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Abstract—Planning for contact-rich manipulation involves
discontinuous dynamics, which presents challenges to planning
methods. Sampling-based planners have higher sample com-
plexity in high-dimensional problems and cannot efficiently
handle state constraints such as force limits. Gradient-based
solvers can suffer from local optima and their convergence
rate is often worse on non-smooth problems. We propose a
planning method that is both sampling- and gradient-based,
using the Cross-entropy Method to initialize a gradient-based
solver, providing better initialization to the gradient-based
method and allowing explicit handling of state constraints.
The sampling-based planner also allows direct integration of
a particle filter, which is here used for online contact mode
estimation. The approach is shown to improve performance in
MuJoCo environments and the effects of problem stiffness and
planing horizon are investigated. The estimator and planner
are then applied to an impedance-controlled robot, showing a
reduction in solve time in contact transitions to only gradient-
based.

I. INTRODUCTION

Contact-rich manipulation tasks such as door opening
and gear mating involve significant environmental dynamics
and constraints, which discretely switch during the task as
contact conditions change. Manipulation methods which can
maintain safety (e.g. limits on contact force and actuation)
and robustness (variation in contact geometry or dynamics)
are needed which are suited to discontinuous dynamics.

Gradient-based optimization methods are popular for con-
tact planning, with a range of formulations from contact
implicit [1]-[4] to hybrid contact modes [5], [6]. Sampling-
based methods have also been used for higher-level contact
mode planning [7], [8] and continuous planning [9].

The tradeoffs between sampling and gradient-based plan-
ners has led to recent interest in combining them, such as
adding gradient steps to the sampling-based Cross-Entropy
Method (CEM) [10], [11]. Recent work has compared the
variance of gradient-based and gradient-free policy learn-
ing in contact [12]. This raises the question if a planning
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method can effectively use both sampling and gradients,
where sampling may address the initialization sensitivity of
gradient-based methods [13], while gradient-based methods
can provide explicit safety constraints. This paper proposes
a planning method which leverages CEM and interior-point
optimization for contact-rich planning.

A. Related works

Model-based planning for contact-rich robotic tasks finds
the action sequence that minimizes a cumulative cost func-
tion, according to learned, parametrized, or simulated dy-
namics. Usually, optimized actions are executed with model
predictive control (MPC), replanning at each time step. The
problem can be formulated using complementary conditions
for contact constraints [1], [14], where sequential quadratic
[2] or interior-point [3] solvers can be used. This contact-
implicit trajectory optimization allows planning of contact
mode and trajectory in one problem with multiple contacts
and Coulomb constraints [3], [4], [13]. Alternatively, hybrid
dynamics can be written with dynamics for each contact
mode [5], [6].

The contact planning problem is challenging, typically
needing relaxations [3], [9], linearization [4], [13], or quasi-
static assumptions [6] to achieve acceptable solve times. The
resulting problems can be sensitive to initialization [13],
and in general gradient-based methods can suffer from local
minima or poor convergence on non-smooth problems, e.g.
Newton’s method convergence rate scales with the condition
number of the Hessian [15].

On the other hand, population-based sampling planners can
parallelize well and do not need gradients, such as Random-
Sampling Shooting [16], Model Predictive Path Integral
Control [17], and the Cross-Entropy Method (CEM) [18].
Sampling-based planners have been used in contact planning,
for higher-level mode initialization of a contact-implicit [7]
and reachability planner [8]. Sampling can also be used for
the continuous planning, where Rapidly-exploring random
trees have been applied to relaxed contact models [9].

These zeroth-order optimizers maintain a sampling dis-
tribution of action sequences [19], which is sampled from
then updated at each iteration, assigning a higher probability
to higher reward action sequences. By adding temporally
correlated actions and memory, CEM can be improved in
both sample-efficiency and reward performance [20]. CEM
can also be applied to interaction dynamics learned from an
ensemble of Neural Networks [21] to realize online planning.
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Fig. 1: Experimental setup showing a robot making contact with a table,
moving towards a hinge contact condition, providing a task with three
modes: free space, vertical stiff contact, and hinge contact. The soft
contacts to the left are used for validating the effect of contact stiffness
on performance.
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Fig. 2: Block diagram of the proposed approach

However, CEM, like all sampling-based planners, suffers
from scalability as the dimension of the action space or
planning horizon grows, requiring more samples for con-
vergence and having increasing reward variance [10], [22].
Additionally, sampling with general state constraints requires
either rejection sampling [23] or smoothing [9], raising
challenges for efficient handling of contact constraints.

Recent work has combined zeroth-order and first-order
planning methods. Authors in [10], [11] proposed a combined
planner that performs first-order gradient updates on the
sampled trajectories. While this improves CEM performance,
these methods still show scalability issues with high dimen-
sional planning problems and do not handle constraints. For
policy learning in contact, recent work [12] has shown that
first order methods can have higher variance than zeroth order
methods at higher stiffness and in longer planning horizons.

B. Paper contribution

To address poor convergence and local minima problems
of gradient-based optimizers when dynamics are discontinu-
ous, we propose a hybrid planner that uses both sampling-
and gradient-based MPC. Contact is modelled with hybrid
dynamics, where dynamics are switched according to contact

mode. A particle filter is used to estimate the hybrid state
online, providing a belief of current mode for the planner.
The particle filter provides weights and particles to a CEM
planner, which is used to initialize the action and state
trajectory, modified to normalize sample cost by the weight
and minimizing expected cost over the belief in mode. A
gradient-based optimizer is then used, enforcing explicit
constraints on the robot trajectory, as seen in Figure 2.

Compared to the work of [20], this CEM rolls out trajec-
tories on a hybrid system, leveraging the contact mode belief
provided by the filter to weight the computed samples costs.
Compared to other combined sampling- and gradient-based
planning approaches [10], [11], this method can enforce
explicit constraints on the robot trajectory and handles hy-
brid dynamics. Our method is also validated experimentally,
showing the feasibility of the approach with a real contact
task as seen in Figure 1. The ability to estimate contact mode
online, as well as safely respond with changes in control is
validated.

This paper first introduces the dynamic models used,
estimation of contact mode, then a planning framework is
introduced and studied in simulation. Finally, experiments
are used to validate the approach, comparing the proposed
planner to only MPC and only CEM. We find that the CEM
initialization helps with discontinuous dynamics, reducing
the mean and variance of the total solve time, even from just
one iteration, as compared to a pure gradient-based MPC for
contact.

II. CONTACT, DYNAMICS AND OBSERVATION MODELS

This section introduces the dynamic models used for
contact and the hybrid dynamic model.

A. Stiffness Contact Model

We model environment contact as parallel 1-DOF stiff-
nesses to compromise between model identification effi-
ciency, ease of deployment, generalizability, and differentia-
bility [24], [25]. The i*" stiffness element exerts contact force
F; at the point of contact of

F; = K[ (#{ — (Rz; + z)), (1)

where stiffness K; € R® has a rest pose at ¢ € R? and
x; € R3 is the contacting point in tool center point (TCP)
frame, transformed into world coordinates with R and x ,
the orientation and position of the end-effector. The contact
normal and stiffness are jointly described by the vector K,
i.e., the contact normal is n; = K;/||K;||, and the stiffness
is || K;||. For a single point stiffness, the joint torque induced
is 7, = JI'F;, where J; = O(R(q)x; + z(q))/0q.

When N, contacts are active, the total external joint
torque is 7. = vazcl 7i(q). The parameters K;, x¢, and
x; can be identified from least-squares fit on a dataset as
ming oz » . |77 — Te(qe, K, x°, x)||. These contact forces
are composed of differentiable operations, and easily im-
plemented in automatic differentiation (AD) frameworks to
support their use in gradient-based planning.
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B. Discontinuous Dynamics

The standard serial manipulator robot dynamics
M(q)i+C(g:4) +Bi+G(@) =mm+7e (2

the is assumed to be available in an AD framework, with
joint position ¢ € R™, inertia matrix M (q), Coriolis terms
C(q, q), viscous damping B, gravitational torque G(q), input
torque 7,,, and torques from contact 7.

We discriminate between different contact modes by letting
the torque 7. depend on the mode z € [1,..., N.], where
each mode has different point contact models, resulting in a
different 7.. We suppose the mode changes during the task,
denoting the value at ¢ as z;. As typical in contact models, we
use semi-implicit integration which handles stiff differential
equations better [14]. For a time step A

2t~ p(Zt|Zt—1) 3)

¢ = at| _ Gr—1 + Aty @)
k Gt Gi—1 + A M7y + 7e(21) — Béy)

where & are the joint states and p(z:|z;—1) is a diagonal-
dominant discrete transition matrix. Here, the transition ma-
trix is assumed to be a fixed prior, tuned empirically, but
could reflect a prior belief about mode transitions based on
position or camera data.

As the external contact force 7.(z;) depends on the current
discrete mode z;, the dynamics can be written as

&= [Zj =f (Bﬁ_j ,ztl,m,tl> : 5)

For an extended Kalman filter (EKF), the dynamics in
(5) are linearized with respect to &, adding a process noise
contribution of w ~ A (0, Q). The observation model would
comprise the external joint torques 7. plus the joint positions
as

Yy =C"¢+v, (6)
z T aTe(Z)T T _
where C* = [Cy, =5~ |7, Cq = [1,00], v ~ N(0, R)
is the measurement noise, assumed to be independent and
identically distributed, O7.(z)/0¢ is the Jacobian of the
external contact torques 7 (z) with respect to the joint states
¢, and I, an identity matrix of dimension n.

C. Robot impedance dynamics

The robot is controlled with a Cartesian space impedance
controller, where the 3 DoF impedance controlled robot
dynamics are

T = J7(q) [Di + K (x — 20)] + G(q) + C(q,4)  (7)

where z, € R? are respectively the TCP Cartesian position
and velocity, J = 0xz/0q and the impedance parameters
are ro € R? which represents the Cartesian impedance rest
position, the damping D € R3*3, and stiffness K € R3*3
matrices, which are here all diagonal.

The dynamics in Eq.7 can then be updated to provide
controlled discretized dynamics of

[gj =/ (B:] ’xo:tl’ztl) : (8)

III. ONLINE PLANNING METHOD

This section introduces the belief estimation, cross-entropy
and gradient-based planning method used.

A. Belief estimation

For estimating the hybrid state, we adopt a hybrid particle
filter algorithm [26]. The proposed algorithm maintains an
overall belief of the discrete mode p(z¢|yi..), from the
weighted belief of individual particles p(z"|y14—1). In
each step, each particle samples a discrete mode ét(l) ~
ﬁ(z,gi) |y1:4—1), then propagates the mean pgi) and the covari-
ance ¥, of continuous state &; with the corresponding mode
dynamics and observation equations via a standard Extended
Kalman filter step [26]. Each particle p() is characterized
by the tuple [ugi), 2?)713(%(“ [Y1:4-1), ét(z)] An overview can
be seen in Algorithm 1, where it(z) is the sampled mode for
particle 1, S‘f”_ = cov(y¢|y1:+—1) the predicted observation
covariance, w,"” the weight, ngrt)q = E(y|y1.¢—1) is the
predicted measurement, and § is the Dirac delta function.
The posterior belief p(z:|y1.¢) is used to detect changes in

Algorithm 1 Hybrid particle filter, changes to PF in blue

for all particles p(*) do .

ug%  fos E% « 300 Pl ly) « p(z0)
end for
for all time step ¢t do

for all particles p(*) do
A [yre—1) = D) yre-1)p(24]26-1)
29~ p(2” lyre—1)
EKF update (Qgrt)il, S't(z), ﬂ§1)7 2?))
wi? o Ny g}, 81
end for
Resample particles {p(®), wt(i)}fil . ‘
Estimate belief p(z|y1.¢) o SO0, w5, (57
end for
end for

contact, and is used in the planning methods to weight the
costs associated with different modes.

B. Proposed Cross-Entropy Method

The Cross-Entropy Method (CEM) samples actions from
an action distribution, rolls out these trajectories and eval-
uates their resulting costs, adapting the action distribution
to reduce loss. Sampling-based approaches may avoid local
minima problems or convergence issues when gradients are
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not smooth due to the discontinuous dynamics, potentially
reaching state-action pairs that would not be reached by
gradient-based methods. Thus, we use CEM iterations before
proceeding with a gradient-based non-linear solver.

The adopted CEM algorithm is based on the work of [20].
The CEM here is initialized from the hybrid filter at each
time step ¢ with the set of particles consisting of continuous
joint states values ﬁt , their weight wg " and discrete sampled
state z,E ),

[“ w! ,zt(” o 9)

This list is used for calling the dynamlcs with the hybrid
mode z,g " with initial continuous state {t along with the
sampled actions wu;.yp. As in typical CEM, actions are
iteratively sampled and the sampling distribution shifted
towards the elite samples which have the best loss. A detailed
explanation of the steps is given in Algorithm 2. In Algorithm

Algorithm 2 Proposed iCEM, changes to [20] in blue

Require: N: number of particles, h: planning horizon, d:
action dimension, B colored noise exponent, N;¢..: CEM-

iterations, {ﬁt(z 7wt , (l)] list of particles, K: elite

size
Initialize:
_ . MPC
Ut:t+h = Up_1:44h—1
Yu=1
Loop:

for k in N;i, do
ugi;_h  clip(us + CB(d, h) - B%)

€t+1 t+1+h<_f(€t U 2+h7zt(z))
i 1+h i

10— e w27
19 Lo

Upi+h, 2" — fit Gaussian distribution to elite set

end for
; ; iCEM
return best action trajectory uj.; +h

2, Uug.e4+n, and X* represent the mean and the standard devi-
ation of the action sequences, at the beginning of each time
step ¢ we initialise the mean with the optimal value found at
the previous time step ¢ — 1 by the non linear MPC solver
while the standard deviation of the sequences is re-initialised
every time with the matrix 1 € R%*"  whose elements are
ones. C%(d, h) represents the colored noise distribution, built
following the approach in [20]. Within the CEM inner loop,
we keep updating the action sequences statistics by fitting at
each iteration the best K trajectories; as long as the solver
converges the mean w4, is initialized at each time step with
the optimal solution and the likelihood of sampling optimal
solutions increases. The cost of each particle [(¥) is divided
by the particle weight, so a low likelihood particle results
in a higher cost, to avoid actions which favor low-likelihood
particles from being sampled more heavily. The cost function

itself is the same as described in the following section for
the MPC problem.

The CEM returns both the best action trajectory, along with
the associated state trajectory, which are used to initialize the
decision variables in a gradient-based MPC problem.

C. MPC problem

The MPC problem is formulated using multiple-shooting
transcription with a generic problem statement of

t+h N
UItntlJ?} Zzp ‘ylt £t7uta ) (]O)
Yt
s.t. Vze[ LN, TEt.t+h=1]:  (11)
||§'r+1 (677:7/“772)” S p (12)
9(&f,u) 2 0 (13)
uel (14)

where h is the planning horizon, I/ is the range of allowed
inputs, p is the slack for continuity constraints (the inequality
is applied element-wise), z € [1, ..., N,] represents the set of
the different contact modes, and g represent general state and
input dependent inequality constraints. A trajectory is rolled
out for each mode, &7, where continuity is imposed according
to that mode’s dynamics in f; p(z|y1.¢) is the contact state
belief information coming from the hybrid filter at time step
t. The constraints shown in the optimization problem are
nonlinear, so an interior-point nonlinear optimization solver
is used.

The general stage cost function, which would be used also
in the CEM loop, is defined as

1(527 u, Z) :(xd,z - x)TQz(xd,z - 55)
+(uw—2)TQu(u—x)+ 2T Qui

where x4 . is a desired position in world frame to be tracked
for the z mode, = and = are the Cartesian position and veloc-
ity of the robot TCP expressed with the forward kinematics
function, directly depending on the joint configuration. In this
scenario, the state £* = (g%, ¢*) is represented by the robot
joint variables for each mode z, while the adopted control
input u is shared among the different modes and is impedance
rest position xo. The constraint is g = Fiynp— || K (2 —x0)]|2,
limiting the virtual impedance force applied to F'y,p.

15)

IV. SIMULATION STUDIES

To study the proposed approach, studies in simulation are
used to investigate the performance in terms of cost and solve
time.

A. MuJoCo Gym

To compare the methods on problems with contact, they
are compared on the MuJoCo Gym environments in Brax
[27]. No mode estimation with a particle filter is used; the
solver cost is directly the negative reward, no constraints are
applied, a maximum episode length of 500 is used, and the
episode can terminate early according to the environment.
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Fig. 3: Performance on the MuJoCo environments with planning horizon
h = 20.

A planning horizon of 20 is used, with CEM parameters of
Niter = 150, N =128, K = 10, and 10 random seeds used
for each solver.

The results can be seen in the attached video as well
as Figure 3. In ‘ant’ and ‘hopper’, CEM performs better
than MPC, and the proposed approach matches CEM per-
formance. In ‘halfcheetah’, the proposed approach improves
over both MPC and CEM, and in other environments, the
performance of the proposed approach is similar to MPC.
As the MPC solver terminates successfully in these problems
(i.e. relative tolerance of le — 8 is met), this suggests that
a CEM initialization does not hurt performance, and can in
some problems lead the MPC to a better local minima.

B. CEM vs MPC in stiff contact

To compare performance between sampling- and gradient-
based planners with robot manipulator dynamics, a Carte-
sian position tracking problem is set for the a simulated
impedance-controlled Franka Emika robot in contact with
stiffness K = 1le4d N/m. To see the variance in the perfor-
mance, each problem is solved repeatedly with the initial
state & perturbed with A(0,0.1) between solves, finding the
mean and covariance. As can be seen in Figure 4, the CEM
(solid line) has more variation in the control trajectory, and
the state trajectory is slower to converge to the final position
than the MPC (dash-dotted line).

To study the relative performance of the gradient- and
sampling-based methods in discontinuous dynamics, we ex-
amine two performance characteristics: time to solve and
resulting expected cost. First, the solver is used to solve a
free-space problem according to (10) with horizon h = 20
steps and stepsize A; = 0.05 seconds. Then, the dynamics is
changed to a single point contact model of stiffness K = 1le4
N/m and the previous solution used initialize the current step.
This initialization is then used for V;;.,. iterations of the CEM
before starting the next MPC solve.

The mean and covariance of the total solve time for the
CEM iterations and MPC solve can be seen in Figure 5.
As can be seen, the CEM helps to reduce both the mean
and variance of the solve time, even from just one iteration.
However, as the number of CEM iterations increases, the time
required increases, indicating the additional time required to
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Fig. 4: Comparing state and control trajectory from CEM vs MPC for stiff
dynamics, the x-, y-, and z-positions shown in red, green, blue, respectively.
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Fig. 5: Effect of CEM warmstart iterations on total solve time and trajectory
cost for proposed approach on trajectory tracking problem. The CEM does
not significantly change performance, but can improve solve time.

do more CEM iterations is not saving as much time in the
MPC solver. On this problem, the number of CEM iterations
do not significantly affect the total cost.

To analyze the impact of important process parameters,
we study the improvement by N, = 5 warmstarts over
a range of stiffnesses and planning horizons. The results
can be seen in Figure 6, where as the stiffness and horizon
increase, the CEM improves both the mean and variance of
solve time. This trend matches the impact of stiffness and
planning horizon in policy gradient estimation [12], where
gradient-free methods performed better at long horizons and
higher stiffnesses.

V. EXPERIMENTS

To validate the performance on real-world contact tasks,
we apply the proposed method to the two tasks seen in Figure
1. The code and data are available at https://gitlab.cc-asp.
fraunhofer.de/hanikevi/contact_mpc.
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Fig. 7: Effect of stiffness on contact detection

A. Vertical contact task

In the vertical contact task, the robot moves from free
space into contact with an environment. The stiffness of the
environment is adjusted by adding the yellow or purple foam
seen in Figure 1, or direct contact with the aluminum table.
In Figure 7 we can see how the stiffness parameter influ-
ences the contact mode detection responsiveness. Despite the
developed CEM+MPC approach successfully worked for all
the contact environments, from the plot we can see that with
stiffer contacts the mode detection is more sharp, with the
transition triggered right in correspondence of the vertical
force peak. For lower stiffness contacts, mode detection is
slightly delayed with respect to the force peak, probably
because the lower measured interaction force makes it more
difficult for the filter to assign different likelihood values.
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(b) Proposed CEM+MPC approach

Fig. 8: Comparison between the simple MPC and CEM+MPC approaches
for the pivot task.

B. Pivot task

In this task, the robot makes contact with the table, slides
along the surface until making contact with the wall. The
MPC problem is solved with o = 13, A; = 0.04, an
impedance cost of @, = 0.05, maximum impedance force
of Fimp = 25, a desired pose of 2¢ = [—,—,0.01] in free
space, and z? = [0.35, —,0.01] in plane and hinge modes,
where — are omitted from the cost. In this experimental
setup, the proposed approach was compared to a simple MPC
approach without the CEM warm-start, in order to validate
experimentally the results achieved in simulation. From the
plots in Figure 8, it can be seen that without the CEM warm-
start, the impedance rest position shows a small discontinuity
in its trend, and this can be noticed especially when the first
transition is triggered. This result is in line with what we
have shown in the simulation study, the proposed CEM+MPC
approach helps in decreasing the total solve time at contact
transitions.

VI. CONCLUSION

This paper proposed an approach to planning on discon-
tinuous dynamics which uses a modified CEM to initialize a
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gradient-based planner. It was shown that such an approach
can reduce the variation in solve time when discontinuities
in dynamics occur. The approach was also validated on real
contact tasks, showing that planning method results in safe
robot trajectories which respond to the contact conditions.
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