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Fig. 1: We propose to augment MPC with a periodic observer to achieve (almost) perfect tracking despite significant model mismatch. A: Sequential
snapshots of a 9768-dim. Finite Element Method (FEM) simulation of a “Diamond” soft robot tracking a figure-8 with our approach. The tracking error
decays to zero asymptotically despite significant model discrepancy and reduces below 1 x 10~2 mm after 50 periods (25 seconds). B: Time-lapse view
of a miniature race car following a reference trajectory using our proposed approach, which reduces the baseline MPC peak error from 14 cm to 2.9 cm.

Abstract— In Model Predictive Control (MPC), discrepancies
between the actual system and the predictive model can
lead to substantial tracking errors and significantly degrade
performance and reliability. While such discrepancies can be
alleviated with more complex models, this often complicates
controller design and implementation. By leveraging the fact
that many trajectories of interest are periodic, we show that per-
fect tracking is possible when incorporating a simple observer
that estimates and compensates for periodic disturbances. We
present the design of the observer and the accompanying
tracking MPC scheme, proving that their combination achieves
zero tracking error asymptotically, regardless of the complexity
of the unmodelled dynamics. We validate the effectiveness of
our method, demonstrating asymptotically perfect tracking on
a high-dimensional soft robot with nearly 10,000 states and a
fivefold reduction in tracking errors compared to a baseline
MPC on small-scale autonomous race car experiments.

SUPPLEMENTARY MATERIAL

Code: https://github.com/Stanford ASL/Pi-MPC
Video: https://youtu.be/vBgiodXCQVQ

I. INTRODUCTION

Model Predictive Control (MPC) [1] is a state-of-the-art
method for reference tracking due to its effectiveness in
enforcing safety constraints and handling nonlinear models.
However, tracking performance is limited by the accuracy
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of the nominal model used to predict the actual system’s
behavior. This prediction model is typically an approximation
of the true and unknown underlying dynamics. The resulting
model mismatch can lead to significant tracking errors and
makes achieving perfect tracking with MPC challenging, if
not impossible.

Recent works have addressed this issue by learning the
residual dynamics of a system with deep neural networks [2],
Gaussian processes [3], [4], or other data-driven methods.
With enough data, these approaches can achieve high track-
ing accuracy. However, optimizing over complex, expressive,
nonlinear models increases the computational burden and can
complicate the controller design and implementation.

Repetitive tasks, and hence periodic trajectory tracking,
play a crucial role across a broad spectrum of applications in
robotics and control. Representative examples include legged
locomotion [5], industrial manipulation [6], and autonomous
racing [7]. Leveraging the periodic nature of these tasks
presents an opportunity to achieve perfect tracking without
the need for complex, data-driven models.

A similar observation has been made in the context of
setpoint tracking. Offset-free MPC schemes [8]-[11] ‘learn’
only what is necessary to achieve the control task. The key
idea is to augment the model and use a disturbance observer
that estimates a constant offset to account for steady-state
error. Thus, despite using a simplified model, the MPC can
achieve exact convergence — but only to a desired setpoint.

Statement of Contributions: In this work, we propose an
extension of offset-free MPC that asymptotically achieves
zero tracking error for general periodic reference signals,
i.e., perfect tracking, despite a large model mismatch. Our
contributions are as follows:
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1) We present the design of a linear observer to estimate
a periodic disturbance that captures model mismatch
throughout the period. The observer ensures that the
model’s output predictions match measurements from
the real system upon convergence.

2) We incorporate these estimated disturbances in a sim-
ple tracking MPC and provide sufficient conditions to
theoretically guarantee that the scheme achieves zero
tracking error asymptotically.

3) While the initial presentation considers linear predic-
tion models, we show how the method can be applied
to nonlinear models and formulate a simple nonlinear
MPC scheme that also achieves exact periodic tracking.

4) Lastly, we validate our approach through

a) Finite Element Method (FEM) simulations on a
9768-dim. soft robot using an MPC based on a
learned 6-dim. linear model (Fig. 1A),

b) hardware experiments on a miniature race car us-
ing nonlinear MPC based on a simple kinematic
bicycle model (Fig. 1B).

Despite the use of simple models, our method con-
sistently achieves significantly lower tracking errors,
reducing them by factors ranging from 4 to over 5000
compared to baseline MPC.

Related Work: The field of control theory has extensively
explored the estimation and rejection of periodic distur-
bances. Frameworks like Iterative Learning Control (ILC)
[12] and Repetitive Control (RC) [13] can improve tracking
accuracy by ‘learning’ from past errors [14]. ILC is tailored
for scenarios where systems undergo a state reset with each
new operation cycle, whereas RC is designed for systems
continuously transitioning across cycles.

Following the Internal Model Principle [15], RC incorpo-
rates a periodic signal generator in the controller, allowing
it to reject periodic disturbances. Formulations combining
RC and MPC were proposed in [16], [17], showing success
on periodically time-varying linear systems. However, RC
and ILC directly utilize the measured error from the last
cycle to update the prediction model, which can lead to
poor performance due to non-repeating errors, e.g., from
measurement noise [18].

In contrast, offset-free MPC methods [8]-[11] avoid such
pitfalls by using a more general disturbance observer to filter
deterministic disturbances caused by model mismatch. The
design ensures zero steady-state error and can balance noise
suppression and convergence rate by tuning the observer.
While this method is successfully used in many implemen-
tations [19], [20], its focus is mainly on setpoint tracking.

From a technical perspective, our work is related to [21],
which generalizes offset-free MPC methods to references
generated by arbitrary, unstable dynamics. By focusing on
periodic problems, we can provide a simpler parametrization
and design for the observer (cf. (4) and [21, Eq. (12)]) and
an effective MPC design for nonlinear systems (Sec. V). The
problem of periodic optimal control with inexact models is
also addressed in [22] using periodic disturbance observers

and modifier adaptation. However, this implementation uti-
lizes knowledge of gradients of the actual system.

Our approach merges the principles of disturbance ob-
servers and repetitive control. By augmenting the MPC nom-
inal model with a lifted periodic disturbance, our approach
extends RC to nonlinear systems with constraints. Using an
observer (instead of direct updates) allows users to balance
noise reduction and convergence speed. By incorporating
offset-free MPC techniques and design principles into RC,
we ensure perfect asymptotic tracking of periodic signals
despite model mismatches.

Outline: We begin by describing the problem setup
(Sec. I). Then, we present the proposed periodic disturbance
observer (Sec. III) and the corresponding periodic tracking
MPC (Sec. IV), including convergence guarantees (Thm. 1).
While this exposition considers linear prediction models for
simplicity, we also discuss how the method naturally gen-
eralizes to nonlinear prediction models (Sec. V). Lastly, we
provide results from simulation and hardware experiments
(Sec. VI) and present our conclusions (Sec. VII).

II. PROBLEM SETUP

Notation: We denote the quadratic norm with respect to
a positive definite matrix @ = Q' by [z[|3 = =" Qu.
Non-negative integers are denoted by Zx(, positive integers
by Z-o, and integers in the interval [a,b] by Z, ;. The
n X n identity matrix is denoted by I,,. The spectrum of
a matrix A is denoted by o(A). The Kronecker product
between matrices A and B is denoted by A ® B.

We consider a discrete-time nonlinear system

1) =f* (acf(t),u(t)) ,
y'(t) = g" («"(1)), (1)
z(t) = Hy'(t),

where ' € R"™ represents the system state, u € R™ the
control input, and yf € R" the output measured at each
time t € Zso. The functions ff and ¢' are assumed to
be unknown. The controlled variable, z € R"~, is a linear
combination of the measured outputs where, without loss of
generality, we assume H has full row rank (n, < ny).

The primary objective for the controlled variable z is to
track a periodic reference signal r(t) € R"" for all time
t € Z>o. We denote the reference period as N € Zxq such
that periodicity of r implies r(¢t + N) = r(t).

We consider a linear time-invariant (LTI) nominal model

x(t+1) = Az(t) + Bu(t), y(t) = Cx(t), (2)

f

with output y € R™ and state z € R"», allowing for n, to
be different from n. We assume that (A, B) is controllable,
(A, C) is observable, and C has full row rank. The model
is subject to the constraints z(t) € X, u(t) € U, Vt € Z>q,
where the sets X and U/ are assumed to be compact.

The goal is to design an MPC scheme where the controlled
variable asymptotically converges to the periodic ref., i.e.,

Jim [12(8) = r(®)] = 0.
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Hence, we assume there exist control inputs such that the sys-
tem (1) can track the reference while satisfying constraints.

To this end, we design a linear observer that estimates
periodic disturbances (Sec. III). We then combine it with a
tracking MPC formulation and establish convergence guar-
antees (Sec. IV). While we initially consider an LTI model
to streamline the exposition, we also extend the method for
application with nonlinear models (Sec. V).

III. PERIODIC DISTURBANCE OBSERVER DESIGN

In this section, we introduce a simple linear observer (7) to
estimate periodic disturbances. These estimated disturbances
should compensate for the deterministic model mismatch. In
particular, we first present an augmented model (4), discuss
its observability (Prop. 1), and end by characterizing the
observer’s convergence properties (Prop. 2).

To capture the model mismatch of the true system (1) with
respect to the nominal model (2) throughout the period N,
we estimate a ‘lifted’ disturbance d € R™V, Specifically,
the lifted disturbance corresponds to N disturbances

T
a0’ .o

where each di(t) € R™v represents the disturbance predic-
tion computed at time ¢ for the expected disturbance at k
time steps in the future, for ¢ € Z>o, k € Zjg,n_1]-

Our goal will be to augment the nominal model (2) with
these periodic disturbances in such a way that the augmented
model is observable, i.e., we can estimate both the state
and disturbance vectors online. For this, we introduce the
matrices B € R"=*™ and C' € R™v*" as design choices
for how the disturbances should act on the state and output,
respectively. Augmenting the nominal model (2) with the
lifted disturbance (3) yields

= [0 7R ] < [E] o
z(t)

d(t) = [do(t)" di(t)"

; “4)

v =[c Tsa) 50,

where Sy = [Iny 0 O} € Rmw>mN g a selection
matrix that picks out the current (first) disturbance, and Sy
advances the disturbance prediction by one time step using
the cyclic forward shift matrix S € RV*N defined as

Q 1 0 O
0 .0
S = 00 o0 1l° Sa=5S®1I,. 5)
10 --- 0
In particular, we have that Sév = I,,n. Due to the

block structure of matrix Sy, all of its eigenvalues A\, =
ei2mk/N | e Zio,n—1 lie on the unit circle, ie., |\ = 1,
and have algebraic and geometric multiplicity of n,. The
case N = 1 corresponds to a constant disturbance, which
recovers the offset-free MPC disturbance model [8]-[11].
Next, we design an observer to estimate the state x and
the disturbance d of the augmented model (4). The following
proposition clarifies when this model is observable.

Proposition 1. The augmented system (4) is observable if
and only if

A-),,6 B
rank { o @l = ety forall A € 0(Sg). (6)
Proof. The proof is provided in the appendix. ]

When Prop. 1 holds, i.e., (4) is observable, the periodic
disturbance d and the state x can be uniquely reconstructed
from a trajectory of y and w. This ensures that a linear
observer can be designed to estimate d, x. In turn, these
estimates will be used in the ensuing predictions of the model
to enable the estimated output to converge to the true output.

Therefore, we must choose B, C such that the observabil-
ity condition (6) holds. The following remark discusses how
to select disturbance models to satisfy this condition.

Remark 1. Suppose for simplicity that the eigenvalues of A
and Sy are distinct'. Then a simple choice of a disturbance
model consists of an output disturbance, B = 0, C = I,
which satisfies condition (6) (cf. [10, Remark 2]). Alterna-
tively, a pure input disturbance can be modeled by choosing
C =0, and condition (6) reduces to choosing B such that
det(C(A —\I,,,)"'B) # 0 Y\ € 0(Sq).

The special case of full state measurement, i.e., C = I, _,
enables a simple design using B = I,, , C = 0, which can
even be directly applied to nonlinear models — see Sec. V.

More guidelines and existing results for the choice of a
disturbance model can be found in [8]-[10].

To estimate the state and disturbance vectors online, we
design a simple Luenberger observer:

F(t+1) A BSsa| [2(2) B
N = ; N t
[d(t + 1)} [o Sa | la@y| *o|m® -
L, R —a A
+ { LJ (=4 () + Ca) + TSad(t)).
Given observability, we can design a stable estimator (7)
using standard techniques, e.g., pole placement or Kalman
filtering. The design of L,, Ly allows users to balance noise
reduction against faster estimator convergence.
When the input and output signals become periodic?, the
observer converges to a periodic trajectory, characterized in
the following proposition.

Proposition 2. Suppose the input and output signal are
asymptotically N-periodic, i.e., u(t + N) = u(t) and y(t +
N) = y(t) for t — oc. Then, the estimator (7) converges to
periodic trajectories X, d that satisfy

[l | W

where we denote My = In @ M for any matrix M, define
Sy = S ® I, as the block-cyclic permutation matrix, and

}7 ®)

'Disjoint spectra 0(A) N (Sy) = 0 are expected in general for random
matrices A. Otherwise, B should be chosen such that A — BC' has distinct
eigenvalues from Sy, e.g., using pole-placement.

2This behavior is expected in cases where the MPC yields bounded

closed-loop trajectories (see Sec. VI).
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introduce uy (t) == u(t+k) and yt (t) := y* (t+k) to express
the periodic trajectories in the limit t — oo as

u(t) = [uo(®)T w(t)T una ()],
Y1) =[O BT vy (0T
%(t) = [0(t)T @1(t)T v

Proof. Periodic input and output with a stable observer (7)
implies that & and d asymptotically converge to a periodic
trajectory with the same period [23]. Thus, as ¢ — oo, we
have d(t + N) = d(t) = SY¥d(t).

Defining e(t) = —y'(t) + C&(t) + Cdo(t) and focusing
on the bottom row of (7) we obtain

N—-1
d(t+N)=Syd(t)+ > Sy Lae(t+j)
j=0
e(t)
— 0=[S)""Ly SaLa L :
e(t+N—-1)

The Nn, x Nn, matrix above is the controllability matrix
for (Sq, Lq), which has full rank since the observer (7) is
stable — see Prop. 3 in the appendix. Inverting, we have

0 =e(i) = —y (i) + Ci(i) + Cd(i), Vi € Zyyryn—17- (9)
Substituting (9) into the top row of (7), we obtain

#(i 4+ 1) = A#(i) + Bd(i) + Bu(i). (10)

Combining (9) and (10) leads to (8). |

Prop. 2 generalizes the theoretical results in [10, Prop. 3]

and allows us to provide convergence guarantees for the MPC

in the next section.
IV. PERIODIC MODEL PREDICTIVE CONTROL (II-MPC)

We now present an MPC scheme that leverages the
observer (7) to asymptotically achieve zero tracking error
for periodic references. The observer provides estimates d
that are used to compute targets X, i (11) for the state and
input, respectively. The MPC problem (13) is then formulated
to minimize deviations from these targets, ensuring the
estimated controlled variable converges to the reference.

A. Target computation
We compute the state and input targets
x(t) = [50()T BT - ava®)]]
a(t) = [ao(t)" a ()T - an_a()7]
at time ¢ using
[AN — S, BN} {x( )] _ { ~Bnd(t)
HnCy 0 | |u(?) r(t) — HyCpnd(t)]’
where Hy = Iy ® H. The targets correspond to the

trajectory X, u that achieves reference tracking for a given
disturbance estimate d(t), analogous to (8) in Prop. 2.

(1)

Consequently, we assume that

A-), B

rank { HC 0

} =ng+n,, YAE€o(Sq). (12)
This condition® ensures that the target computation (11) is
feasible for any disturbance estimate d and any reference r,
see [21]. Condition (12) requires the transmission zeros from
u to z to be distinct from o (.S;), which holds generically for
random matrices and is a necessary condition for tracking
and disturbance rejection for the LTI system [24, Lemma 1].

Having to compute the targets X(t), ti(¢) at each time step
may be computationally expensive or undesirable in practice.
This limitation can be addressed using the alternative [I-MPC
formulation (17) discussed in Sec. V.

B. II-MPC formulation
We now formulate the MPC with horizon length L as

min ||z — z.(t)|% (13a)
UQ sy, —1
L—-1
+ ) Nk — 2@ + e — w17
k=0
S.t. xpy1 = Axy + Bug —I—Edk(t), ke Z[07L_1],
xo=a(t), zp € X, k € Z[I,L]7 (13b)
ur €U, ke Z[O,Lfl]a (13¢)

where Q > 0, R > 0, (A, Q) is detectable, the terminal cost
P is chosen using a linear quadratic regulator (LQR), and we
assume L < N for simplicity*. At each time ¢, the observer
provides the state estimate &(¢) and the estimates dj,(t) for
the expected disturbance k£ time steps ahead. We denote the
optimal solution to (13) with a star (*).

The following algorithm recaps the offline design of the
periodic MPC scheme (II-MPC), which includes the distur-
bance model, the observer, and the LQR design.

Algorithm 1 II-MPC (Offline Design)

Given LTI model (2) and reference period N

Choose B, C such that (6) holds

Design observer gains L,, Ly in (7) (e.g., Kalman filter)
Choose @ = 0, R >~ 0, with (A, Q) detectable

Compute P > 0 using LQR

The following algorithm summarizes the closed-loop con-
trol of (1) with the observer (7) and MPC (11), (13).

Algorithm 2 II-MPC (Online Operation)

At ¢t = 0: Initialize (0),d(0)
for each time t € Zx>( do
Compute targets X(t), t(t) according to (11)
Solve Problem (13) and apply u(t) = uf
Measure 4 (t) and estimate #(t+1), d(t+1) using (7)
end for

3Condition (12) implies n, < ng. When n, < ng, (11) is under-
determined and we use the minimal norm solution.
4Otherwise we repeat the periodic targets to fill the horizon length.
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The considered problem could also be addressed with the
disturbance observer design from [21], which decomposes
general linear signals using eigenmodes. Naively applying
eigenmode decomposition methods to periodic problems fails
to account for sparsity, thus complicating observer design and
MPC target calculations as complexity scales with period
length. In contrast, the proposed periodic disturbance ob-
server provides a simple and efficient MPC implementation
through sequential disturbances in time.

C. Convergence analysis

The following theorem provides the main theoretical result
of this paper, showing that the closed-loop system resulting
from Alg. 2 asymptotically achieves zero tracking error.

Theorem 1. Assume that the MPC problem (13) is feasible
for all t € Zsq, the constraints (13b)-(13c) are inactive
after some time t > j with j € Zx>o, and the closed-
loop system in Alg. 2 converges to a periodic trajectory
denoted by u(t),y(t). Then zero tracking error is achieved
asymptotically, i.e., ||z(t) — r(t)|| = 0 as t = oo.

Proof. The following proof extends the arguments in [10,
Thm. 1] to the periodic reference tracking case.

As t — oo, Prop. 2 implies that the N-periodic sequences
u, yf, 8., and X satisfy (8). By definition, the targets X and 4
satisfy (11). Left multiplying the second row of (8) by Hpy,
and then subtracting (11) from (8) we obtain

(vew 5 [0 =50 = L )]
(14)

Consider a change of variables in the MPC problem (13) to
dxy, = xx—Zk(t) and duy, = up—1uk(t). Since the constraints
are inactive for ¢ > j, the MPC (13) is equivalent to

L—1
min |5z |B+ Y [0xkllf + [|du]F
UQ,.-,0UL 1 o

st. 0zp41 = Adzxy, + Bouy,
drg = i‘(t) — i‘o(t).

k€ Zo,-1)5

Since the terminal cost P is chosen based on the LQR, the
optimal input is given by the unconstrained optimal LQR,
ie., Juj(t) = Koéx(t) = K(Z(t) — To(t)). Furthermore,
given (A, B) stabilizable and (A, Q) detectable, A+ BK is
(Schur) stable. Thus, as t — oo, the top row of (14) implies

(A+ BEK)n — S;) (X(t) — %(1)) =0,
where the left matrix is invertible by stability of A + BK.
Finally, since X(t) —X(t) = 0, the bottom row of (14) yields

Jim [[Hy(®) = r(©) = lim =) ()] =0.

V. IMPLEMENTATION AND CONVERGENCE FOR
NONLINEAR MPC

In the following, we discuss how to generalize the pre-
sented design and analysis to more practical nonlinear MPC
problems. Specifically, we discuss convergence guarantees

with general nonlinear disturbance observers (Sec. V-A), a
nonlinear MPC implementation which does not require the
explicit computation of the targets X, u (Sec. V-B), and
simple designs in case of state measurement (Sec. V-C).

A. Nonlinear disturbance observer - convergence analysis

The augmented linear model (4) is generalized to a non-
linear model

z(t+ 1] _ [f(z(t), ult), Ssad(t)
et | |

d(t + 1) Sad(t) (15)
y(t) = h(z(t), Ssad(t)).
The observer (7) generalizes to
F(t—k 1)} _ {f(@(t),u(t),ssela(t))]
d(t+1) Sad(t) ’ (16)

Ly (1), 2(t), Ssard(t)).

The analysis of this nonlinear periodic disturbance model
is based on a combination of the arguments for nonlinear
disturbance observers in [25] and the proposed periodic dis-
turbance observer (Sec. III-IV). Similar to Prop. 2, if a stable
observer is designed and the input and output trajectories
converge to a periodic trajectory, then the converged esti-
mates satisfy yf(t) = h(&(t), do(t)) (cf. [25, Thm. 4]). Then,
asymptotic tracking of the reference can be ensured if the
MPC design ensures lim;_, | Hh(2(t),do(t))) —r(t)|| = 0
whenever the prediction model is exact.

B. Nonlinear MPC design

Application of the MPC scheme (Alg. 2) with the nonlin-
ear model (15) is complicated by two factors: (i) computing
a periodic target X,u (11) is computationally expensive;
(i1) relating the MPC scheme to an LQR or designing a
suitable terminal penalty P becomes non-trivial. Instead, the
following MPC formulation from [26] provides a simple
solution:

L—1
g, TR kzzo 2k = llG. + llue — un—nll%
st o1 = f(@n, up, di(t), xo = 2(t),
Y = h(zk, di(t)), an
2k = Hyg, k€ Zj 1),
vy, €X, k€Zpyp,
up €U, k€ Zp,r_1,

with @, positive definite. This formulation directly mini-
mizes the error with respect to the reference and regularizes
the input by penalizing non-periodicity. Under suitable tech-
nical conditions (involving stabilizability, detectability, and
non-resonance), this MPC scheme satisfies the desired track-
ing properties, i.e., the reference is asymptotically tracked
when the prediction model is exact if the horizon L is chosen
sufficiently large, see [26, Sec. IV] for details.

C. Nonlinear observer design

The design of nonlinear observers with guaranteed stabil-
ity is generally challenging, but promising results can often
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Fig. 2: Left: Picture of the Diamond robot mesh. The reference figure-eight trajectory for the tip is shown with a dashed black line. The red arrows indicate
the actuator inputs, i.e., applied forces at the elbows. Right: Simulation results illustrate tracking performance over ten periods for a high-frequency, 2D
figure-eight trajectory. We compare a standard MPC scheme (left), offset-free MPC (center), and our proposed MPC with a periodic disturbance observer
(ITI-MPC) (right), all shown in blue. The bottom plots show the tracking error over time. The shading indicates time progression, with lighter shades

representing earlier portions of the trajectory. The dashed black line represents the reference trajectory.

be obtained using a simple extended Kalman filter (EKF).
In the special case of full state measurements y(t) = x(¢),
a simple linear observer can be designed for an additive
disturbance model x(t + 1) = f(xz(t), u(t)) + Ssad(t). The
disturbance observer is given by

d(t+1) = Sgd(t)

- , (1)
+ SgaLa(f(x(t), u(t)) + do(t) — @(t + 1)),

which essentially corresponds to an update of do (t) based on
the difference between the prediction and the new measured
state. Here, the matrix L, should be chosen such that I + L,
is Schur stable, e.g., Lqg = —AI,,, A € (0,1).

Overall, the design from Sec. III-IV is naturally extended
to nonlinear MPC while maintaining the simplicity and
theoretical guarantees for asymptotically perfect tracking.

VI. EXPERIMENTS

We demonstrate our approach’s broad applicability on
two challenging robotic systems with significant model mis-
match, leveraging the MPC outlined in Sec. V-B. First, we
validate the II-MPC scheme in simulation on an underactu-
ated soft robot with nearly 10,000 degrees of freedom, where
we use a simple linear 6-dimensional prediction model. Next,
we apply our method to a real-world miniature race car and
show its ability to achieve near-perfect tracking of a given
reference with a simple kinematic bicycle model.

A. Soft robot finite element simulation

We now apply our approach in simulation to the ‘Dia-
mond’ soft robot (shown in Fig. 2). We compare:

1) an MPC scheme using only the nominal model,

2) the same MPC equipped with a constant disturbance
observer (Offset-free MPC, OF-MPC [8]-[11]),

3) the same MPC with the proposed periodic disturbance
observer (II-MPC).

We demonstrate that II-MPC asymptotically eliminates
tracking error, achieving perfect tracking on a challenging,
high-frequency periodic control task.

TABLE I: Quantitative Evaluation of Tracking Errors in Soft-Robot Sim.
10™ Period 50™ Period
Avg. Max. Avg. Max.
MPC 305 mm 468 mm 30.0 mm 47.4 mm
OF-MPC 186 mm 287 mm 186 mm 28.7 mm
II-MPC 026 mm 0.52 mm 0.004 mm 0.008 mm

We conduct simulations through the SOFA finite-element-
based physics simulator [27]. The Diamond robot mesh is
available in the SoftRobots plugin [28]. The robot features
four actuators, shown in red in Fig. 2, each pulling at an
elbow. The robot’s physical parameters match those reported
in [29]. The output measurement, ', is the 2yz position of
the robot’s tip at time k and at time k& — 1. Following the
framework outlined in [29], we regress a continuous-time
linear model by collecting decaying trajectories and iden-
tifying a low-dimensional subspace with latent coordinates
x(t) € RS.

For MPC, we discretize the model with a time step of dt =
0.01 s. To achieve real-time control, we select a prediction
horizon of L = 15 steps. This configuration results in solve
times of approximately 3 ms across all MPC schemes. Since
the learned model’s A matrix has no eigenvalues in common
with S, we choose a disturbance model with B =0, C = I,
cf. Remark 1. Finally, the observer gains in (7) are calculated
using a Kalman filter, with resulting magnitudes of closed-
loop eigenvalues between 0.68 and 0.98.

The control task has the robot’s end effector tracing a
figure-eight along the zy—plane, with freedom in the z-
direction. The figure-eight trajectory has an amplitude of 35
mm and a frequency of 2 Hz, corresponding to a period of
N = 50. No random noise is added to the simulation.

Fig. 2 illustrates the superior tracking performance of our
method relative to the baseline methods across ten periods,
with quantitative results detailed in Table 1. The standard
MPC scheme exhibits poor closed-loop tracking performance
and fails to track the desired high-frequency trajectory, as
the learned linear model does not give accurate predictions
of the full nonlinear FEM system. The offset-free distur-
bance observer improves performance but still exhibits large
tracking errors as it tries to estimate a constant disturbance,
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Fig. 3: Experimental results illustrate tracking with a race car. We compare a standard MPC scheme and the same MPC with the proposed periodic
disturbance observer (II-MPC), all shown in blue. The shading indicates time progression, with lighter shades representing earlier portions of the trajectory.

The dashed black line represents the reference trajectory.

despite the model mismatch being time-varying. Instead, our
approach properly considers the disturbances at each point
throughout the trajectory. As expected from the presented
theory, II-MPC ensures that the tracking error decays to zero
asymptotically despite significant model discrepancy. In fact,
after 50 periods, the peak error reduces below 1 x 10~2 mm.

B. Miniature race car experiments

In the following, we showcase the practicality of the
proposed approach in realistic conditions through hardware
experiments — see Fig. 1B. The experiments were conducted
on a miniature RC car (scale 1:28) in combination with the
CRS software framework; for details on the overall code
framework and the involved hardware see [30]. The MPC
uses a simple kinematic bicycle model for the car [31]:

Px =veos(y + B),  py =vsin(¢ + B)
¥ =v/l,sin(B), ©=a, [ =arctan <l l+rl tan(5)>
r f

€ :[vapvaav]—r u = [6»04]—'—7 z = [vapy}—ra

where p, /,, are the positions, ¢ is the heading angle, v the ve-
locity, 3 the slip, ¢ the steering angle, and a the acceleration.
The state = is measured using a Qualiysis motion capture
system. As discussed in Sec. V, we use the observer (18), and
the design consists of choosing a gain matrix Ly € R*** that
determines convergence speed. Experiments are conducted
with Ly = —diag(0.1,0.1,0.2,0.2).

The periodic reference is chosen as a physically feasible
trajectory on the racetrack based on past experiments. When
solving (17), we penalize non-periodicity of du/dt instead
of u to yield smoother operation. The MPC problem (17) is
solved online using acados [32]. The overall implementation
considers a prediction horizon of L = 40, a period length of
N = 231, and a sampling period of 40 ms.

In the experiments, we compare a naive MPC implemen-
tation, using only the model, with the proposed I1I-MPC
approach, which additionally uses the periodic disturbance
observer. The experimental results are illustrated in Fig. 3.
Quantitative results are summarized in Table II. Both MPC
formulations provide identical results in the first lap. After
ten laps, II-MPC has an average error approximately 4 times
lower than the MPC baseline. Over the course of sixteen
laps, the naive MPC implementation continues to show peak
errors over 14 cm, while the proposed formulation reduces

TABLE II: Quantitative Evaluation of Tracking Errors in Race Car Exp.

5% Lap 16™ Lap
Avg. Max. Avg. Max.
MPC 6.19cm 1421 cm  6.15cm  14.23 cm
II-MPC 554 cm 804cm 142cm 291 cm

the peak tracking error below 3 cm. Although the theory
suggests convergence to zero error, the presence of non-
deterministic effects, such as noise and delays, may result
in small fluctuations.

Overall, the baseline MPC exhibits significant tracking
errors and oscillations caused by the model mismatch. In
contrast, the proposed formulation achieves almost perfect
tracking after a few periods. Notably, the proposed approach
has minimal design complexity and is implemented in a
modular way in addition to an existing MPC implementation.

VII. CONCLUSION

Our work shows that including a periodic disturbance
observer in MPC is a simple and effective method to remove
tracking errors for periodic references. Specifically, we have
shown that the proposed II-MPC is

« casily implemented on top of an existing MPC scheme
with both linear or nonlinear models,

« characterized with theoretical guarantees, and

o validated numerically and experimentally to achieve
minimal tracking errors, even with significant model-
system mismatches.

Non-periodic problems are left for future work.

APPENDIX

Proof of Prop. 1. This proof extends the results in [10,
Prop. 1] to periodic disturbances. From the Hautus observ-
ability condition [33, p. 272], the observability of system (4)
is equivalent to

A— A, BSy
rank 0 Sy :)JnyN =ng +nyN, (19)
C CSSC]
for all A € C.

When A\ ¢ o(S;), we have that Sg — Al n is full
rank. Furthermore, since (A, C) is observable, the Hautus
condition on (2) implies rank ([(A —A,)7T CT]T) =
n.. Thus, the left and right sides of the matrix contribute n,
and n, N independent columns, respectively, and (19) holds.
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When A € 0(S;), we have A = )\, = e2™/N | ¢
Zjo,N—-1)- Since the geometric multiplicity of each A is n,,
the dimension of the null-space of Sy — Ax I, N is ny. The
rank-nullity theorem implies that rank (Sd — )\k[ny N) =
ny (N —1). These n, (N —1) columns are clearly independent
from the left side of the matrix and can be removed from
the Hautus condition (19), yielding

A— )\kl Ng Essel
C Cssel
Disregarding the additional zero columns introduced by

multiplying B and C with Sy yields the rank condition
(6). Thus, condition (19) is equivalent to (6). |

rank =Ny + Ny.

Proposition 3. Assume the observer (7) is stable. Then the
controllability matrix for the pair (Sq, Lq) is full row rank.

Proof. By stability of the observer (7), we have that

A—,, +L,C (B + L,C)Sl
det ([ de Sd - )\InyN + LdCSsel:|> 7& 07

for all unstable eigenvalues, |A| > 1. Hence, for all A €
0(Sq4), the bottom n, N rows must be full row rank, i.e.,

nyN =rank ([LqyC  Sq— My, N + LyCSse)
— rank ([Ld Sq — )‘InyN] |:€ CSse1:|> ’

InyN
= rank ([Ld Sq — /\InyN]) .

The last equality leverages the full row rank of C', ensuring
the upper triangular matrix also has full row rank. The claim
now follows from the Hautus Lemma [33, Lemma 3.3.7]. W
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