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Abstract— This study presents a novel approach using Gaus-
sian process model predictive control (MPC) to stabilize the
output voltage of a polymer electrolyte fuel cell (PEFC) by
regulating hydrogen and airflow rates. Two Gaussian process
models capture PEFC dynamics, accounting for constraints
like hydrogen pressure and input change rates to reduce
predictive control errors. The performance of the physical
model and Gaussian process MPC in handling constraints and
system inputs is compared. Simulations show that the proposed
Gaussian process MPC maintains the voltage at 48 V while
adhering to safety constraints, even with workload disturbances
from 110-120 A. Compared to traditional MPC with detailed
system models, Gaussian process MPC has similar overshoot
and slower response time but requires less system information
and no underlying true system model.

I. INTRODUCTION

Due to the adverse environmental consequences associ-
ated with traditional fossil fuels and their contribution to
global warming, PEFCs have emerged as highly promising
power sources owing to their utilization of renewable energy
sources, high energy efficiency, and low operating tempera-
tures [1], [2]. While PEFCs are increasingly favored across
stationary, portable, and transportation applications, their
commercialization remains hampered by various technical
challenges, with ensuring reliable operation standing out as
a major hurdle [3]. Control algorithms play a pivotal role
in enhancing the reliability of PEFC systems. However, the
complexity of PEFC systems, characterized by numerous
input parameters and safety constraints, necessitates the
adoption of more sophisticated control methodologies [4].

MPC controllers distinguish themselves in PEFC systems’
control applications due to their robust handling of mul-
tiple inputs and constraints, making them widely utilized
across various PEFC system applications. Quan et al. [5]
introduced a multi-input multi-output (MIMO) MPC to reg-
ulate hydrogen excess ratio and balance electrode pressures.
Hahn et al. [6] proposed an MPC-based operation strategy
for controlling an automotive fuel cell air system. Their
study demonstrated that the MPC approach could potentially
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reduce hydrogen consumption by 3% while decreasing the
risk of harmful operating conditions compared to a validated
map-based operation strategy. Long et al. [7] devised a
master-slave MPC method for current-sharing control in sys-
tems, demonstrating the feasibility and effectiveness of the
proposed MPC-based current-sharing strategy. Recent studies
have showcased various approaches to MPC applications,
highlighting its efficacy and promise as a control method.
The MPC models employed in the aforementioned research,
however, primarily rely on physical models. The model-
ing process entails numerous partial differential equations,
and simplifying them necessitates expert knowledge and is
time-intensive. Conversely, data-based modeling leverages
observed data rather than intrinsic physical laws to derive the
system model. Data-based models have garnered increasing
attention due to their robust representation capabilities, flexi-
bility, and ease of construction. The MPC control approaches
derived from these data-driven models hold appeal for fuel
cell applications, given the nonlinearity and complexity in-
herent in fuel cell systems [8], [9]. While one frequently em-
ployed data-based method is the Gaussian process (GP) [10].
Unlike optimizing parameters of selected functions to fit
data, GP searches for relationships between measured data.
He et al. [11] employed a nonparametric Gaussian process re-
gression model to capture the nonlinear relationship between
operating conditions and output voltage in microbial fuel
cells. They also proposed a simple online learning strategy
for recursively updating model hyperparameters. Zhu et al.
[12] applied Gaussian process state-space models to analyze
fuel cell degradation and incorporated prediction confidence
intervals to enhance inference accuracy. Zhang et al. [13]
constructed a Gaussian process regression model to predict
methane conversion rates in solid oxide fuel cells. However, a
comprehensive model was lacking to consider the constraints
associated with control variables and hydrogen pressure. This
paper addresses this gap by imposing limits on both control
variables and hydrogen pressure to ensure safe operation.
Specifically, when utilized as a power generation source, a
fuel-cell system must deliver a stable and consistent voltage
[14]. In our previous study [15], a novel MPC approach
was devised to regulate the output voltage of the PEFC
system to a steady state by simultaneously adjusting its input
hydrogen and air volumetric flow rates. The capability of the
Gaussian process MPC to manage the fuel cell system under
constraints is thoroughly investigated, and a performance
comparison between MPC based on physical models and
Gaussian process MPC is presented.
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II. GAUSSIAN PROCESS MODELING
A. Gaussian process

Gaussian process is a probabilistic, non-parametric black-
box model that is defined as a collection of random variables.
Any finite number of variables from this collection have a
joint Gaussian distribution [16]. Gaussian process GP can be
fully characterized by a mean function f(x) and covariance
function k(x, '),

f(x) ~GP (f(z),k(z,2)) , (D

where x and x’ both are data point with dimension d.
k(z,x') is also called the kernel function. f(x) is assumed
to be zero for simplicity.

The observations y are denoted by the variable

y=f(x)+e, e~N(0,02), 2)

where e is the additive independent identically distributed
Gaussian noise A with variance o?2.

Assuming there are n training points and n* test points
when making inferences, the prior is

{ " } ~N<0 [ K(X,X)+02I K(X,X") D
f* K K(X*,X) K(_X*7X*) )
3)
where (X, y) are the training data with dimension n x d
and n x 1 respectively; X ™ are the test data points with
dimension n* x d on which the prediction is made; f* are the
n* dimension predicted value; K (X, X™) denotes the nxn*
matrix of the covariances evaluated at all pairs of training
and test points, and similarly for K(X,X), K(X*, X™)
and K(X™*, X).
The posterior is

FIX5 X,y ~ N (E{f"}, cov{f"}), “
where

B{f} = K(X*, X)[K(X,X)+02I] 'y and

The ARD kernel allows the model to determine the relevance
of each dimension separately, providing a feature selection
ability. In this case, the expressions related to the length scale
in Eq. (6) are modified to a summation form. Additionally,
the model’s flexibility can be extended by adding multiple
kernels.

The optimal parameters of the GP are found by maximiz-
ing the log marginal likelihood p,

1

_ 1 n
ZyTKy ly — ilog K, — 3 log 27,

(7
where K, = K(X, X) + 021 is the covariance matrix for
the noisy targets y and n is the number of training points. 6
are the hyperparameters, including the length scale of each
dimension and signal and noise variance [16].

logp(y| X, 0) =

B. Gaussian process for fuel cell modeling

In our previous work [15], a detailed physical fuel cell
system model was elaborated and built with MATLAB
Simulink, which was assumed the closest to the true sys-
tem dynamics. To model errors in measurement, Gaussian
measurement noises were added to output voltage Vrc and
hydrogen pressure P, .

The Gaussian process model predicts two system states
based on three system inputs. These inputs include the
control actions, i.e., hydrogen volumetric flow rate Qy,, air
volumetric flow rate Q);;, and the current I. The predicted
states are the fuel cell output voltage Vrc and the hydrogen
pressure Pj,. It is important to note that the current [
represents the workload and cannot be manipulated by the
controller. The control target is to maintain a fixed value for
the fuel cell voltage, while the hydrogen pressure must be
kept below a certain limit to ensure safety.

The target of GP modeling is to build a function f that
describes the fuel cell dynamics in the time update a**?,

= f(u”, xh), 3

cov{f*} = K(X",X") - K(X*, X)[K(X,X) +gfLI]_%Nhere

K(X,X™").
&)
General GP regression is equivalent to Bayesian linear
regression with an infinite number of basis functions. The
kernel function adopted in this work is the squared exponen-
tial kernel (Gaussian kernel). The squared exponential kernel
ksg is defined as

— ||z —'|?
T)’ (6)
where [ is the length scale and o is the signal standard
deviation. || — @’|| is the Euclidean norm, representing the
distance between x and x’.

The length scale [ can be interpreted as a measure of
how closely the points  and =’ need to be to significantly
influence each other. When the length scale [ is a scalar,
the kernel is considered isotropic. In contrast, if [ varies for
each dimension of the data points, the kernel is referred to
as an automatic relevance determination (ARD) kernel [16].

ksp(x,x') = 02 exp(

u = [Qf, Qi IMT and & = (Vi PAL)TL )
in which the variable **! is the system states at time step
k4 1. u* and " are the model inputs and measured system
states at time step k, respectively.

The Gaussian process, however, doesn’t support multi-
dimensional regression natively. One simple solution is to
assume the multi-dimensional states are independent and
build a Gaussian process for each state with the same inputs.

Eq. (8) then becomes two Gaussian processes fy and fp,

Vi = fr(wh Wio)  and  PET = fp(uf, B,).
(10)
To collect the training data points for the Gaussian process,
Latin hypercube sampling (LHS) was applied to the inputs
Qu,, Qair and the current I.
The kernel type used for the two Gaussian processes was

a combination of an isotropic squared exponential kernel
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(Gaussian kernel) and an automatic relevance determination
(ARD) squared exponential kernel. The parameters of the
Gaussian process model were selected by maximizing the
log-likelihood function described in Eq. (7). Solving this
optimization problem is typically challenging due to its
nonlinearity and nonconvexity. In this study, the limited-
memory Broyden—Fletcher—Goldfarb—Shanno (L-BFGS) al-
gorithm [17] was employed to efficiently solve the problem.
After training, the GP model was validated using testing
data points. These testing data points were obtained by
applying a different set of Latin Hypercube Sampling (LHS)
inputs to the fuel cell Simulink model. The prediction results
are depicted in Fig. 1, where the blue line represents the true
values and the orange line represents the one-step predictions
made by the GP model. The orange shaded area represents
the one o confidence interval, which is the prediction value
plus/minus one prediction standard deviation (one o).

Voltage (v)

Time (s)

Fig. 1. Gaussian process training results. The orange shaded area is the
one o confidence interval, the prediction value plus/minus one prediction
standard deviation (one o).

It is evident from the results that the GP model accurately
predicted the behavior of the fuel cell in terms of Vpc and
Py,. The variance calculated by the GP model served as
an indicator of the prediction confidence. The width of the
prediction band was wider in regions where the test points
were far from the training points, indicating lower prediction
accuracy by the GP model. However, in the majority of cases,
the prediction band was able to encompass the true value.

III. GAUSSIAN PROCESS MPC DESIGN

The state-space model for MPC is derived by linearizing
the Gaussian process models. Consequently, the Gaussian
process fy in Eq. (10) becomes

dQu
dfy  Ofv  dfv :
dVrc = a7 d air | » 11
Fe 8QH2 aQair oI g] ( )

where the partial derivative is taken on the latest system
states, which will update each time step. The partial deriva-
tive of the GP with Gaussian kernel can be solved explicitly,
but the forward mode automatic differentiation (AD) method

[18] is used here for simplicity and flexibility. The same
expression is true for the Gaussian process fp.

The discrete-time state-space model of the fuel cell used
for control is written as

" = Az® + BuF and y" = Cx", (12)
where the state vector 2* at sample index k is
Vit
By ;
ok = | arf with input ~ uf = dQI,;I?
k anir
Qri,
k.
and output y* = [Vlﬁc} ,
(13)
and state-space matrices
r ofv.
X XF
oI
A=10 0 0 0 0},
00 0 10
00 0 01
rof af
90n; 0 (14)
el
Ho air
B=1| o 0 |
1 0
| 0 1

C=[1 00 0 0.

The actuator increments were selected as the system
inputs. Consequently, Qf;, and Q% were added into the state
vector to help impose appropriate constraints.

A Quadratic Programming (QP) problem will be solved
at each time step to obtain the optimal control inputs in this

MPC problem formulation
I o, ! 2
min J(Uk):ZHyk_THQ+ Z HukHR
k=1 k=0

ulul.. uHu 1
H, )
+o) [l
k=1

15)
subject to:

bl = Adzk + BluF,

Yk = Clgh,

up, < uf <uy,
<uf —uFT <duy,
zn, < zF <xy, + €,

0 <é€F (16)

Pflg < P{_f;’“t + ek,

k limit |k
PHZi < P+ € — aop APy,,
U~ = Uinit,

0 = Tinit, and

k =0,1,..., H,,

where H), and H, are prediction and control horizon; % in
the superscript represents the time step, and & = 0 refers
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to the current time step; r is the control reference; @ and
R are weight tuning parameters for reference tracking and
control inputs; A?, B%, and C? are state-space matrices A,
B and C in discrete-time; wy,, Uyn, Tip, and xyy, are the
lower bounds and upper bounds of inputs w and states x;
duy, and duw,, are the lower bounds and upper bounds of
inputs change rate; wui,;; is latest applied control inputs and
x;nit 1S the latest measured value, the state feedback; P}lf;"”
is the upper bound of Py, ; € is the slack variable introduced
to soft constraints and p is a non-negative scalar to control
the magnitude of penalizing soft constraint violations.

The additional inequality for Py, as a compensation for
model errors is

P < P™ 4 € — a0, APy, (17)

where o), is the prediction variance when making inference
with Gaussian process fp on the data point in the current
time step; APy, is the possible Py, move with respect to
the possible calculated inputs

k-1
Ofp ofp

APHQ = (dQ 2 + Qalr )7 (18)
; 2 0Qu, OQuir

a is a tuning parameter. This ao,APy, term can be
understood from an intuitive point of view. Typically, a
bigger possible move will lead to a bigger uncertainty. Thus,
a redundancy proportional to the possible movement size
and prediction uncertainty in the constraint is desirable to
compensate for the model imperfections. Since the Py, limit
is from above, the added constraint in Eq. (17) is only
meaningful when the possible move is positive.

To be precise, this constraint on Pfh is simplified from the
stochastic MPC constraint formation. In stochastic MPC, a
chance constraint is

p(xF <zuw) >, (19)

where 1 denotes the confidence level. When 7 is 0.95, it is

z* < @y, — 25", (20)
where Y¥ is the covariance matrix of a*. Here * actually
represents its mean value. The X¥ is estimated from the un-
certainty propagation. The specific form for Py, of Eq. (20)
is:

k
20,,

k limit
Py, < P — (21)

For every step in the prediction horizon, the be variance
is propagated along with the uncertainty in B matrix. The
linearized form

ofp ofp

P = Pk dQk + 22
Ho QHQ aQH ler 8Qa1r ( )

The variance estimate update is
ofp ofp

E+1\2 _ (k2 E \2

(O—p ) - (Jp) +(dQHz) var( aQHg) (anlr) V&I‘( aQair
(23)

The variance of the partial derivative taken at the initial
step is approximated by

ofp . fP(Qu, +90Qu,) — fr(Qn,)
var(aQHZ) =va r(2 o )
_ 2
~ Qw2
of
= O‘lEQ{aQZ2 }(O-P)Qa
(24)
where 2/(6Qu,)? is assumed to be proportional to
E2{0fp/0Qu,} value with a constant value a;. The

E{0fp/0Qu,} is actually the 0 fp/0Qu, value calculated at
the initial time step. Thus, at each time step in the prediction
horizon, the variance increases with a magnitude of

, 0
Oél(Up>2(dQI;12)2E2{an§2 a1r>2 2{8Qai§}7
(25)

Summing over the steps until time step k, and viewing
all constant-coefficient as the same, gives the total standard

ofr

}aa(0p)*(dQ

afP afp

(dQf, B { 55— o ) (dQu)* B

'111‘)

error of time step k
aC?air ’

= ooy Z
(26)

All constants are written together as «. However this form
is too conservative for constraint handling and requires high
computational effort. The root part is approximated as

A0, Bl Ofp L} 4 dQlE( Ofr

aQair
Then the Eq. (26) becomes

b 27)

k_
0, = aopAPy,,

(28)
where APy, is shown in the Eq.(18). This also gives an
intuitive interpretation of the constraint redundancy. Mean-
while, the constant 2 and « are integrated into the coefficient
« in the constraints described by Eq. (16). This does not
necessarily give a 95% confidence level, and « should be
tuned according to the performance and safety requirements.

In the fuel cell problem, the state constraint is the limita-
tion of the hydrogen pressure Py,. The hydrogen pressure
in the pipe should be under a certain value to ensure safety,
which is 2.5 atm here. Only slack variables for state upper
bounds are introduced. The input Q1, is limited between 100
and 400 lpm (liters per minute) and ,;, is limited within
300 to 700 lpm. The change rate of the inputs is constrained
within -40 to 20 lpm. The fuel cell system size is 6 kW.

The time step for the MPC controller is 0.5 s. The QP
problem is solved at each step, then the solved Qu, + dQm,
and Qi + dQy;, are applied to the fuel cell plant.

IV. SIMULATION SET-UP

The simulation of the controller performance was con-
ducted on the Simulink model detailed in [15]. This model is
viewed as the true system dynamics. Gaussian measurement
noises were added to voltage Vpc and hydrogen pressure
Py

9.



Voltage reference Qt, System outouts
MPC Qair Fuel cell Puts +
{ Iy
il
Fig. 2. MPC control process

Figure 2 gives the illustration of the MPC control process.

The formulation of MPC is shown in [15]. Besides, the
constraints regarding the input change rate and hydrogen
pressure were added.

The illustration of the GP MPC control process is shown
in Fig. 3.

Voltage reference QH, (T
Current
2 GP MPC Qair Fuel cell | py, LT
C o
=
21}
1-1]«
Fig. 3. GP MPC control process

Compared with the MPC controller shown in Fig. 2, the
GP MPC only needs the system information of Vpc and Py,
whereas MPC requires other information such as oxygen and
nitrogen pressure. This is a desirable aspect in practice.

V. SIMULATION RESULTS

The performance of GP-MPC and MPC with physical
models explained in [15] were compared. Two test scenarios
were chosen, one was the typical step disturbance applied on
the working load, the current, and the other was a mixture
of slope and step working load changes.

Figure 4 shows the GP MPC voltage tracking performance
compared with MPC under step workload disturbance, and
Fig. 5 presents the corresponding Py, behavior and system
inputs. At the beginning of the experiment, MPC and GP
MPC had similar rise-up traces, which were limited by the
input change rate constraint. MPC had a lower overshoot
than GP MPC benefiting from the accurate system model.
The overshoot for GP MPC was 0.60 V and for MPC was
0.42 V. Both controllers can successfully satisfy the Py,
safety requirements. When the current increased suddenly,
MPC and GP MPC drove the voltage back to the reference
at a similar pace, but MPC responded faster. To arrive at 47.9
V again, MPC took 5.2 s and GP MPC took 6.5 s. It can
be seen that the inputs increased following a straight line,
indicating the activation of the change rate limits. However,
similar to the start of the system, the GP MPC calculated
(QQu, increment was rather conservative in comparison with
MPC. This is because the added constraint in Eq. (17)
enforced the controller to take a more cautious action when
increasing Q)r, which directly increased the Py,. In contrast,
Q.ir was adjusted aggressively. When the current suddenly
dropped at time 75 s, MPC and GP MPC had a similar

performance in pulling back the voltage. The steady-state
tracking behavior of the two controllers was comparable and
the safety constraint was satisfied throughout the process.

N
©
=)

—— Reference

Measured voltage (v)

Current (A)
-
s
&

0 20 40 60 80 100
Time (s)

Fig. 4. Output voltage under the current step disturbance.

== Py, limit
—— MPC
GP MPC

—— MPC
GP MPC

—— MPC
GP MPC

0 20 40 60 80 100
Time (s)

Fig. 5. Constraint handling and system inputs of MPC and GP MPC.

VI. DISCUSSION

In the present work, a novel GP-MPC was the first known
application of GP-MPC for fuel cell control. Although the
MPC based on the physical model exhibited a slightly better
performance in terms of the overshoot during system start-
up, the GP MPC required less system information compared
to the approach in [15], necessitating fewer sensors and being
more economical. Despite being based on nonlinear GP mod-
els, the MPC framework utilized linearized models, thereby
reducing the computational burden. In contrast, the nonlinear
MPC described in [19] was more challenging to implement
and solve. To compensate for model imperfections, a con-
straint accounting for prediction variance and possible moves
was added, resulting in satisfactory constraint handling under
model and linearization errors. Moreover, GP-MPC is a data-
based model, unlike physics-based modeling, which does not
rely on physical mechanisms. For very complex processes,
physical modeling becomes more complicated, whereas data-
based modeling is easier to implement in engineering appli-
cations. GP-MPC modeling not only provides predictions but
also offers the confidence level of those predictions. Under
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constrained conditions, the input behavior can be adjusted
based on different confidence levels of the predictions, while
ensuring both the performance of the controller and the
satisfaction of constraints.

VII. CONCLUSION

A Gaussian process MPC was developed to control the fuel
cell voltage. Two Gaussian processes were used to predict
the voltage and hydrogen pressure. The state-space models
were formed based on the linearized Gaussian process. A
special inequality utilizing GP prediction variance was added
to compensate for the model imperfections in satisfying
constraints. The simulation results showed the GP MPC kept
the voltage at the desired 48 V while satisfying the safety
constraints including the hydrogen pressure limit of 2.5 atm
and input change rate limit all the time under a workload
disturbance ranging from 110-120 A. The constraint handling
of GP MPC gave a conservative action, but the safety require-
ments were satisfied well benefiting from this characteristic.
As compared to the MPC with the knowledge of the detailed
underlying system dynamics, the GP MPC has a 43% higher
overshoot and 25% slower response time, but the GP MPC
eliminates the requirement of the underlying true system
model and the model simplification process involving expert
knowledge.
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