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Efficiently Obtaining Reachset Conformance for the Formal Analysis
of Robotic Contact Tasks

Chencheng Tang and Matthias Althoff

Abstract—Formal verification of robotic tasks requires a
simple yet conformant model of the used robot. We present
the first work on generating reachset conformant models for
robotic contact tasks considering hybrid (mixed continuous and
discrete) dynamics. Reachset conformance requires that the set
of reachable outputs of the abstract model encloses all previous
measurements to transfer safety properties. Aiming for indus-
trial applications, we describe the system using a simple hybrid
automaton with linear dynamics. We inject non-determinism
into the continuous dynamics and the discrete transitions, and
we optimally identify all model parameters together with the
non-determinism required to capture the recorded behaviors.
Using two 3-DOF robots, we show that our approach can
effectively generate models to capture uncertainties in system
behavior and substantially reduce the required testing effort in
industrial applications.

I. INTRODUCTION

Contact tasks [1] represent an increasingly large share
of robotic applications [2], [3]. Verifying specifications of
a contact task using traditional testing methods can take
several hours even after minor modifications to the system
(e.g., [4, Sec. V]). To efficiently guarantee the safety and
success of contact tasks, reachability analysis has been em-
ployed [5], which computes the set of states or outputs that
are reachable by a system model and captures all possible
behaviors for formal verification. However, we still require
appropriate models to capture all possible behaviors of a real
robotic system to transfer verification results.

To address the aforementioned problem, we synthesize
models of contact tasks that are reachset conformant. Reach-
set conformance requires that all measurements of an im-
plementation are enclosed by the set of reachable outputs
of the abstract model [6]. Reachset conformance is nec-
essary and sufficient for transferring safety properties [7];
alternatives, such as trace conformance [8] and simulation
relations [9], are not considered, because these properties are
harder to achieve for robotic systems considering arbitrary
disturbances and sensor noise [10, p. 2].

To over-approximately capture the errors between the
behavior of a model and its complex real counterpart, non-
determinism is injected. For example, [11], [12] consider
uncertainties in the initial state and the input, while [10],
[13] add errors to the flow and output function. In the field
of robotics, reachset conformance has provided promising
results in dynamics modeling [12], human-robot interaction
[14], and position control [10], but hybrid dynamics have not
yet been considered.
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Tools for formal analysis [15]-[19] commonly require
simple models, and linear dynamics are usually preferred
for better computation efficiency in real-world robotic appli-
cations [10], [12], [14]. Consequently, the trade-off between
the simplicity of the model and the required non-determinism
is crucial; an overly conservative model obviously cannot
provide accurate verification results. Conformance synthe-
sis addresses this by automatically determining the non-
determinism required for establishing reachset conformance.
Recent works have shown that the synthesis problem can be
optimally solved with linear programming when sets are rep-
resented by zonotopes [10], [11]. For hybrid systems, these
techniques have not been examined yet, and conformance
synthesis has only been done in a heuristic way for analog
circuits [13], which uses a precise simulation of the real
system to determine the process error and then encloses real
measurements by bloating the reachable sets — a sufficiently
precise model is usually not available for contact tasks with
complex dynamics.

We present the first work in optimally synthesizing reach-
set conformant models for hybrid systems. Also, it is the
first time that reachset conformance is established for robotic
systems with hybrid dynamics considered. We show and
examine our approach using a constrained collision scenario,
which is essential in contact tasks and is therefore often
used in industrial standards (e.g., [20]) and applied research
(e.g., [21]-[23]). Non-determinism is introduced to capture
not only the uncertainties in the continuous process but
also the errors introduced by discrete transitions. All model
parameters, including the transition conditions, are identified
by optimizing the non-determinism.

We first introduce the preliminaries and formalize the
problem in Sec. II. Contact task scenarios are modeled in
Sec. III. We introduce the approach for synthesizing reachset
conformant models in Sec. IV. Our approach is evaluated on
two 3-DOF planar robots in various testing conditions in
Sec. V.

II. PRELIMINARIES AND PROBLEM STATEMENT

This section poses the problem after recalling some pre-
liminaries. We denote vectors by bold lowercase letters (e.g.,
a), matrices by bold uppercase letters (e.g., A), lists by sans-
serif font (e.g., A = (a,b)), tuples by typewriter font (e.g.,
A = (a, B)), and sets by calligraphic font (e.g., .A). We use
SI units unless stated otherwise.

A. Preliminaries

In this work, we represent sets by zonotopes [24]:
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Definition 1 (Zonotope): Given a center ¢ € R™ and a
generator matrix G = [g1, ..., g,] € R™*", a zonotope is

n
Z={c,G):= {m:c+ZﬁiQi Bi € [—Ll]}-

On zonotopes, many operations can be exactly and efficiently
computed [25], such as Minkowski addition and linear trans-
formation (Z, = (¢, Ga), Zp = (cp, Gb)):
Z,02Zy:={a+blac Z,,bec Z}={(c,+ ¢, [Ga Gp)),
MZ.={Mx|zec Z}=(Mc, MG).

We evaluate the size of a zonotope using its interval norm
I1ZIlr =27, llgill1 (see [11, Def. 5]).

To describe the hybrid dynamics, we formalize contact
tasks as hybrid automata similar to [26]:

Definition 2 (Hybrid Automaton): A hybrid automaton H
has multiple discrete states referred to as locations or
modes, where M, represents the m-th location. With non-
determinism injected, H consists of:

e Flow of each location & € f,,(x,u) ® W,, describ-
ing the continuous dynamics with flow function f,,,
continuous state x € R", input u € RS, and process
disturbance set W,,.

o Output of each location y € I, (x,u) ® Vy,y € R
with output function [,,, and measurement error set V,,.

« Invariant sets of each location Z,,, C R™ describing the
region where the flow function f,, is valid.

e A list of discrete transitions, where the g¢-th transi-
tion Q = (Gq, rq(x), Qq, Sq, dq) contains a guard set
G, C R™, areset map &’ € ry(x) ® Q, that defines the
continuous state after transition &’ with reset function
rq(x) as well as transition disturbance set Q,, and
84, dq, which are indices of the source and destination
location, respectively.

The evolution of a hybrid automaton H is illustrated in
Fig. 1 and is informally described as follows: Given an initial
location with index mg and an input sequence u[-], where
we use [-] to denote a sequence and [k] to denote the k-
th time step, the continuous state starts from initial state
xo € AXp and evolves following the flow function f,,, (x, u)
with a disturbance w(:) € W,,,. The output is the result of
the output function I,,,(x,uw) with an error v(-) € V.
When « is within the guard set of a transition, the state
may transit to the corresponding target location in zero time,
but it may also stay in the same location until leaving the
invariant set Z,,,,. In case several guard sets are hit at the
same time, the transition is chosen non-deterministically.
After a transition Qq, the continuous state is updated by the
reset function 74 (x) with a disturbance g € Q, added, and
the result becomes the initial state in the new location where
the evolution continues. Accordingly, we denote a possible
output trajectory of the system by £(t, o, mo, u[]).

B. Problem Statement

We model a contact task as a hybrid automaton with
linear dynamics, which is defined by a vector of model
parameters p and lists W,V Q respectively storing W,,,, Vin

. reachable sets
state trajectory

unsafe &y —
N7 |

invariant Ay
—

location My

reset map

T Xo

halfspaces

T1 location My

location M3

Fig. 1. State evolution in a hybrid automaton.

of each location and Q, of each transition. For reachset
conformance, we check whether the reachable sets of the
output of H enclose the measurements collected from the
real implementation.

Definition 3 (Reachable Set): Given a hybrid automaton
H defined in Def. 2, an initial location indexed as mg, an
initial set Xy, and an input sequence w[| assuming zero-
order hold, the reachable set of the output at time ¢ is:

y(t, Xo,m(),u[']) = {ﬁ(t,wo,mo,u[~]) |.’130 S Xo},

and the reachable set of the continuous state X is a special
case with y = x.

Definition 4 (Test Case): A test case used in conformance
checking C = (xg,mo,u[],y[-],t[:]) consists of an initial
state xg, an initial location indexed as mg, and k, data
points consisting of the inputs w[] and measured outputs
y[-] collected at timestamps ¢[-].

We consider one test case C for cleaner notation, as our
approach works analogously for any number of test cases.
The problem is to find the optimal values of p, W, V, Q re-
sulting in the smallest reachable sets while ensuring reachset
conformance:

pyr\}vlvi\r/{Q cost(C,p,W,V,Q) (la)
st Yk < y[k] € V(tE], 2o, mo, ul-). (1b)

The size of sets is evaluated using a cost function cost,
which is presented in Sec. IV-D.

III. SYSTEM MODELING

We consider a representative contact scenario, where a
robot hits a surface during task execution, as shown by the
hybrid automaton in Fig. 2 with two locations: no contact
M, and contact M. Transitions happen when the robot hits
the surface at height h; and leaves the surface at hs. To
describe the system dynamics, we define the state vector
xr = [ . VUV fe Do Hy]T, where p,, 0, p, respectively
represent the positions in spatial dimensions z, y, z, and we
denote the corresponding velocities by v, wy, v,. The output
vector is y = [p. fe Pa Hy]T7 and the input vector
u = [pzyd Ved Vsd w%d] consists of the commands
from the input trajectory, which are denoted by subscript d.

The nominal flow function f(x,w) is formulated as fol-
lows: In the vertical direction z, the dynamics is the result
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M;: no contact
T < fl(m,u) @Wl

p. > min(hy, ha)

d. | Qz: Qp:
p. <hiAv, <O0||p:>haAv,>0

fe = —dev, fe:=0

Ms>: contact
S fg(ll},u) D Ws

p., < max(hy, ha)

Fig. 2. The hybrid automaton of the representative scenario. The end
effector (blue) is shaped like a sphere whose center locates the tool center
point. A force sensor (yellow) measures the external force. A location is
represented by a box with the flow function above the dotted line and
the invariant below. Guards and reset functions are presented next to the
transition arrows.

of an actuation force f,. and an external force f. applied to
an effective mass m, [27]:

fr+Je

My

2

Pz = Uz, Uy =

where the robot is under Cartesian admittance control [28] to
behave compliantly like a mass-spring-damper system with
spring factor k, and damping factor d,.:

fT = kr(sz,d - Sz) + dr(vz,d - Uz)~ (3)

The normal force f. is modeled using the Kelvin-Voigt
model, which is widely used for its simplicity and effec-
tivness [29]:

ifm=1 (4a)

0
fe = {
_ke(pz - hl) —dev, (4b)
where k.,d. are respectively the stiffness and damping

coefficients. For other spatial dimensions = and y, position
control is applied with external forces ignored:

otherwise,

Do = Uz = Vz,d;s 0y = Wy = Wy, d- )
Next, we identify parameter values and add non-determinism
to this model to obtain a reachset conformant model.

IV. SYNTHESIZING REACHSET CONFORMANT MODELS

We solve problem (1) and optimally establish reachset
conformance as illustrated in Fig. 4: Based on an initial
guess of the parameters p, the test cases are separated by the
locations. The data of each location is used in an inner loop to
optimize W, V, Q using linear programming. The outer loop
evaluates the resulting cost and optimizes p using nonlinear
programming. Below, we explain the procedure in detail.

A. Test Case Processing for Hybrid Systems

As mentioned above, we separate test cases by locations
into sections.

Definition 5 (Test Case Section): A test case C is split by
the locations; each section S = (x[0], ¢, u[-], y[-], t[-], z[j«])
starts from the initial state «[0] at time ¢[0], when the source
transition (index q) is triggered, and contains the sequences
ul-],y[],t[:] from C for the times until ¢[j,], when the
nominal state x[j,] triggers the transition to the next section.

.E iniltial state My
KN V(0] = zo transition index ¢'?
\,Tnominal solution x?[0] = r(xV[4])
Seel B
~~..®
2] ———
measurement

state on guard set 'V [4]

Fig. 3. Separating a test case C by locations into sections. We assume
y = x to simplify the visualization, and we denote the elements of the s-th
section S using the superscript (s).

The preprocessing is repeated for each test case as shown
in Fig. 3. Given a test case C starting in location M;, we
compute the nominal state trajectory x, using (7) starting
from the initial state o until it intersects a guard set. The
data before the transition time ¢1'[4] composes the first data
section Sy, including the initial values (red in Fig. 3), the data
from C (black in Fig. 3), and the state associated with the
transition (blue in Fig. 3). We save S; to a list My, which
stores all data belonging to location M; for conformance
synthesis. Then, we employ the reset function to obtain the
nominal initial state wg) of the next section S,, and we save
the index of the triggered transition ¢® to S,. By repeating
the above procedure until the end of each test case, we
obtain a list M,,, which stores all associated sections for
each location M,,.

B. Decoupling Discrete States in Conformance Synthesis

The conformance synthesis problem (1) is computationally
challenging, as the reachable sets in (1b) depend on every
traversed location. We propose to identify each location
independently. To simplify the notation, we do not mention
the section and omit the superscripts when describing the
synthesis of the reachset conformant model for a specific
section Sg in M,,.

Given the initial state xy of a test case, the initial
set of a section is the set propagation at time t[0], i.e.,
X (t[0], o, mo, u[-]). We under-approximate X'(...) using its
subset z[0] & Q, to simplify the computation in Sec. IV-C,
and we rewrite the reachset conformance problem (1b) for
each section as

VJ : y[]] € y(t[]],m[O] @ Q%mvu[‘]) : (6)

<y (tli).o.mo.ul])

The reachable set in (6) is computed as presented next
in Sec. IV-C without considering the invariant set. This
simplification is sound, because if the system is reachset
conformant even beyond the invariant set, it is certainly
reachset conformant within the invariant set. Consequently,
we formulate the containment problem (6) of each section
Ss € M,,, as linear constraints to synthesize location M,,.

C. Reachset Conformance as Linear Constraints

For each test case section, we compute ) as follows with
flow function f(x,u) = Az + Bu and output function
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Collect test cases $ R
optimize p test cases C . ¢
over y_ cost(My,) S M, M, )
Outer loop Y
Separate test cases ( fav& S2
into sections by locations N o
~~~~~~ . ?\ ; °
optimize W, V. sections 5 | [N JIV o=@
_ N YN /
and Qg,dg =m lists M ———\invariant
over cost(M,,) ¥
Inner loop™ Synthesize the required | U st(M1) R
non-determinism per location */. 4
z[0] © Q cost(Mz)
W? V? Q /
* measurement -- nominal solution
Y T2, Y2 L o initial state x state on guard set
p,W,V,Q 1, Y1 = reachable sets X' reachable sets )

Fig. 4. Concept for synthesizing reachset conformant models for robotic contact tasks.

l(x,u) = Cx+ Du [11, Prop. 1]:
Vil = CX[j]© Du[j] &V,
j—1
i =211 ® A0.)Q oD Al +LIWEL -
=0
x.[j] = A(0, j)z Z (i + 1, 5)Bli]uli],
i=0
where with At[j] = t[j + 1] — ¢[j].
_ PR At[j] .
A(i, j) = cACLIHD | B :/ CAGHI-T) g B
_ Atls] , ’
Wil = {/ AR dr |w € W} )]
0

To factor out VW from (8), we consider a constant w during
each time step [¢[j],¢[j + 1]] as in [12, Prop. 1] and under-
approximate (7) with

Atlj] ,
Wij] 2 / ABUIar W = E [j/W.  (9)
0

Accordingly, we rewrite the terms of Q and W in (7) as:

E\[]Qq = A(0,5)Qq, (10a)
j—1

Ex[jiW =D A(i + 1,5)E, [i)W.
i=0

(10b)

We omit the dependency of (6) on the initial state and
the input trajectory by subtracting the nominal solution
y.[j] = C(x.[j]) + D(u[j]) from both sides [10, Sec. III]:

Vi ylj] — y.[j] € CE1[j]Q, ® CEs[jiV & V.

Y[j1—y«[4] with (7),(10)

(1)

To fulfill the assumption z[0] & Q, C X (¢[0], zo, Mo, u[]),
we add the following constraint:

m[j*] - x*[ .*] S El[j*]Qq ® E2[ *]W
=0 using Sec. IV-A

12)

X [+]— @ [J«] With (7),(10)

The constraints in (11) and (12) for reachset conformance
are formulated as linear inequalities using the halfspace
representation [10, Thm. 1] or the generator representation
[11, Thm. 3] of zonotopes. We restrict the sets W, V, Q, to
be zonotopes of the form:

W= <C{/V7 Gw diag(aw», oy € Rg‘/g,
V= <CV7 Gy diag(av)>, ay € RZ‘B,
Q, = <ch, GQq diag(aQq)>, oqQ, € R;%q .

The generator templates Gy € R"*"W Gy € ROXMV,
GQq € R™ "2q¢ define the structure of the sets, and the
numbers of generators nw, 7y, 7q, determine the computa-
tion complexity; often, using identity matrices already leads
to good results. Accordingly, we optimize ¢y, aw, cy, vy,
and all cq_, ag, with d; = m to synthesize a location with
linear programming.

The under-approximation (9) is close to its exact coun-
terpart when the time steps are small. However, following
the complexity computation in [11, Prop. 2], the halfspace
enclosure method [10, Thm. 1] falls short when the number
of time steps j, is large, as the growing number of generators
in (10b) leads to O(j,°) constraints from (11). A further
under-approximation is useful, where we consider a constant
w during [¢[0], t[5]]:

_ (iA(i+1,j)Ew[i]> W, (13)
=0

which has a fixed number of 7y, generators thus decreases
(nw+77v+77Qq)€

the number of constraints to O(j, 7°),v < =1
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D. Evaluating the Costs of Reachable Sets

For the cost function (la), we use the interval norm of
zonotopes as in [11, Lem. 1]:

cost(C,p,W,V,Q) = Z cost(M,,, W,V,Q), (14a)
3) -1 aQq
cost (Mp, W,V,Q) = > ZAt H1BTF[j] | aw | ,
SsEM,, j=0 ay
Flj] = [|CE:[j|Gq,| ICE:[jGw| Gv]].
(14b)

where the outer loop cost (14a) is the sum of the inner loop
costs (14b) used in linear programming. The weight vector
B € R° determines the importance of each output variable,
which will be shown in Sec. V-A. Obviously, the computation
of F'[j] can reuse the terms computed for (11). Alternatively,
we can choose a small integration step At (e.g., 1 ms) for
accuracy when the time step size of the test case is large.

V. EXPERIMENTAL RESULTS

We test our approach using the scenario in Sec. III with
two distinct 3-DOF planar robots: robot A (maximum reach
76 cm) and robot B (maximum reach 104 cm), both con-
structed with RobCo modules as shown in Fig. 5. For the
experiments, we specify seven input sequences u,,[-] of
2s to hit a rigid plane respectively with vertical speeds
vp, = 0.25,0.225,0.2,0.175,0.15,0.125,0.1 and then leave
the plane; the translation and rotation in other dimensions are
randomly generated with limits |v,| < 0.1, |w,| < m/7. Each
robot follows each trajectory u,, [-] five times, collecting test
cases C4 4, ,Cn,v, respectively for robot A and B; each test
case contains 2000 measurements collected at 1 kHz.

rg//?//' £&

Fig. 5.
the robot mounting (yellow line) with respect to the board (red line).

Two 3-DOF robots hitting a wood board. The collision force tilts

Using the methods in Sec. IV, we synthesize several
reachset conformant models and check the measurements
against the reachable sets to show the effectiveness of our
approach. Before discussing the results, we list the synthe-
sized models in Tab. I and Tab. II: Tab. I lists the model
parameters obtained with nonlinear programming while the
initial guess is extracted from the controller gains (3) or
estimated in advance using basic optimization techniques.
Tab. IT details the sets Ws, Vs, Qo of My (contact) and
Qs (transition to Ms). All computations are performed in
MATLAB on a 2.5 GHz i9 processor with 32 GB memory
within CORA [15].

TABLE I
IDENTIFIED MODEL PARAMETERS p.

model h1 h2 uzg kr dr ke de
Hy a2 -0.1281 -0.1288 11.0 429.7 990.4 36479.6 171.1
H, a1 -0.1284 -0.1284 10.0 399.8 1000.0 36487.4 175.4
He a1 -0.1284 -0.1283 10.0 400.0 1000.0 364874 175.5
Hy ap,1 -0.1270 -0.1269 5.4 400.7 999.8 248652 242.3

A. Modeling the Normal Working Condition of Robot A

Both robots are built to work with v;, < 0.2, while
collisions at higher speeds can generate forces over 300 N,
potentially damaging mechanical parts. We first build confor-
mant models for the normal working condition of robot A.
Using recordings C4,0.1,Ca,0.2 (10 test cases), we synthesize
models Hy, 4,5,, where 7 = 1,2 is the weight of contact
force in the defined weight vector 3 = [k, B, ke, k] T, and
k. is the initial guess of the contact stiffness. We compute the
reachability of the models using CORA given four untested
trajectories and check all measurements against the reachable
sets, as shown in Fig. 6.

It can be seen that both models capture all measurements
for vp, = 0.175,0.15,0.125, although they are unseen to the
synthesis procedure. Accordingly, with minimal testing, we
can create conformant models for a range of working con-
ditions and efficiently verify safety properties. For example,
we can verify if the contact force might exceed the specified
safety threshold f. = 300 (yellow lines in Fig. 6) by check-
ing its intersection with the reachable sets. The weight vector
allows adjusting the model for verifying specific outputs. In
our case, a larger 3 tightens the force dimension of the
reachable sets while widening others. Accordingly, H, A1
helps verify the position, while H,, 4 o helps verify the force;
using both leads to overall more precise verification results.
Also, as expected, the exception case vy = 0.25 is not well
captured, as the robot mounting tilts much (see Fig. 5) due
to the large contact force, and the caused errors cannot be
enclosed when they are unseen to the synthesis procedure.

To synthesize the system described, given 10 test cases
with k, = 2000, the data preprocessing (Sec. IV-A) takes
1.6s, and the identification with linear programming takes
806s using the generator enclosure method [11, Thm. 3]
and 229s using the halfspace method [10, Thm. 1], with
similar identification results. The halfspace method is faster
with fewer linear programming variables, as the often-
used interior point algorithms [30] scale polynomially with
the number of variables. However, without the under-
approximation (13) and for higher-dimensional systems, the
generator method is preferable as it scales better with time
horizon and system dimension [11, Sec. V] due to the
fewer linear constraints. In practice, solving the outer loop
using nonlinear programming often requires hundreds of
evaluations of the inner loop; obtaining a good initial guess
for p based on solely the outer loop can significantly reduce
iterations. Alternatively, we downsample the test cases when
synthesizing model parameters; the inner loop only consumes
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TABLE I
IDENTIFIED SETS Q2, Wa, Vo (ZONOTOPES) USING IDENTITY MATRICES AS GENERATOR TEMPLATES.

elements of cg,

elements of cyy, elements of cy,

model Dz Vz fe Pz ay Dz Vz fe Pz 9y Dz fe Pz ey
Hy a2 3.5e-03 0.025 64.71 6.0e-04 6.0e-03 -4.9e-03 -8.1e-12 -2.102 -5.5e-04 -5.5e-03 -3.0e-03 -43.69 4.5e-05 -3.0e-03
Hy 4,1 7.8e-04 0.077 -8.511 6.2e-04 6.2¢-03 -8.1e-04 -2.2e-10 -0.325 -5.5e-04 -5.5e-03 -9.9e-04 32.19 2.9e-05 -3.2¢-03
He a1 1.1e-03 0.144 -8.689 1.6e-03 6.2e-03 -1.2¢-03 1.8e-08 -0.497 -1.4e-03 -5.5¢-03 -1.4e-03 53.29 -9.7e-04 -3.7e-03
H, 4,1 3.3e-03 -0.088 7.036 4.8¢-03 0.011 -2.3e-03 -2.4e-09 -0.936 -4.3e-03 -9.7¢-03 -1.7e-03 19.46 -3.8e-03 -8.4e-03
elements of oy, elements of ayy, elements of oy,
model Pz Vz fe Px ey Pz Vz fe Pz 0y Pz fe Px ey
Hp a2 42e-09 0.164 72.03 5.7e-04 1.9e-03 8.0e-11 1.5e-08 3.0e-06 9.4e-11 1.6e-10 1.9e-04 88.87 5.7e-04 1.9e-03
Hp a1 9.2e-08 0.109 0.167 5.7e-04 1.9e-03 1.7e-09 3.3e-07 6.2¢-05 8.0e-08 1.2¢-07 2.7e-04 153.5 5.7e-04 1.9e-03
He a1 1.2e-08 0.147 0429 6.1e-04 2.1e-03 2.9e-10 5.7e-08 1.1e-05 1.7e-11 1.5e-11  2.9e-04 239.6 6.1e-04 2.1e-03
Hp ap,1 1.8e-04 9.9e-09 0.575 2.1e-03 4.5e-03 2.7e-11 2.4e-09 5.9e-07 4.4e-08 4.3e-08 1.3e-03 152.5 2.1e-03 4.5¢-03
reachability H, 42 [__Jreachability H, A.l‘ reachability H, 4p1 [_Jreachability He 41
v, = 0.25 v, = 0.175 v, = 0.15 v, = 0.125 v, =0.25 vy = 0.225 vy, =0.2 v, =0.1
0.006 0.006
E 0 £ 0
2 R
SH SY
—0.006 —0.006
400 400
300 YA \ /~\ 7\, | P ; L
- V\\M, 8 M
= —
< =0 — r\ [N
-100 ! -100
0.55 E— 0.55 —
o — o
E £ S
P / - - \
0.40 [ ——— 0.40 —
-3m/7T -3mw/7
s =
= = M—
-Ar /7 —— -4m /7
<) ™ <+ o ™ <+ o ] < o ] < e N % e N % e N * < «N =
ts] ts] ts] t[s] t[s] t[s] t[s] t[s]
Fig. 6.  The reachable sets of the identified models H, 4 g ; given  Fig. 7. The reachable sets of the identified model He 4,1 given trajectories

untested trajectories wo.25[-], wo0.175[-], ®o0.15[-], ®o0.125[-] (left to right).
Each trajectory is executed five times on robot A and the measurements
are depicted in red lines. The yellow lines represent an example safety
threshold f. = 300. Please note that we offset p. by —h1 of H,, 4 1 for
clearer visualization.

seconds given a test case with k, = 1000. After obtaining
p, we run the inner loop again with the original test cases
to formally enclose all measurements.

B. Enclosing Exception Cases and Other Robots with Little
Testing Effort

While testing exception cases with v, > 0.2 is risky, one
option is to test an edge case a few times and feed the data
to conformance synthesis along with the test cases of normal
working conditions, as the latter should already capture most
system uncertainties. As an example, we add one test case
Ca,0.25 to the 10 test cases C4,0.1,Ca,0.2 used in Sec. V-A

wu0.25[-], u0.225[] and the reachable sets of H,, ap 1 given trajectories
uo.2[-], wo.1[-] (left to right). Each trajectory is executed five times on
both robots. The measurements of robot A are depicted in red lines, and the
measurements of robot B are depicted in black. Please note that we offset
p- by —hy of the used model for clearer visualization.

and obtain model H, 4 1. The reachable sets of H. 4,1 are
plotted together with the measurements in Fig. 7 (the left two
columns). It can be seen that the measurements are indeed
captured by the synthesized model.

Similarly, we can extend the model for other robots with
little additional testing, which is useful in flexible manufac-
turing environments. By adding only one test case Cp ¢.2 col-
lected from robot B to the test cases C4,0.1,CA,0.2 of robot A,
we obtain model H,, 4p 1 for the normal working condition
of both robots. We feed the trajectories ug 1[], ©o.2[-] to the
model, and the measurements of both robots are checked
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against the resulting reachable sets in Fig. 7 (the right
two columns). It can be seen that the model captures the
differences and encloses most of the measurements with
the reachable sets, although the behavior of robot B is
very different from robot A. The only exception is within
the position p, for v, = 0.1, which is enlarged in Fig. 7:
Some measurements of robot B are slightly outside (distance
< 0.0002) of the reachable set for a short duration (0.05s),
which can be easily captured by feeding more test cases or
manually bloating the reachable set for such an extreme case
with a different system and very little testing.

VI. CONCLUSIONS

We synthesize reachset-conformant hybrid models for
delivering safety properties to real robotic contact tasks.
For the first time, reachset conformance is established for
robotic systems with hybrid dynamics considered, and the
conformance synthesis is done optimally for hybrid systems
with each location separately identified using linear pro-
gramming. With a typical contact task scenario, experiments
show the effectiveness and usefulness of our approach: The
synthesized conformant model can well capture untested
conditions when the model is given a short recording, and
with a small amount of additional testing, the model can
further enclose large uncertainties that were unseen, such
as an unusual behavior or a different robot. Accordingly, our
approach can largely reduce the required testing effort, which
is particularly valuable for conditions that are difficult to
test or for flexible manufacturing environments that demand
frequent modifications.
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