1) = χ0 −K−1 (1)WT .
A rubber beam with a constant 8 × 8mm2 square cross
section, 100 mm length, and E = 10MPa, G = 0.3MPa
is considered. The above boundary value problem along
with the kinematic reconstruction equation were solved for
different boundary loads, and the solution X (τ) compared
with the result of a cubic interpolation (9). The first example
is a pure momentum W = (0,−0.05Nm,−0.05Nm, 0, 0, 0)
acting at both ends. The beam bends about a skew axis
with constant curvature, as shown in Fig. 3a). The cubic
interpolation reproduces this solution up to machine pre-
cision. As second example, a force f = (0, 0.03, 0.05)N
is applied at the terminal end producing WT . The beam
deflection is shown in Fig. 3b). The cubic interpolation
well reproduces the deformation. Fig. 4 shows the accuracy
measure ε = X−X[3], where X[3] is the interpolation result.
If the beam undergoes more complex deformations the spline
interpolation can be used to increase accuracy. The spline
interpolation shall be used when displacement/strain values
are available at intermediate locations along the beam, e.g.
for multi-segment soft robots [32]. Invariance of the spline
interpolation ensures strain-continuity.

a) b)
Fig. 3. Beam deformation for two different end loads W = (m, f). The
moment m and force f are indicated by read and orange arrows.

VII. SUMMARY AND OUTLOOK

A cubic spline interpolation scheme for spatial frame motions
was introduced that, in contrast to existing formulations,
allows to prescribe the terminal twist and acceleration. It
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Fig. 4. Difference ε (τ) = X (τ) − X[3] (τ) of the exact solution
X (τ) and the interpolation X[3] (τ) of the beam displacement. Angular
components are shown with dashed lines, and translational with solid lines.

is applicable to general trajectory planning tasks in robotics
(e.g. UAVs, drones, space robots, and free-form interpola-
tion of end-effector motions of robotic arms), as well as
to reconstruct spatial motion (e.g. describe displacements
of Cosserat beams models). In the first case, motions are
described in SO (3) × R3, whereas in the latter case on
SE (3). A flight scenario for UAV has been used as an
example, where the proposed interpolation was applied to
plan a trajectory guiding the UAV toward a rendezvous
configuration with a prescribed velocity and acceleration.
Interpolation of the displacement of a Cosserat beam was
used to show the accuracy when reconstructing a given
motion. Motion reconstruction from motion capture data is
another typical application.
The proposed interpolation formulae are derived from a
3rd-order approximate solution of the left Poisson-Darboux
equation (2) on the configuration Lie group G. In future
work, the quartic interpolation formula (6) will be employed
to derive 1) a quartic spline interpolation scheme that yields
trajectories with continuos third derivatives

...
V, and 2) an

interpolation with continuos V̈ that admits to prescribe the
velocities V̇i at knot points. The presented interpolation is
directly applicable to motion parameterization in terms of
quaternions and dual quaternions as the Lie algebras se (3)
and sp (1) are isomorphic.
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