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Abstract— The inaccessibility of data from standard sensor
suites on closed-platform unmanned aerial vehicles (UAVs) has
been a hindrance to developing a compatible visual-inertial
odometry (VIO). Despite the advance of recent VIO research,
these works often emphasize fusing detailed sensor models with
available sensor data at relatively high frequencies. To address
this issue, in this paper, we derive an innovation signal for an
orientation measurement model on the unit quaternion group
S® based on the error-state Kalman filter (ESKF) framework.
Leveraging the error-state formulation, the innovation signal
directly exploits the geometric error representation on S3
instead of treating unit quaternions as R* vectors. Flight
experiments on a small commercial UAV (Fig. 1) have been
carried out to compare the performance of the proposed ESKF
with quaternion measurements on S*® (ESKF-Q) against the
original ESKF framework. Experimental results demonstrate
that while both representations of unit quaternion measure-
ments in ESKF framework improve orientation estimates with
unperturbed orientation measurement model, only the proposed
ESKF-Q exhibits convergent state estimates in the presence of
uncertainties in the orientation measurement model.

I. INTRODUCTION

Reliable state estimation is essential for developing appli-
cations for the mobile robot. For unmanned aerial vehicles
(UAVs), the maneuverability and stability mostly rely on
the robustness of the state estimation. Contrary to popular
aerial platforms (Ardupilot and PX4), where state estimation
is programmed onboard with standard sensor suites at a
higher frequency, programming on closed-platforms UAVs
such as DJI Ryze Tello, a small commercial quadrotor, is
not a common practice. Alternatively, state estimation of
these closed-platform UAVs could be developed offboard,
though the difficulty arises from only preprocessed sensor
data available at a relatively slow rate via decoding packets.
While state estimation aided by external facilities such as
GPS, fiducial markers, and motion capture systems could
achieve up to millimeter-level precision for UAVs, these
measurements might not be available in a general scenario
for tasks such as autonomous navigation and autonomous
aerial filming. Hence, developing a reliable offboard state
estimation for closed-platform UAVs is required.

On the other hand, the composition of visual sensors
and inertial measurement unit (IMU) for pose estimation as
visual-inertial odometry (VIO) have become popular among
the research community. Optimization-based VIOs [1]-[3]
focus on the construction and optimization of the pose graph
consisting of camera and IMU states, which could barely
achieve the desired real-time capability owing to the larger
state dimension and the joint optimization on the pose graph.
Filter-based VIOs [4]-[7] combine the visual measurement
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Fig. 1. The experimental setup for evaluation of VIO. A LiDAR screwed
on the tripod is used to collect the position of the quadrotor for circle
trajectories, and a camera mounted on the tripod is used to measure the
pose of the marker on the quadrotor. Both measurements are served as
ground truths for odometry evaluation.

with the motion compensated by IMU integration, yet in-
cluding more camera and landmark states could increase the
computational burden and lose the real-time capability of
state estimation as well.

On the filter-based state estimation, the fusion of visual
sensors and IMU have been well-established via kinematics
on the smooth manifold. Multiplicative extended Kalman
filter (MEKF) [8], [9] are implemented with the quaternion
kinematics, yet measurement models relates to the orienta-
tion are discussed on vector space. [10], [11] implement the
error-state Kalman filtering (ESKF) [12] based on quaternion
kinematics to run the state estimate on PX4 with 100Hz
update rate, serving as a low-cost VIO for aerial vehicles.

Filter-based inertial navigation systems considering the
symmetry and invariance of Lie group have attracted more
attention in recent years. Invariant extended Kalman filter
(IEKF) [13] formulates error systems and observers via
the invariance of Lie group structure and performs inertial
navigation subject to sensor biases by introducing a two-
frame group [14]. [15] proposed a nonlinear observer on
a non-invariant matrix Lie group to tackle biased angular
velocity and linear acceleration measurements in inertial
navigation problems. Equivariant filter (EqF) [16], [17] poses
the observer state on the symmetry group for homogeneous
systems to mitigate the linearization error of the equivariant
system output. Nonetheless, these works showcase their
results mostly on matrix Lie groups instead of quaternions,
where the nonlinear conversion between matrix Lie groups,
say SO(3) C R3*3, and unit quaternion group S* could
induced unwanted discrepancies in filter update.

In this paper, to develop an offboard reliable state estima-
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tion for a closed-platform commercial UAV, DJI Ryze Tello,
we fuse IMU linear acceleration and angular velocity with
noisy linear velocity measurements from its vision position-
ing system and orientation measurements directly on S from
the IMU by exploiting the error-state formulation from the
quaternion-based ESKF [10], [11]. In the following content,
we coin the proposed ESKF with orientation measurements
on S? as ESKF-Q. The proposed ESKF-Q serves as a VIO
for DJI Ryze Tello with all measurements being preprocessed
sensor data sent from Tello available at a lower frequency.
The main contributions of this paper are three-fold:

o Derive the innovation signal for an orientation measure-
ment model embedded on the unit quaternion group S3
using the ESKF framework [11] by exploiting the error-
state formulation and the geometric error representation.

e Compare the VIO performance of ESKF-Q and the
original ESKF framework with and without quaternion
measurements on R* against stand-alone space-fixed
position measurements from a LiDAR and pose mea-
surements from a camera using fiducial markers on the
closed-platform UAV.

o Demonstrate the convergent state estimates of ESKF-
Q subject to uncertainties on the proposed orientation
measurement model.

The rest of this paper is organized as follows. Section
II provides a detailed derivation of ESKF-Q based on the
ESKF framework and the orientation measurement model
on S3. Section III introduces the setup for experiments
and compares the performances of ESKF with and without
orientation measurement model on R* and our proposed
ESKF-Q. Finally, conclusions are given in Section IV

II. FILTER FRAMEWORK

In this section, we present our proposed ESKF-Q, the
ESKF framework [11] combined with the innovation signal
for unit quaternions.

A. State Definition and Coordinate System

Our proposed ESKF-Q aims at estimating the true-state
x; of IMU defined by
. T
x; = [pf pf of af wf]

)

where pZ, pf € R? denote the position and velocity of {B}
expressed in the space-fixed inertial frame {Z}. q¥ € S is
the unit quaternion with the Hamiltonian convention, as in
[11], representing the rotation from {B} to {Z}. ab, wb’ ¢
R3 are IMU acceleration and angular velocity biases.

Following the ESKF framework [11], [10], we define the
true-state x; as the composition of the nominal-state x and
the error-state dx in our proposed ESKF-Q as follows,

X =X ox

x=[p" p’ o af f]’
.

5x:[5pI spt 86y 535 6bi] ,

where @ : (RS xS3 xR%) x (R'®) — (RS x S3xR) includes
the exponential mapping, composition for the orientation,

and the vector addition. Let ® : S? x S? — S3 denote the
multiplication for unit quaternion group and éq € S® be the
error quaternion. Then

[[56]|
COS —F—
6q = q{60} £ Exp(4d0) = . 2150 (1)
(9) = | oo
d® = ® ®dqr = dqe ® d5, 2)

where Exp(-) : R® — S® maps a rotation vector in R3
to the unit quaternion group S® and sub-scripts G, L
of error quaternions denote the global (left-hand-side) and
local (right-hand-side) representation of the error quaternion
respectively.

Assumption 1. According to ESKF framework [10]-[12],
second-order products of the error-state dx are negligible
owing to its small magnitude.

From Assumption 1, linearization in (1) allows the
minimal representation of an error quaternion 6q' =
1 1007].

B. Sensor and Measurement Model

In the proposed ESKF-Q, we adopt the IMU model in
[10], [11] as

B By Bl (aT _ oI B B
a,, = R7{q }<at -8 ) ta, t+a,
wfn :th—&—wﬁ—l—wf,
where R{q} € SO(3) denotes the rotation matrix mapped
from the unit quaternion q and gZ € R3 is the gravitational
vector expressed in {Z}. aB, w?B are additive white noises
for the IMU.

To compare ESKF performance with innovation signal
defined on S® and R?, we first consider a general orientation
measurement model on S? as

ho(x)) =qo @ ay, vo ~N(0,N,) € R? 3)
Yo = ho(xt) & Qn{uo} € S37 (4)

where qo € S® denotes a constant offset orientation mea-
sured during the filter initialization. Using (3), the orientation
measurement model on R* could be written as

ho,v(xt) = [qO]quv qn,w ™~ N(OaNo,v) S R4 (5)
Yoo = ho,'u (Xt) + qn,v S R47 (6)

where []r : S* — R?* maps a quaternion product on left-
hand-side to a left-multiply matrix in R* [11].

Assumption 2. v, is assumed to be a small-magnitude white
noise rotation vector, and q,_, is an additive white noise. We
also assume that E[oxv, ] = E[éxq,] ] = 0.

C. State Propagation

We directly adopt discrete-time equations of the state
propagation from [10] and [11] in our ESKF-Q due to the
same definition of states except for the constant gravitational
vector g”. The state propagation of the nominal-state and the
error-state are given as
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x(k+1) =f(x(k),
Sx(k +1) = Fy (x(k),

u,(k))

um(k))ax(k) +Fiik),

where we follow the definition and settings in [10]

and [11] to construct the IMU input wu,(k) =
T

[aBT(k) wBT(k)] and the random impulse i(k) =

T T T T, 7 .
(Lvil (k) 60; (k) a® (k) w® (k;)} . The prior pre-
iction of the error-state and its covariance is calculated as
0x (k+1)
P~ (k+1)

= Fx(x(k)a um(k»({xi (k) (7
= FxP(k)F] + F;Q:F/ ®)

where Q; is the covariance matrix of Gaussian random
impulse i(k). 6x  denotes the prior estimate of the error-
state 0x, P~ (k) is the prior error-state covariance, and P (k)
is the posterior error-state covariance.
Assumption 3. Assume the nominal-state coincides with the
true-state initially, i.e. we have the error-state estimate with
zero initial condition 6x (k = 0) = 0 [11].

Since we adopt the same reset process (Section II-E) as
Section 6.3 in [11], (7) always remains zero according to
Assumption 3.

D. Filter Update

For measurements on the vector space y,, = h,,(x¢)+n,,
ESKF-Q adopts same update equations as ESKF [11],

K= P_H;(HMP_H: + Nu)_1> 0% = K(yu —hu(x))
9)
.
P = (1-KH, )P~ (I-KH,) +KNK" (10)

with time index k dropped. H,, is the Jacobian matrix of
the measurement function h,, with regard to the error-state.
For the orientation measurement model on R* in (5), the
Jacobian matrix is calculated as

H, = HoxXox; Hox = [0axs [dolz  Oaxe) s

where X5 follows the same definition in [11].

However, for measurements on the unit quaternion group
S? as (4), the innovation signal could not be implemented
with (9). Thus, in our proposed ESKF-Q, we define the
innovation signal to exploit the error-state property with the
measurement equation (4) and correpsonding noise proper-
ties (Assumption 2).

(1)

Definition 1. Define the innovation signal on S? as
a(k) 2 Log (hj(x(k) @ (k) ) € R?,

where Log(+) : S* — R? is the inverse mapping of Exp(-).
Expand (12) with (3), (4), and (2),

a(k) = Log (h3(x(k)) © ho(x:(k)) © )

(12)

:Log<q ®Qt k) ®Qn{’/o})
= Log (5 ) ® Exp (l/o)), oqr = Exp (60L)
~ 601 (k) + 11 (50, (k))vo, (13)

where (-)* denotes the quaternion conjugation and the inverse
of right Jacobian on S? [11], [18] is

1 14 cos ¢) 9
[qbu] (¢2 2¢sin ¢ [pul
Owing to Assumption 2, the first-order approximation for
the logarithm in (13) holds by the linearization around the
local representation of the error rotation vector 66y, Derive
the posterior estimate of the error-state as

SHow) =T+ 5 (14)

ox(k) = K(k)au(k)
ox(k) ~ K(k)Csgox(k) + K(k)I 71 (001 (k))vo,  (15)
where Cs9 = [ngg I3 ngg] is a constant selection

matrix mapping 6x to d0p.

To derive the optimal Kalman gain K, (k) in the sense of
minimizing the trace of the error-state covariance, we write
the definition of P(k) and P~ (k) in (8) as

P(k) 2 cOr(éx(k) - 5&(/;)) (16)
P (k) 2 cOr(ax(k) - 53{(/{)) - Cor<5x(k)>, (17)

where Cor(-) is the correlation of a stochastic signal. The
covariance propagation with our posterior error-state estimate
(15) could be derived as follows,

x(k) — ox(k) ~ (1 - K(k)ng)dx(k)

~K(k)J7H(00L(k)ve  (18)

P(k) ~ Fc(k)Cor(éx(k))F;r(k)
+ K(k)Cor(J;I(k)uo)KT(k) (19)
F.(k) 2 (1 - K(k)cég). (20)

Simplify (19) with (17), and Assumption 2 and 3 to derive
P(k) ~ F.(k)P~ (k)F, (k)

+K(k)J (00 (k))Nod, T (00, (k)K (k).

According to the ESKF framework in [11], since the poste-

rior true-state estimate is not yet injected, E[6x] = 0x =

0 and E[x;] = x. Hence, by Assumption 3, (14) could be
reduced as

21

37106, (k) = 3, (BlsOT (0)]) =Ts, @)
and (21) could be simplified as
P(k) = Fo(k)P™ (k)F] (k) + K(k)NKT (k),  (23)

which is similar to (10) with the Jacobian H,, replaced by
Cse, as reported in [5].

Finally, with the covariance propagation formula in (23),
Kopt (k) could be derived as follows,

8tr(P(k))
IK(k) ‘K(k):Kopt(k)
Kopt (k) 2 P~ (k)Co (CsaP ™ (k)Clp +

NO) e
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E. Injection and Reset

We follow the ESKF framework [11] with the same
injection and reset process as

%¢(k) = x(k) ® 0x(k)
ox (k+1)=0, P~ (k+1) = G(k)P(k)G' (k)

(25)

with G(k) being the Jacobian matrix of the reset function
g(+) in Section 6.3 of [11].

III. EXPERIMENTAL RESULTS

We compare the quantitative results on the odometry
evaluation task for a commercial quadrotor of the proposed
ESKF-Q to the ESKF with and without orientation measure-
ment on R* as (5) (ESKF-g4d). Both ESKF, ESKF-Q, and
ESKF-q4d are implemented with C++ library Eigen and
runs on an i7 8-core 16GB RAM laptop with 100Hz.

A. Experiment Setup

a) Commercial Quadrotor
We adopt Ryze Tello , a small quadrotor with size 150
mmx 150 mm and weight 87 g, for the odometry evalu-
ation experiment. Communication between our laptop and
Tello is addressed via ROS [19] with an unofficial wrapper
tello_driver [20] for Tello . From tello_driver,
IMU linear acceleration a{fl, angular velocity wf”n, and orien-
tation measurement in quaternion g2 are available at around
20 Hz, so as the velocity measurement from the vision
positioning system of Tello v© under a space-fixed frame
O. The measurement model of linear velocity v© could be
derived as
ho(x;) = REp7, no ~ N(0,No)

yo =v? = ho(xt) + ne.

(26)
27)

ay, = Yo in 4 and g, = Yo, in (6) with qo =
qar-5, being the rotation from inertial frame {Z} to initial
gyrometer frame {By}. In our proposed ESKF-Q, we adopt
both measurements in our filter framework with v© updating
the filter via (9)-(10) and qﬁ via (15), (24), and (23).

b) Filter Initialization and Parameters

We adopt the same parameter set and initializa-
tion for all three ESKF method. o7 = 107%(s72),

o2 = 107*m?s™*), 02 = 1078(s7®), and o2 =
10~8(m?s~5), which constructs Q; in (8) following Section
5.4.2 in [11]. N, = 107513 in (3), N,, = 107°L, in (5),
and Npo = 107513 in (26). We set the inertial frame {Z}
coincide with {O} so RE = I;.

The constant offset rotation qy = qz_p, 1S estimated
during the filter initialization by

Qo =dzr-8, =95 @95 (28)

We model the uncertainties on the orientation model in (3)
and (5) by,

Qopb = do @ Ag{Afu}, ue R3, [[lu]] =1, (29)

where u is the axis vector of qg. The perturbed measurement
model adopts (29) instead of (28) as the constant offset rota-
tion. Such fixed uncertainty could happen in case the drone

is moved after the filter initialization or the transformation
between {Z} and {By} is not modeled correctly in prior.
c¢) LiDAR and Marker Measurement

To provide a space-fixed measurement for the position of
Tello, a Velodyne’s Puck LiDAR (VLP-16) screwed on a
tripod is mounted on the floor at the height of 1m. To extract
the position of Tello from the point cloud data pj;qqr,; for
the i-th frame, we filter out the background points by the
distance threshold d;;, € R and the bounding box B C R3,
and then calculate the mean position of the points Piidar,i-
Let the desired set of points denote as Q; = {p € P;| ||p| <
dinr, p € B} with P; being the set of points received from
VLP-16. The mean position of desired points is

Pilidar,: = Z p]/|QL|

P;€Q;

(30)

To provide a space-fixed pose measurement of Tello, we
stick a thin foamboard on Tello with ArUco markers attached
on it, and relative poses from marker to camera are extracted
via OpencCV library. The measured pose of Tello is given by

€2y
(32)

q? =qc—7 ®qn—c @ dB—M
T 7 I.C
Pc =P7.c + RePeoms

where {M} is the marker frame on Tello and {C} is the
stand-alone camera frame. qu/— ¢, pg _s are measured
from markers and qc—,7, 95Mm, P%_.o, RZ are known
parameters.

B. Performance Comparison with Unperturbed Orientation
Measurement Model

Experimental results of three square trajectories (Sq-1, Sg-
2, and Sq-3) and three circular trajectories (Cir-1, Cir-2, and
Cir-3) carried out via Tello are summarized in this subsection
(Table I). The unit of metrics regarding position, orientation,
and experiment time are in meters, radians, and seconds
respectively. We compute the error between unit quaternions
as the geometric error on S3, and the error between vectors
simply as the 2-norm. With position references from (30)
and (32) and orientation references from (31), the position
and orientation errors listed in Table I are computed by

p: — idar||2 Cir'.a 1 =1,2,3

¢ = { IPe ~ Priderlle, -t ¢ (33)
||pt_pC||2a Sq_lv 1= 1a2a3

eerr = ||L0g(él: & qg) H27 Sq'ia 1= 17 27 37 (34)

where * denotes the true-state estimate from (25). Consid-
ering the visibility of markers for circular trajectories, the
pose measurement is not provided by markers and thus only
position measurement from LiDAR is available.

From Table I, both ESKF-Q and ESKF-q4d have signif-
icant improvement in terms of the orientation estimation as
compared to ESKF, which even undergoes a large orientation
root-mean-square errors (RMSEs) of 3.055 in flight Sq-2.
The difference in position estimates between three methods is
apparently smaller, since Tello have provided linear velocity
measurement under a space-fixed frame (26) such that the
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TABLE I

POSE ESTIMATION COMPARISON BETWEEN ESKF [11], ESKF-Q4D [11], AND ESKF-Q. OUTPERFORMING RESULTS ARE MARKED IN BOLD.

ESKF [11] ESKF-q4d [11] ESKF-Q
Flight Pos. Pos. Orient. Orient. Pos. Pos. Orient. Orient. Pos. Pos. Orient. Orient.
RMSE err. max RMSE err. max | RMSE err. max RMSE err. max | RMSE err. max RMSE  err. max
Sg-1 0.472 1.033 0.448 1.204 0.471 1.029 0.312 0.908 0.468 1.029 0.312 0.911
Sq-2 0.609 0.976 3.055 6.134 0.613 0.970 0.327 0.969 0.613 0.973 0.328 0.970
Sq-3 1.214 1.610 0.710 1.197 1.214 1.612 0.322 0.749 1.215 1.613 0.321 0.742
Cir-1 0.299 0.504 - - 0.306 0.512 - - 0.306 0.516 - -
Cir-2 0.529 0.763 - - 0.533 0.763 - - 0.536 0.769 - -
Cir-3 0.428 0.578 - - 0.427 0.577 - - 0.427 0.579 - -
=== lidar ESKF ® st === marker ESKF ESKF-q4d ® ESKFQ
e ESKF-Q ESKF-q4d
60 60
<7 05K g e
al V] 40 [ F 4 . . . : . . .
,« s *.‘\ 1.50 40 40 ’8\ 0 10 20 30 10 50 60
. Y L5 Z
R L0 E 20 i 20
oy -
PRRied ywane o
3 o —1.5 T T T T T T T
0 10 20 30 40 50 60
60
1.5 1
E 1.0
40 £
S 054
0.0 1

Fig. 2. The visualization of 3D trajectories from VLP-16 measurement,
ESKF-Q, ESKF, and ESKF-g4d for flight Cir-1 in the inertial frame {Z}.
Colorbars indicate the time stamps of trajectory points from compared
methods.

error of the estimated orientation would not propagate to the
estimate of pZ, p’ drastically.

Figures 2 to 4 illustrate the discrepancy of estimated states
between ESKF and ESKF-Q for flight Cir-1 in detail. Fig.
2 and Fig. 3 reveal that the odometry estimated by all
three methods possess apparent drifts in both the y-axis
and z-axis of {Z}, and Fig. 4 indicates that ESKF-Q and
ESKF-g4d estimate small magnitude of bias terms from the
noisy IMU linear acceleration and angular velocity, while
ESKF calculates obvious larger bias terms to compensate

the estimated circular motion in Fig. 2 and Fig. 3.
C. Performance Comparison with Perturbed Orientation

Measurement Model

Experimental results of applying the perturbed constant
offset rotation (29) to the measurement model on S? (3) and
the measurement model on R* (5) for state estimation of
flight Sq-1 and Cir-1 is shown in Fig. 5 and Fig. 6. As the
proposed ESKF-Q adopts the geometric error representation
on S? in Definition 1, the orientation uncertainties would be
measured with convergent state estimates. In contrast, vector
subtraction on R* (9) adopted by ESKF-q4d is not valid for
larger perturbation angle A#@, in turns causing pose estimates
diverge. Note that ESKF does not consider the orientation
measurement model, and thus not affected by qg.

T T T
0 10 20 30 10 50 60

Fig. 3. Comparison of estimated position from VLP-16 measurement,
ESKF-Q, ESKF, and ESKF-g4d for flight Cir-1 in the inertial frame {Z}.
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Fig. 4. Comparison of estimated bias from ESKF, ESKF-Q, and ESKF-q4d
with measured values of linear acceleration and angular velocity from IMU
for flight Cir-1.

IV. CONCLUSION

In this paper, we derive the innovation signal (Definition
1) for an orientation measurement model on S* explicitly
considering the geometric error representation on S® and
the quaternion-based ESKF framework [10], [11]. We coin
the quaternion-based ESKF framework with such innova-
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e sql A0 = 0.087 A sql A0 =0.17 ® sql A= 0.34

Fig. 5. Orientation error profiles of ESKF, ESKF-Q, and ESKF-q4d for
flight Sq-1 with differnet magnitude of perturbation angle. All x-axis ticks
are time stamps in second.

sql AG ~ 0.087
— sql A0~ 0.17

— sql A0 = 0.34
cirl Af =~ 0.087

cirl A9 ~ 0.17
cirl Af ~ 0.34
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T T T
0 10 20 30 10 50 60

Fig. 6. Position error profiles of ESKF, ESKF-Q, and ESKF-q4d for flight
Cir-1 with different magnitude of perturbation angle. All x-axis ticks are
time stamps in second.

tion signal as ESKF-Q and compare the state estimation
performance with original ESKF with and without quater-
nion measurements as R* vectors (ESKF-q4d and ESKEF,
respectively). Quantitative comparison of different odometry
estimation tasks using a closed-platform commercial UAV
demonstrates an improvement in orientation estimates of
using quaternion measurement in both representations with
comparable position estimates. Nonetheless, in case of model
uncertainties on the orientation measurement, state estima-
tion results of ESKF-q4d diverge owing to the violation of
small-angle assumption on the orientation innovation signal
using vector subtraction, while the state estimates of ESKF-
Q converge closed to the perturbed angle, thanks to the
innovation signal using geometric error representation on S3.
We conclude that ESKF-Q provides a better approach for
fusing an orientation measurement model on S? than ESKF-
g4d and ESKEF, especially for those offboard state estimation

where orientation measurement comes in a lower frequency.
Further research could include comparisons of the fusion of
orientation measurement and different sensor suits using the
proposed ESKF-Q, and the improvement in state propagation
of ESKF-Q when sensor packets are lost.
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