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Robust Backstepping Controller with Adaptive Sliding Mode Observer for a
Tilt-Augmented Quadrotor With Uncertainty Using SO(3)
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Abstract— The conventional quadrotor is incapable of con-
trolling position and orientation independently. To mitigate
this deficiency, we use a tilt-augmented quadrotor for greater
mobility in a constrained environment. When the rotors tilt
in a tilt-augmented quadrotor, it leads to changes in moment-
of-inertia. This changes in the moment-of-inertia and external
disturbances will introduce uncertainty terms into the model.
In this paper, we design an adaptive super twisting sliding mode
observer which guarantees finite time estimation of uncertain
terms with unknown maximum bound. With the help of this
observer, a backstepping controller using SO(3) is developed
to establish exponential convergence to the desired trajectory.
The exponential convergence of the backstepping controller
and finite time convergence of the observer are shown using
the Lyapunov approach. Hardware experiments are performed
to compare the performance of both the existing controller
and our proposed controller and corresponding videos are at
https://www.youtube.com/watch?v=brTdSUYvciM.

I. INTRODUCTION

In the recent decades, quadrotors have gained recognition
in both industrial and military sectors, for example, aerial
photography, surveillance, and search and rescue missions.
This is due to their compact size, vertical take-off and
landing capabilities, agility, and ease of deployment. The
primary drawback of quadrotors is that this are underactuated
systems, which makes it challenging to perform maneuvers
in tight or confined spaces. To address this challenge, a
tilt-augmented quadrotor is presented in this paper. The
initial exploration of this design concept is detailed in [1]
and experimentally validated in [2]. In the work by [3],
they achieved a successful tracking and landing of a tilt-
augmented quadrotor on a moving vehicle, while maintaining
desired roll and pitch angles at zero. In [4], they introduce
a control law based on differential flatness for achieving ag-
gressive maneuvers. However, this control approach doesn’t
decouple the position and orientation. On the other hand, in
[5], a quasi time optimal control strategy for tilt-augmented
quadrotor is used, ensuring stability even in the presence of
constant disturbances during translational motion. In all these
works, the control law stabilized the system, but they may
not be robust to external disturbance and moment-of-inertia
uncertainties. In [6], a robust linear controller is developed
which effectively handles uncertainties in moment-of-inertia
parameters but not external disturbances. In [7], a quaternion
based robust controller is designed for tilt-quadrotor where
the model is linearised about the zero angular velocity. The
main drawback of using unit quaternions is their inherent
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ambiguity, as two different quaternions represent the same
rotation. To achieve a globally unique representation, special
orthogonal matrices (SO(3)) are employed to represent rigid
body rotations [8].

In a tilt-augmented quadrotor, the system’s performance
is influenced by both external disturbances and uncertainty
in the moment-of-inertia. As a result, there is a requirement
to design an adaptive STSMO, capable of estimating un-
certain terms in a finite time, even when the uncertainty
bounds remain unknown. Unlike conventional quadrotors,
the tilt-augmented quadrotor has the ability to independently
control the position and orientation. An adaptive STMSO
and backstepping controllers based on SO(3) are developed
for the position and orientation control separately. This
approach guarantees exponential convergence of the position
and orientation of the tilt-augmented quadrotor to the desired
trajectory even in presence of external disturbance and inertia
uncertainties. Thus, the main advantages of the proposed
approach is summarized as follows,

1. A finite time convergence of the estimation of the
uncertain terms in the presence of an unknown
uncertainty bound.

2. Exponential convergence of the position and orien-
tation of the tilt-augmented quadrotor to the desired
trajectory.

The paper’s organization is as follows: Section II outlines
the mathematical model for the tilt-augmented quadrotor.
Section IIT introduces the adaptive STSMO in conjunction
with the backstepping-based controller. Hardware results are
showcased in Section IV, and a summary of the work can
be found in Section V.

II. MATHEMATICAL MODELING

This section deals with the dynamic model of a tilt-
augmented quadrotor. The readers are referred to [1], [3], [6]
for detail mathematical model. The control torque M, € R?
and the control force F, € R? are defined in body fixed
frame. The thrust F; and moments M; generated by the it"
rotor are decomposed along the body-fixed frame using the
tilt angles (a;) as references. The control torque M, € R?
and the force F;, € R3 with respect to tilt angles and
rotor speeds are given in [6]. The kinematics governing the
rotation of the tilt-augmented quadrotor can be expressed as
follows:

R = Ry, 1)
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where R € SO(3) representing the orientation of the body
fixed frame with respect to the inertial frame. The rotation
dynamic model of the tilt-augmented quadrotor in body fixed
frame is described as follows [9],

Jwp = wp X Jwp + My + Ty. 2)

where x is the cross product of two vectors, T4 € R3,
wp € R3, and J € R3*3 represents disturbance torque,
angular velocity, and the moment-of-inertia matrix in body
fixed frame, respectively. The translation dynamics of the
tilt-augmented quadrotor is given by,

mp = RF, +m[0,0,9]" + Fy, A3)

where p € R? is the position vector with respect inertial
frame, g is the acceleration due to gravity, m is the mass
of the tilt-augmented quadrotor and F; represents the dis-
turbance force acting in inertial frame.

Based on dynamics and kinematics of the tilt-augmented
quadrotor given in (1)-(3), uncertain terms are the force F
and torque T, disturbances and the moment-of-inertia 7.
In the next section, we design an observer which attempts
estimates the uncertain terms in finite time. Later with the
help of this observer, we design a backstepping controller to
track the desired trajectory.

III. STSM OBSERVER AND CONTROL DESIGN

The objective of this work is to make the tilt-augmented
quadrotor to reach the desired position and orientation in
presence of external disturbances and uncertain moment-of-
inertia J. The tilt-augmented quadrotor has the ability to
independently control its force and torque in any direction
[10]. This helps to design the controller for attitude and
position separately. When the rotor tilts the moment-of-
inertia changes. Thus it is necessary to design a robust
controller for the tilt-augmented quadrotor dynamics. Based
on dynamics given in (2), consider the nominal rotation
dynamics given as,

Jwp = wy x Jwp + My, + T4, “4)

where 7 is nominal moment-of-inertia matrix, T4 € R3 and
@y, € R3 are the estimation of the uncertain terms. Similarly
given translation dynamics given in (3), the nominal linear
velocity dynamics of the tilt-augmented quadrotor is given
by,

mv = RF, +m[0,0,9]" + Fq, Q)

Next we design a observer such that w, converges to wy and
v converges to p in finite time and design the backstepping
based controller to track the desired trajectory.

A. STSMO for Rotational Dynamics

The primary objective is for w; to converge to w; within
a finite time. To achieve this, a conventional super-twisting
sliding mode based observer is developed. Consider sliding
surface o := [0, 02, 03] € R3, defined as:

o=Jwy,— Jwp (6)

Using (2), and (6), the time derivative of the o is
c=My;—-Ty (7

where My = Ty + (J — J)wp — wp x (T — J)wy be the
c_umulative uncertain terms. Based on STSMC structure [11],
Ty in (4) can be designed as,

Td =kM,+T,

T, = kosign(o) ®

where M, = [/|o1[sign(o1), \/|o2|sign(o2), v/|o3|sign(os)],
and kl = diag([km, k172, k1,3]), ]{2 = diag([kg,l, kg,g, k2,3])
are adaptive gain matrices. The adaptive law for the gain
matrices is

. aé .
kmf=w¢; ifoi 720 wi=[1,2,3. (©

0, else

where k() = 0.5¢k(1 4, k1,4(0) > 0,Vi = [1,2,3] and
w, "y, € are positive constant.

Lemma 1: Suppose the derivative of Mg is bounded, that
is, |[My||.o < D € R*. For the system (7) and T, given
in (8), with the adaptive gains k1 and ko given in (9), then
both o and & converge to [0,0,0]" in finite time 7.

The detailed proof of the Lemma 1 is discussed in proposi-
tion 2 of [12].

From Lemma 1, both o and & converge to [0,0,0]" in
finite time 7. Thus from (7), Ty(t) = My(t), Vt > T.
From the proof of Lemma 1 o is a decreasing function with
respect to time [12]. Thus, for V¢ < T, the magnitude of
||[Tg — My||o remains bounded, that is, ||Tq — Mylls <
€, € RT.

B. Backstepping Controller for Rotation Dynamics

The goal here is to design the control torque M, in a
way that aligns the body-fixed frame with the desired frame.
Let the desired orientation with respect to inertial frame be
denoted as R4. The orientation of body fixed frame with
respect to the inertial frame is defined as,

Re=R,R (10)

The objective here is to design the controller such that R =
R4, that is R, = I3. Thus the candidate error function ¥ :
SO(3) — R [13] be defined as,

W:%UUQQ—RJ} (11)

where K is positive diagonal matrix with distinct eigen val-
ues. Using rotation kinematics, the desired angular velocity
wy 1s calculated as,

D4 =Ry Ra. (12)
The wy is in desired frame, and w is in body fixed frame.
Since there are in different frames of reference, the angular
velocity error is defined as,

We = wp — R wa, (13)
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The time derivative of W is given by [14],

U = ejw., (14)

where ep = £(KR. — R} K)Y. The ¥ is both upper and
lower bounded by,

biller|l5 < ¥ < bsllerl[3 (15)

where b; and by are positive constant. The proof of (15)
and expression of b; and by are given in [14]. Consider the
Lyapunov candidate as (11), using (14) and (13), the control
input for wy, is

w, = —K,e, + R;rwd. (16)

where K, is the positive definite matrix. The time derivative
of w, is

Wy = K (KRG + @R K) + Rl wg — @R wa.

From (14), if w, = w; then ¥ = —e K, e,. Thus(ige):
angular velocity error is defined as,
e, = Wy — Wp. (18)
The augmented Lyapunov function is take as,
Ve =W+ %ezjew 19)

Using (2) and (16), the time derivative V3 is
Vg = —eTTKTeT + eI(jwu —M, —M,; —wp X jwb — er)

(20)
Using (20), the control torque My, is
M, = —e, —wp X Jwp — Tqg + Kpew + Jwu.  (21)
Using (21), the (20) reduces to,
Vs =—e K.e. —eKye, —e, (Ta— M) (22

From Section IITI-A, V¢ < T, || Ty —Myl|2 < €4, and ¥t > T
Td = Md.

Theorem 1: For the system (2), with control law given in
(21) and observer given in (8), for time ¢ < 7' the error e,
remains bounded by,

lewlls < maX{Hew(O)Hza 23)

€q
and for time t > T, both e, and e, reaches [0,0,0]"
exponentially.

Proof: When time t < T, consider the augmented
Lyapunov function given in (19) and its derivative given in
(22). The Vj is lower bounded by,

V?» < _)\min(Kr)HeT”% - /\min(Kw)Hec/J”% + llewl|2¢€a

, (24)
The V3 is negative for the region when,
€a
wll2 > ————. 25
. €q
Since V3 is negative outside the region ||e,]|]2 < oK)

thus e,, remains bounded and the bound is given in (23) _for
time ¢t < T. When time ¢ > T, from Lemma 1, My = T4.
Using this, we have (22) as,

Vs < —min(Amin (Kuw)s Amin (5)) ([lew|[3 + ler|[3)
Vs < —2min (/\mm(Kw), A’”ZiiK)) V.
(26)
Thus from the expression (26), the controller given in (21)

and (8), after time T}, both e, and e,, converge to [0,0, 0]
exponentially. [ ]

C. STSMO for Translation Dynamics

The objective here is to design the observer such that v
converges to p in finite time. Let the sliding surface v :=
[v1,v2,v3] € R3 be defined as,

v =mp — mv. 27
Using (3), (27), the time derivative of the v is
v=F;—F,. (28)

Based on super twisting sliding mode controller (STSMC)
[11], Fy in (28) can be designed as,

Fd = k3fv + fw (29)
£, = kysign(v)

where f, = [/]v1][sign(v1), \/|ve|sign(vs), /|vz|sign(v3)] T,
and k3 = diag([ks1, k3,2, k3,3]), ks = diag([ka,1, ka2, ka,3])
are adaptive gain matrices. The adaptive law for the gain
matrices is

v
w\/;, if il 20 wi—11,2,3.  (30)

0, else

k(&i) =

where k() = 0.5¢k(3;, k34(0) > 0,Vi = [1,2,3] and
w, 7Y, € are positive constant.

Lemma 2: Suppose the derivative of Fq is bounded, that

is, ||]:5‘d||OO < D; € RT. For the system (28) and F; given
in (29), with the adaptive gains k3 and k4 given in (30), then
v and v converge to [0,0,0]" in finite time 7).
The detailed proof of the Lemma 2 is discussed in proposi-
tion 2 of [12]. From Lemma 2, both v and v converge to
[0,0,0] " in finite time 77. This implies that from (28), F4
converges to 'y in finite time T},. From the proof of Lemma
2 v is a decreasing function with respect to time [12]. Thus,
for the time 0 < t < T, difference between F, and F,
remains bound which is given by ||Fq — F4|| <€, € R*.

D. BackStepping Controller for Translation Dynamics

Let F,, = RF, +m[0,0,g]" be the control force in the
inertial frame. From (3), linear dynamics reduces to,

mp = Fo + Fa. 31)

From Section III-C, we know that F converges to Fy in
ﬁnite time, thus we design the control force as F,, = F, —
F,. The objective here is to design F. such that p tracks
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the desired position pg. For this a backsteeping control law
is developed. The translation error e, be defined as,

€p = Pd — P- (32)

Let a positive definite Lyapunov function in terms of e, is
L T
‘/1 =3 €p

= e; (33)

The time derivative of e is €, = pg — p. Assuming p to be
the control input for the €,, the control law for p is

pu = pd + erp- (34)

where K, is a positive definite matrix. If p,, = p then 1%
in (33) turns out to be V; = —e;erp < 0. Thus, the error
between p, and p be defined as,

e, =Ppd+ Kpe, —p (35)
Let the augmented Lyapunov function be defined as,
Vo = ie;ep + %e;rev 36)
Using (34) (35), the time derivative of V5 is given by,
Vo = e, (e +Pa+ Kpe, —P) —e, Kpe,  (37)
Using (37), the control law is given by,
F., =m(e, + Pa + Kpé, + Kye,) —Fg,  (38)

where K, is a positive definite matrix. From (38), the Fy, is

F, =R (F, —m[0,0,9]7). (39)
Substituting (38) in (37) we get,
Vo =—e)Kye, —e) Kpe, +e) (Fg—Fq). (40)

From Section III-C, F converges to Fy in finite time T),.
Theorem 2: For the system (3), with controller law given
in (38) and observer given in (29), for time ¢t < T},

€
feuli < max {0, % |
and for time ¢t > T}, e, and e, exponentially converges to
[0,0,0]T.
Using proof given in Theorem 1, a similar steps is followed
to prove Theorem 2.

Remark 1: In practical implementation, the controllers are
discretized using Euler approximation, and the presence of
noise in the sensor data can introduce residual errors in the
feedback signal. As a result, the sliding surfaces v and o do
not converge to zero in finite time. This lack of convergence
causes the adaptive gains given in (30) and (9) to remain
unbounded. To address this issue and bound the gains, the
adaptive law is modified as proposed in [12],

(41)

, o .
sy = w\/;s1gn(|vi| —p1), if kg; > km’ (42)
7, else

. v . .
k(l,i) _ o.)\/;mgn(|ai| — /,62), if kl,i > km’ (43)
7, else

where 7, k,, is positive constant, z1, peo are small positive
constant, k3 ;(0) > ky, and k1;(0) > ky,.

The map from control torques (21) and forces (39) to
corresponding rotor speeds and tilt angles is in [10].

IV. RESULTS
A. Control Parameters

The selection of gain matrices for the position backstep-
ping controller (K, K,) and the orientation backstepping
controller (K., K,,) must ensure that the controller band-
width requirements are met. As the rate of convergence
increases, the controller’s bandwidth also increases. Thus,
the maximum convergence rate is limited by the bandwidth
of the controller. From Theorem 2 and Theorem 1, which
describe the exponential convergence of errors to zero, the
maximum exponential rate of V5 for time ¢ > T}, can be
calculated using (36) and (40) as:

Va > —25,V5 (44)

where d, = max{Anaz(Kp), Amaz (Ky)}. From (36), since
e, and e, are quadratic in V5, the maximum convergence
rate of e, and e, is given by Jy,.

Similarly, for time ¢ > 7', the maximum exponential rate
of V5 using (19) and (22) is given by,

‘./3 Z _2611‘/3

maX{Amam (Kr)a Amam (Kw)}
min{bl, /\min (j)}

imum exponential rate of e, and e, is J,. For a linear
system, the exponential rate of convergence is equivalent
to the system’s bandwidth. Consequently, the choice of
gain matrices is based on the required bandwidth of the
controller. It’s worth noting that increasing the adaptive gain
parameters (7, €, w) results in more chattering in the observer.
Therefore, the adaptive gain parameters are carefully chosen
to minimize chattering in disturbance estimation.

The controller gains used in the this paper are given in
Table. L.

(45)

where 6, = . Thus the max-

TABLE I: Controller gain values

Parameters Values Parameters Values
K, diag([1, 1, 1]) w 1
K, diag([2, 2, 2]) € 0.1
K diag([1,1.2,1.3]) | p1 0.01
K diag([3, 3, 3]) M2 0.001
Ky 0.2diag([1,1,1]) | n 0.1
¥ 2 km 0.05

B. Hardware Results

1) Hardware Description: Figure 1 shows the tilt quad-
copter developed in-house that has been used for the exper-
iments. The main frame of the tilt quadrotor is made up of
carbon fiber tubes and plates. Each arm is equipped with a
dual-shaft servo motor positioned at its extremities. We used
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Fig. 1: Tilt-augmented quadrotor developed in-house.

Pixhawk 2.4.8 [15] running PX4 firmware version 1.10.2.
Communication between the vehicle and the ground station
is facilitated by a 433 MHz telemetry module. Additionally,
a global positioning system (GPS) receiver provides global
position feedback. In this experiment, a waypoints in position
and step command for orientation is given as reference. The
waypoints are selected to form a rectangle, with the four
points labeled as A([0,0,-5]), B([0,-20,-5]), C([9.5,-20,-5]),
D([10.5,0,-5]). When the vehicles reaches a safe height from
the ground a switch from the radio transmitter is triggered to
set the desired attitude. The desired attitude for the roll (¢),
pitch (f) and yaw (v) is set as [10°,10°,0°]". For ease of
visualization, Euler angles are employed to depict the results.
For the conversion of rotation matrices to Euler angles and
vice versa, readers are directed to [16].

2) Existing Work: Here, the performance of the existing
quasi-time optimal control (QTOC) designed in [5] is tested
on our tilt quadrotor. Given the waypoint, the position
tracking for QTOC is shown in Fig. 2. From the figures,
it is observed that the vehicle takes 8 seconds to reach point
A from the ground with tolerance band of +0.5 m. From
waypoint A, the vehicle takes 10 seconds to reach waypoint
B with a tolerance band of 0.5 m. From waypoint B, at the
start, the vehicle undershoots to 2 m and reaches waypoint C
in 10 seconds; this may be due to external disturbance. From
point C, the vehicle moves to waypoint C in 10 seconds and
then to waypoint D in 5 seconds.

In Fig. 3, the attitude tracking performance of the existing
QTO controller designed in [5] is illustrated. As observed in
Fig. 3, the vehicle undergoes oscillations of magnitude £2°
and +4° from the setpoint for roll and pitch, respectively.
The settling time with a tolerance band of +2° is 1 second
for roll, and pitch.

3) Proposed Controller: Here, the performance of the
proposed controller discussed in Section III with the control
parameters given in Table I is evaluated. Given the waypoint,
the position tracking of the proposed controller is shown in
Fig. 4. From the figures, it is observed that the vehicle takes
8 seconds to reach point A with a tolerance band of £0.5
m. The vehicle takes 10, 5, and 10 seconds to move from A
to B, B to C, and C to D, respectively.

In Fig. 3, the attitude tracking performance of the pro-
posed controller designed in Section III-A is illustrated. As
observed in Fig. 3, the vehicle settles within +2° tolerance
band for roll, and pitch. The vehicle settles within +2°, £2°
and £2.2° for roll, pitch and yaw, respectively.

From the position tracking of the proposed controller

and the existing controller presented in Figs. 2 and 4,
it is observed that the existing controller overshoots due
to the presence of external disturbance, which is not the
case for the proposed controller. Similarly, for the attitude
tracking presented in Figs. 3 and 5 of the proposed con-
troller and existing controller, it is observed that the existing
controller oscillates +4° in pitch, whereas the proposed
controller remains within 4+2°. Thus, the proposed back-
stepping controller with adaptive STSMO outperforms the
existing QTOC [5] in terms of overshoot and steady state
performances. The video of this experiment can be seen in
https://www.youtube.com/watch?v=brTd5UYvciM

V. CONCLUSION

This paper discuss the development of a robust con-
troller for the tilt-augmented quadrotor. In a tilt-augmented
quadrotor, the system’s performance is affected by external
disturbances and uncertainties in moment-of-inertia. Unlike
conventional quadrotors, the tilt-augmented quadrotor has
ability to independently control the position and orientation.
Thus, in this work, an adaptive super twisting sliding mode
observer is designed for position and orientation separately
to estimate the uncertainty terms in finite time. The backstep-
ping stepping controller based on SO(3) is designed assuring
exponential convergence towards the desired trajectory. The
experiments are carried out in outdoors to validate the
performance of the controller. The results indicate that the
proposed combination of the adaptive super-twisting sliding
mode observer (STSMO) with a backstepping controller
exhibits superior tracking performance in comparison to the
existing controller designed for the tilt-augmented quadrotor.
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