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Abstract—Mobile robots frequently navigate on roadmaps,
i.e., graphs where edges represent safe motions, in applications
such as healthcare, hospitality, and warehouse automation.
Often the environment is quasi-static, i.e., it is sufficient to
construct a roadmap once and then use it for any future
planning queries. Roadmaps are typically used with graph
search algorithm to find feasible paths for the robots. Therefore,
the roadmap should be well-connected, and graph searches
should produce near-optimal solutions with short solution paths
while simultaneously be computationally efficient to execute
queries quickly.

We propose a new method to construct roadmaps based on
the Gray-Scott reaction diffusion system and Delaunay triangu-
lation. Our approach, GSRM, produces roadmaps with evenly
distributed vertices and edges that are well-connected even in
environments with challenging narrow passages. Empirically,
we compare to classical roadmaps generated by 8-connected
grids, probabilistic roadmaps (PRM, SPARS2), and optimized
roadmap graphs (ORM). Our results show that GSRM con-
sistently produces superior roadmaps that are well-connected,
have high query efficiency, and result in short solution paths.

I. INTRODUCTION

To use path finding algorithms such as A* for robot motion
planning, a discretization of the environment is necessary.
A common approach is to discretize the environment as a
grid. However, such gridmaps generalize to non-rectangular
environments ineffectively. More generally, an environment
can be discretized to a roadmap, which is a graph where
vertices are locations that the robot can occupy, and the edges
are possible motions between these locations. A simple graph
search in this roadmap will result in a feasible motion through
the given environment. The quality of the path is measured
by its length and directly determined by the construction of
the roadmap, assuming an optimal graph search algorithm.

The construction of a roadmap has multiple goals. First,
the roadmap should be well-connected, such that any two
vertices are connected by a path. Second, the roadmap should
allow for efficient queries, i.e. it should have few vertices,
because this improves the planning time when searching for
a path. Third, the roadmap should allow for short paths
between any two vertices. Finally, it is desirable to compute
or update roadmaps efficiently. Our work focuses mostly on
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Fig. 1. Example roadmap with 290 nodes and 957 edges on the map Slam
from Fig. 3d. Blue dots are the vertices of the roadmap, black lines are
the edges. The red line is an example path with a length of 0.479. The
roadmap was produced from the simulation of the Gray-Scott system shown
in Fig. 2d.

the path length while maintaining connectedness and query-
efficiency. The roadmap it built once and then used for any
path finding query. Therefore, the query-efficiency and path
length of the roadmap are more important properties than the
computational efficiency of its construction. While generally,
roadmaps are often constructed in high-dimensional spaces,
e.g., for manipulators, we focus this paper and the evaluation
explicitly on the two-dimensional case that is common for
mobile robots.

A reaction diffusion system is a class of partial differential
equations that model the diffusion of substances and their
reaction with each other. This model can produce spotted
patterns [1] that fill a given space, see Fig. 2d. It can be
seen that these spots have a similar density throughout the
accessible space. This allows the generation of a roadmap
graph by using the center points of these spots as vertices
and connecting them locally by edges. To find the edges, we
use the Delaunay triangulation [2]. The resulting roadmap is
depicted in Fig. 1. We call this approach Gray-Scott Model
Based Roadmap (GSRM).

II. RELATED WORK

The basic idea of Probabilistic Roadmaps (PRMs) is to
sample random points from the given configuration space and
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(a) At the beginning of optimization
after random initialization.

(b) After 10 simulation steps.

(c) After 500 simulation steps.

(d) After 10000 simulation steps.

Fig. 2. Concentration of substance U over time. The grid size is [ = 300. Black areas are obstacles, where the concentration is zero. The brighter the
color, the higher the concentration of substance U. It is visible how the spotted pattern emerges.

connect these with motions generated by a local planner [3].
These roadmaps are constructed once and can then be queried
multiple times at runtime. These queries can be performed
with a classic graph search like A* [4] to retrieve viable
motions through the given configuration space. A review over
different PRMs is given in [5].

One version that is asymptotically optimal is called PRM*
[6]. Here, vertices are connected to more vertices compared
to the traditional PRM, to ensure asymptotical optimality. As
a drawback this makes maps denser, which leads to more
expensive path finding queries. Since it is not delivering
sparse roadmaps, we do not evaluate against it.

The alternative approach called SPArse Roadmap Span-
ner (SPARS) maintains near-optimality, but it additionally
enforces the sparsity of the roadmap [7]. It consists of one
dense asymptotically optimal roadmap, similar to PRM* and
an additional spanner of that graph that maintains sparsity
by only adding new points if necessary for path quality
or connectivity. SPARS2 is an extension that improves the
computational performance of the roadmap construction [8].
We evaluate our approach against SPARS2, because we
consider it to be the state of the art in terms of sparsity
and path length. We will show that our roadmap produces
shorter paths with the same number of vertices.

Another work constructs a roadmap by focussing only on
critical sections, e.g. doorways [9]. This can also lead to a
sparse graph. However, we want to construct a graph that
spans the whole configuration space because we want to use
it for the full path of the robot.

Roadmaps can also be built tailored to specific queries.
Rapidly-exploring Random Tree (RRT), introduced by
LaValle [10], involves the incremental growth of a tree-like
structure from an initial pose. This growth is achieved by
systematically sampling potential new poses and verifying
their connectivity within the environment. In our research,
we place particular emphasis on the multi-query approach
to motion planning instead. Rather than constructing a new
roadmap for each navigation task, we aim to leverage a
roadmap that has been pre-computed and encodes informa-

tion about the environment.

It is also common to construct roadmaps using Voronoi
graphs [11]. For example, [12] proposes a method to build
a roadmap by using so-called local clearance triangulations.
This method can be used to generate paths with an arbitrary
clearance. There are also approaches to generate general-
ized Voronoi diagrams for sensor coverage [13]. A method
that uses Hamilton-Jacobi Skeletons for dynamic topological
SLAM maps is [14]. A similar approach can also be used
to generate navigation roadmaps for robot exploration [15].
SphereMap [16] builds a roadmap for UAV exploration in
subterranean environments by sampling spherical segments.
A roadmap for exploration of mobile robots can be built by
sampling disks and connecting them with a visibility graph
[17]. We do not consider these methods in our evaluation,
because they are optimized for area coverage of a sensor or
for exploration, not for path planning.

Roadmaps can also be specifically constructed for multiple
agents. For example, by optimization [18] or hierarchical
segmentation [19]. In [20], SPARS is used to plan trajectories
for heterogeneous swarms of different aerial and ground
robots. Optimized Roadmap Graph (ORM), presented in [18]
initializes the roadmap poses randomly and optimizes them
by minimizing the length of randomly sampled paths. We
evaluate GSRM against it in the evaluation section. While
generally, the multi-agent use case can also be solved by the
roadmaps we propose, it is not the focus of this paper.

Reaction diffusion systems are a class of partial differential
equations that model the diffusion of substances and their
reaction with each other. They can show complex patterns,
also called Turing Patterns [21]. One of the most famous
examples is the Gray-Scott system [22]. When simulated in
a grid, it produces spotted patterns [1] as can be seen in
Fig. 2.

Reaction diffusion systems have been used in robotics
before, for example in robot navigation [23]-[26], controller
synthesis [27], exploration [28], and sensor coverage [29].
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III. PROBLEM FORMULATION

Let Cqee C R? be the free space of the environment. Let
V C Cfree be the vertices of the roadmap. And let £ C V x V
be the edges of the roadmap. This forms the roadmap G =
(V,€).

We assume planning queries to be defined by a start
location s € Cgee and a goal location g € Crree. In Cree,
we define the continuous path e : R = Cree from s to g.
We use the vertices closest to s and ¢ as start vertex vs and
goal vertex v, respectively, i.e.

vs = arg min|jv — s||
veV

(D

vy = argmin|lv — g||,
veY

where ||-|| is the Euclidean distance.

The discrete path 7y : {0,1,...,

7 (0) = vy and 7, (n) = vy, where

n} — V is defined by

Vie{0,1,...,n—1}, (5 (i), 7 (i + 1) €& (2)
Its length is defined as
length (7¥) := an (i +1) — 7536 3)

Let IL'Y be the set of all discrete paths from v, to v,. Then
the shortest path between v, and v, is defined as

7'y = arg min length (ﬂ'zg) .

SE ~ 1758
oy €I

“4)

We define the length of the path 7 in Cpe. as the geometric
length of the shortest discrete path which includes the dis-
tance from s to the first vertex and the distance from the last
vertex to g:

1) = Length (#3F) + [#F(0) — sl|+ |73 (n) g |

&)

The goal of the roadmap construction is to find a roadmap

G that minimizes the expected length of the paths while

limiting the number of vertices in the graph to a maximum
number 7pax:

length (7

P(s,g)length (7#) s.t. [V| < npax.  (6)

arg min
(5,9) ECree X Cree

In this paper, we assume P(s,g) to be a uniform distribu-
tion over Ciee X Cree-

IV. GRAY-SCOTT SYSTEM

To generate the roadmap we first need to define vertex
positions in free space. For this, we use the Gray-Scott
system [22]. The Gray-Scott system is a simplified model of
a chemical reaction-diffusion system. It models two chemical
substances that react with each other and move by diffusion.
The substances are generally called U and V and their
chemical reaction is defined as

U+2V — 3V, (7

where © — y means that reactants x yield products y.

Additionally, the system models a constant addition of
substance U according to the feed rate A as well as a constant
removal of V' according to the kill rate B. The diffusion of
the substances is quantified by the diffusion parameters Dy
and Dy respectively.

For a certain configuration of the aforementioned variables
A, B, Dy, and Dy, it produces stable spotted patterns that
fill a given two-dimensional space [30].

A. Simulation

We simulate this system in a grid of [ x k cells, where
u € R and v € R*F are the concentration of sub-
stance U and V, respectively. The Gray-Scott Model Based
Roadmap (GSRM) Construction in Algorithm 1 describes the
simulation of the Gray-Scott system. We will elaborate the
algorithm in the following.

Algorithm 1 Gray-Scott Model Based Roadmap (GSRM)
Construction
I: Inpl‘It: As B9 DU’ DV, l’ k, Cfree, Up, Up, Ui, Up

2: Output: V, £

3: u < random_uniform(l, k, u;, up)
4: v + random_uniform(l, k, vy, vp,)
s: for [0, N] do

6: V(z,y) & Cree : u(x,y) < 0

7: (x Y) & Coree : v(z,y) + 0

8: — DyAu —uv? + A(1 — u)
9: g“ < DyAv+uww? — (A+ B)v
10 u % u+ 5—;‘

11 Vvt S

o
]
=
=9
=y
s

max v

. 1 ifo(z,y) > 55
: Uthreshold < .
{O if v(z,y) < B2

14: contours < find_contours(Vireshold)
15: Vo

16: for contour € contours do

17: center «+ average(contour)

18: V < VU {center}

19: end for

20: Viummy ¢ make_vertices_in obstacles(Cree)
21: £+ O

22: triangles < delaunay(V U Viummy)
23: for (a,b,c) € triangles do

24: for e € {(a,b), (b, c), (c,a)} do

—_
(98]

25: if free(e,Ceee) then
26: E+ Eu{e}

27: end if

28: end for

29: end for

30: return V, £

Let u; and wu; be the lower and upper bounds of the
concentration of substance U and v; and v;, be the lower
and upper bounds of the concentration of substance V. We
initialize u with values between u; and w; in line 3 and
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(a) Map Plain.

(b) Map Den.

(c) Map Rooms. (d) Map Slam.

Fig. 3. Maps used in evaluation. Gray and black areas are obstacles. White areas are free space.

v with values between v; and vy in line 4. The function
random_uniform (l, k,x,y) returns an | x k matrix filled
with values, each independently sampled from the uniform
distribution of values between x and y.

At the borders of the grid and in obstacles, we set both
concentrations to zero in line 6. This stops the pattern from
spreading into these regions. In line 8 and line 9, we calculate
the update for the concentrations of the substances according
to the following differential equations:

0
5—1; = DyAu — uv® + A(1 — u)
®)
0
5—1; = Dy Av +uww? — (A + B)w,

where A is the Laplace operator and all other operations are
performed element-wise.

The update is performed in a loop, N times. See Fig. 2 for
an example of the concentration of substance U at different
states of the simulation.

B. Identifying Vertices

Based on the result of the simulation of the Gray-Scott
system, we have to identify the separate spots in Fig. 2d and
use them as vertices V of the roadmap to produce a result
as shown in Fig. 1. First, we transform the concentration of
substance V' into a binary image by thresholding it at half of
the maximum concentration in line 13 of Algorithm 1. Then
we apply the border following algorithm [31] to separate the
spots in line 14. The function find_contours () is called
on the binary image x and returns a list of unique contours,
each represented as a list of points. The lists include all the
outermost points per contour, i.e. those that have the value 1
and at least one neighbor with the value 0.

Based on the contours, we estimate the center of mass of
each spot. We take the average over all points of the contour
in line 17. Here, the method average(contour) takes the
points that are part of the contour of the given spot and return
their centroid. The result is a set of points V that are the
vertices of the roadmap.

To avoid artifacts in the following step, we need to addi-
tionally create dummy vertices in line 20. These are vertices

that are located in the non-free areas of the environment.
If they would not exist, the following Delaunay triangulation
would produce a lot of small, acute triangle in the areas close
to obstacles. However, these vertices will not be considered
in the final roadmap.

C. Identifying Edges

The next step is to identify the edges £ of the roadmap. We
use the Delaunay triangulation [2] for this purpose. The result
is a set of triangles calculated in line 22 of Algorithm 1. In
lines 23 to 29 we add an edge between each pair of vertices
that are connected by a triangle side iff the edge (a, ) is free,
meaning that the straight line between a and b is a subset of
Cfree:

free ((a,b),Cree) = (tb+ (1 — t)a) € Chree, Vt € [0,1]. (9)

V. EVALUATION

The Gray-Scott Model Based Roadmap (GSRM) algorithm
is implemented in C++ using methods from the OpenCV
library'. The source code is publicly available?.

For the evaluation we rely on four maps with different
properties, that are all located in the unit square [0, 1)%:

o Map Plain in Fig. 3a is an open square with no obsta-
cles. This map demonstrates how the roadmaps allow
the agents to move in an open space.

e Map Den in Fig. 3b is from a path-finding benchmark
[32]. Its special property is that it has comparatively
organic shapes and we use it to evaluate the performance
of the roadmaps in a more complex environment.

o Map Rooms in Fig. 3c is a map with 4 rooms connected
by narrow corridors. One of the corridors is curved and
we want to check how and if the roadmaps can connect
through it.

e Map Slam in Fig. 3d is a map that was achieved by
running SLAM on a real robot in a household environ-
ment. It was included to evaluate the performance of the
roadmaps in a real-world environment.

Ihttps://opencv.org/
Zhttps://ct2034.github.io/miriam/iros2024/
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(a) Example of a roadmap with 290 vertices and (b) Example of a roadmap with 272 vertices and (c) Example of a roadmap with 270 vertices and
963 edges generated by the GSRM algorithm. The 520 edges generated by SPARS2. The path has a 932 edges generated by ORM. The path has a

path has a length of 1.134, which is the shortest length of 1.401.
path of all evaluated roadmaps.

length of 1.381.

(d) Example of a roadmap with 282 vertices and (e) Example of a gridmap with 298 vertices and
1207 edges generated by PRM. The path has a 877 edges. The path has a length of 0.413.

length of 0.448.

Fig. 4. Examples of roadmaps generated by different algorithms in map Rooms. The red line is an example path. The paths for GSRM, SPARS2, and
ORM share the same start and goal points, while the paths for PRM and Gridmap also share the same start and goal points. The last two examples use a
different path query, because the query from the first examples are not successfully computable with them.

PARAMETERS FOR THE GSRM ALGORITHM.

Parameter | N Dy

B u; up U vp

Value | 10000 0.14

0065 08 1.0 00 02

We compare the GSRM algorithm with the following

algorithms:

o SPArse Roadmap Spanner 2 (SPARS2) [8]. Fig. 4b
shows an example of a roadmap generated by SPARS2.
Note that we did not find hyperparameters for SPARS2
to generate roadmaps with as small number of vertices

as we achieved with the other algorithms.

o Optimized Roadmap Graph (ORM), a variant of
[18] where all edges are undirected. Fig. 4c shows an

example of a roadmap generated by ORM.

« Probabilistic Roadmap (PRM) [3]. Fig. 4d shows an

example of a roadmap generated by PRM. We used an
implementation where vertices are connected if they are
within a distance ¢ of each other. We set § such that the
number of edges is the same as for GSRM.

Gridmap, an 8-connected gridmap that has all vertices
and edges removed that are in obstacles. Fig. 4e shows
an example of a gridmap.

For all algorithms, we have chosen sets of parameters such
that the number of vertices is similar across the algorithms. In
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Fig. 5. Average path length regret of the shortest path between two random
points in Cgee for different roadmap types. The shaded areas show the
standard deviation across 100 trials. GSRM provides the shortest paths in
maps other than Plain.

the GSRM algorithm, we can control the number of vertices
by changing the resolution [ = k. For the other parameters,
see Table 1. These values are necessary to produce a robust
spotted pattern in the simulation.

For the evaluation, we approximate the distribution in (6)
numerically by a 100 discrete pairs of points per configura-
tion.

A. Path length

We evaluate the quality of the roadmap by measuring the
path length of the shortest path between two random points in
Ctree- For all roadmap configurations 10 roadmaps were built.
All roadmaps are evaluated with the same 100 pairs of points.
The path length is evaluated according to (5). To find the
shortest path in the roadmap graph, we use the A* algorithm
[4] from the Boost library® with the Euclidean distance as
heuristic.

Fig. 5 shows the average path length regret of the shortest
path between two random points in Cye for different roadmap
types on different maps. The regret per datapoint is calculated
by

regret = (plother - plGSRM)/plotheﬁ

where pl ;. refers to the path length produced on the
respective other roadmap, while plgggy refers to the one
on our roadmap.

It shows that the GSRM algorithm generates roadmaps
with a lower path length than the other algorithms in all maps
except Plain. In the map Plain, the 8-connected gridmap
produces shorter paths, because it is denser in terms of edges
per vertex. Maps that are more structured, such as Den and
Rooms, show a larger difference in path length between the

3https:www.boost.org
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Fig. 6. Success rate of the different algorithms for the path planning. A
success rate of 1.0 means that all 100 paths were successful. It is visible
that the GSRM algorithm has the highest success rate in all maps.

GSRM algorithm and the other algorithms. This is because
the GSRM algorithm can generate roadmaps that adapt to
the structure of the environment, while especially the 8-
connected gridmap is not able to do so. Generally, for most
roadmaps, the path length regret decreases with the number
of vertices. The benefit of the GSRM algorithm is that it can
generate roadmaps with a low path length even with a low
number of vertices.

For the roadmaps PRM and SPARS?2 it is visible that the
regret increases with a higher number of vertices. This is
counterintuitive because it is generally expected that higher
numbers of vertices lead to shorter paths. But it can be
explained by taking the success rates into account: If less
path queries are successful, those that are still successful may
result in longer paths.

B. Success Rate

We evaluate the success rate of the roadmap by measuring
the fraction of successful path planning queries. As discussed
before, paths are planned between two random points in Crree.
A path then includes the section from the start point to the
first vertex and from the last vertex to the goal point. We
consider a path unsuccessful if there is no path connecting
the two vertices in the roadmap or if there is no free path
on the line between the start point and the first vertex or the
last vertex and the goal point. This was also evaluated for the
100 same pairs of start and goal configurations per roadmap
on 10 roadmaps per configuration.

Fig. 6 shows the success rate of the different algorithms
for the path planning. The GSRM algorithm has the highest
success rate in all maps. This can be the fact that other
roadmaps have a high likelihood of being disconnected on
more structured maps. It is visible that for most roadmaps,
the success rate increases with the number of vertices. The
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Fig. 7. Average number of visited vertices in A* path planning for different
roadmap types. The shaded areas show the standard deviation. GSRM has
a comparable number or smallest number of visited vertices.

benefit of the GSRM algorithm is that it can generate
roadmaps with a high success rate even with a low number
of vertices.

Also for the GSRM roadmap, the success rate is not always
1.0. For example on the map Slam with the lowest number
of vertices. This can be explained by the roadmap not fully
expanding to the small areas of the map that are also visible
in 2d. But since we are sampling these for comparability
with a fixed number of vertices, these vertices are needed
to cover the wider areas of the map and can’t penetrate into
smaller areas.

C. Query Efficiency (Online Runtime)

To evaluate the query efficiency of the roadmap we use
the metric of visited vertices during the A* path planning
algorithm when planning a path between two random points
in Cee- This metric serves as a comparable measurement
of efficiency during the query phase, as the path planning
process is quicker when it expands fewer vertices.

In Fig. 7, we show the average number of visited vertices
in A* path planning for different roadmap types on different
maps. In comparison to the PRM algorithm, the GSRM
algorithm has a similar number of visited vertices to the
lowest number of visited vertices of the other algorithms.
It is visible that there is a positive correlation between the
number of vertices and the number of visited vertices. But
the GSRM algorithm is the lowest for all maps and across
different numbers of vertices.

D. Roadmap Construction (Offline Runtime)

The runtime is an important factor for the applicability of
the roadmap generation algorithm. We measure the runtime
on an Intel Core i7-11850H CPU with 32 GB of RAM. The
GSRM algorithm is expensive to compute, but its runtime

—— GSRM SPARS2 —— ORM —— PRM —— GridMap8

Fig. 8. Runtime of the different algorithms for the roadmap generation. The
shaded areas show the standard deviation. GSRM has the second-slowest
runtime.

never exceeds 10 seconds on any of the maps up to 2000
vertices.

Fig. 8 shows the runtime of the different algorithms for
the roadmap generation. Especially, the SPARS2 algorithm
has a very small runtime. The only algorithm that is slower
than GSRM is the ORM algorithm.

VI. CONCLUSION

We present GSRM, a new algorithm for roadmap gener-
ation for path planning of mobile robots. Algorithmically,
we combine reaction-diffusion systems and triangulation.
Empirically, GSRM exhibits a good tradeoff between path-
length, query-efficiency, and computational effort compared
to the state-of-the-art. In future work, we plan to extend the
algorithm to 3D and to evaluate it in multi-agent scenarios
with distance constraints.
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