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Abstract— It is common in pose graph optimization (PGO)
algorithms to assume that noise in the translations and rotations
of relative pose measurements is uncorrelated. However, existing
work shows that in practice these measurements can be highly
correlated, which leads to degradation in the accuracy of PGO
solutions that rely on this assumption. Therefore, in this paper
we develop a novel algorithm derived from a realistic, correlated
model of relative pose uncertainty, and we quantify the resulting
improvement in the accuracy of the solutions we obtain rela-
tive to state-of-the-art PGO algorithms. Our approach utilizes
Riemannian optimization on the planar unit dual quaternion
(PUDQ) manifold, and we prove that it converges to first-order
stationary points of a Lie-theoretic maximum likelihood ob-
jective. Then we show experimentally that, compared to state-
of-the-art PGO algorithms, this algorithm produces estimation
errors that are lower by 10% to 25% across several orders of
magnitude of correlated noise levels and graph sizes.

I. INTRODUCTION

Pose graph optimization (PGO) algorithms aim to opti-
mally reconstruct the trajectory of a mobile agent using a set
of uncertain relative measurements that were collected en-
route. PGO is a backend component for numerous applica-
tions in robotics and computer vision, including simultaneous
localization and mapping (SLAM) [1], [2], bundle adjust-
ment [3], structure from motion [4], and photogrammetry [5].
Additionally, a variety of related practical problems of inter-
est [6]–[9] can be transformed into PGO problems, making it
a versatile tool for optimization in these fields.

Some well-established PGO frameworks, such as g2o [10],
GTSAM [11], and iSAM [12], have addressed the PGO
problem using a mix of Euclidean and heuristic optimization
techniques. More recently, algorithms based on Riemannian
optimization, including SE-Sync [13], Cartan-Sync [14], and
CPL-Sync [15], have demonstrated that, under certain con-
ditions, the PGO problem admits a semidefinite relaxation
whose solution approximates the solution of the original,
unrelaxed problem. One condition assumed by the above
algorithms (and others) is that uncertainties in position and
orientation are modeled by isotropic (uncorrelated) noise.
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However, the isotropic noise assumption runs contrary to
existing results on uncertainty representations for rigid motion
groups, which mathematically encode PGO problems. Specif-
ically, it was shown in 2D [16] and in 3D [17] that the propa-
gation of uncertainty through compound rigid motions is best
captured by a Lie-theoretic model [18], namely, a Gaussian
distribution on the Lie algebra of a rigid motion group. In
fact, the authors of [19] demonstrated that such a Lie-theoretic
model accurately predicted the distribution of a compound
rigid motion trajectory where traditional models failed. These
Lie-theoretic models are inherently anisotropic, which sug-
gests that a PGO algorithm that incorporates anisotropy may
attain improved accuracy.

Therefore, in this paper, we formulate 2D PGO problems
on the manifold of planar unit dual quaternions (PUDQs),
which we use to explicitly incorporate anisotropy in uncer-
tainty models. To solve such problems, we use a Riemannian
trust region (RTR) algorithm, for which we derive global
convergence guarantees. The contributions of this paper are:

• We present what is, to the best of our knowledge, the
first provably convergent PGO algorithm that permits
arbitrarily large, anisotropic uncertainties.

• We prove that the proposed algorithm converges to first-
order critical points given any initialization.

• We show that the resulting pose estimates are always at
least 10% more accurate than the state of the art and more
than 25% more accurate on high-dimensional problems.

The closest related works are [20]–[22]. In [20], a unit dual
quaternion approach to PGO was developed using heuristic
optimization techniques without formal guarantees, whereas
we employ provably convergent Riemannian-geometric tech-
niques. The authors of [21] used a Lie-theoretic objective,
but did not include convergence guarantees or quantify the
accuracy of their solutions. The work in [22] uses a similar
problem formulation to us, though that work was entirely
empirical. We differ both by proving convergence and show-
ing improvement in accuracy over a class of Riemannian
algorithms that were not studied in [22].

The rest of the paper is organized as follows. Section II
provides preliminaries, and Section III provides a formal
problem statement. Section IV outlines the proposed algo-
rithm, and Section V proves that it converges. Section VI
contains numerical results, and Section VII concludes.

II. PRELIMINARIES

In this section, we include mathematical preliminaries that
are necessary for our PUDQ PGO problem formulation. For
detailed derivations, see our technical report [23].
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A. Planar unit dual quaternion construction

Similarly to [22], we construct the PUDQ manifold as a
representation of planar rigid motion. Given an orthonormal
basis {i, j,k}, a planar rigid motion is characterized by a
translation, denoted t = txi + tyj, and a rotation about the
k axis by an angle θ ∈ (−π, π].

The PUDQ parameterization of this motion is given by x =
xr + ϵxd, where ϵ is a dual number satisfying ϵ2 = 0, ϵ ̸= 0.
The real and dual parts of x, denoted here as xr ∈ S1 and
xd ∈ R2, respectively, are xr ≜ cos (θ/2) + sin (θ/2)k and
xd ≜ 1

2t⊗ xr, with “⊗” denoting the Hamilton product [24]
under the convention i2 = j2 = k2 = ijk = −1. Applying
the Hamilton product to two PUDQs, denoted x and y, yields
the composition operator “⊞”, which can be expressed as

x⊞ y =

[
x0 −x1 0 0
x1 x0 0 0
x2 x3 x0 −x1
x3 −x2 x1 x0

]
︸ ︷︷ ︸

QL(x)

[
y0
y1
y2
y3

]
︸ ︷︷ ︸

y

=

[
y0 −y1 0 0
y1 y0 0 0
y2 −y3 y0 y1
y3 y2 −y1 y0

]
︸ ︷︷ ︸

QR(y)

[
x0
x1
x2
x3

]
︸ ︷︷ ︸

x

,

(1)
where QL(·) and QR(·) denote the left and right compo-
sition maps, respectively. From (1), we have the identity
element 1 = [1, 0, 0, 0]

⊤ and inverse formula x−1 =
[x0,−x1,−x2,−x3]

⊤. The set of PUDQs forms the smooth
manifoldM ≜ S1 ⋊R2 ⊂ R4, which we embed in R4 as

M ≜
{
x ∈ R4 | h (x) = x⊤P̃x− 1 = 0

}
⊂ R4, (2)

where P̃ ≜ diag({1, 1, 0, 0}) and h(x) is the defining func-
tion [25] for M. PGO algorithms optimize over N poses,
so we extend (2) to the N -fold product manifold MN ≜
(S1 ⋊R2)N . Below, we will use the operator vec(·), where

vec((xi)
N
i=1) ≜ [x⊤

1 ,x
⊤
2 , . . . ,x

⊤
N ]⊤,

with each xi ∈ M. Since (S1 ⋊ R2)N ⊂ R4×N ∼= R4N ,
we embed MN in R4N . For X ,Y ∈ MN , this embedding
lets us write X = vec((xi)

N
i=1) and Y = vec((yi)

N
i=1),

where xi,yi ∈ M for each i. This embedding also gives
the identity 1N = vec((1)Ni=1), the inverse formula X−1 =
vec((x−1

i )Ni=1), and the product X ⊞Y = vec((xi ⊞ yi)
N
i=1).

B. Logarithm and exponential maps

The smooth manifold M with the identity, inverse, and
composition operator form a Lie group [18] whose Lie algebra
is the tangent space at the identity element, denoted T1M.
Given x ∈ M, the logarithm map at the identity element is
Log1 :M→ T1M, given by

Log1(x) =
1

γ (x)
[x1, x2, x3]

⊤
, (3)

with γ (x) ≜ sinc (ϕ (x)) = sin (ϕ (x)) /ϕ (x), where
ϕ (x) ≜ wrap (arctan (x1, x0)), arctan : S1 → (−π, π] is
the four-quadrant arctangent and

wrap (α) ≜


α+ π if α ≤ −π/2

α− π if α > π/2

α otherwise.
(4)

x1 x2 x3

x4x5

z̃12,Σ12 z̃23,Σ23

z̃34,Σ34

z̃45,Σ45

z̃52,Σ52
z̃51,Σ51

Fig. 1. A pose graph with N = M = 5, labeled with vertex poses xi,
edge measurements z̃ij , and edge covariances Σij . Odometry edges, shown
in blue, connect neighboring vertices (i.e., |j − i| = 1). Loop closure edges,
shown in red, connect any non-neighboring vertices (i.e., |j − i| > 1).

Here, ϕ : M → (−π/2, π/2] computes the half-angle of
rotation about the k-axis encoded by a point onM. The half-
angles ϕ + nπ for all n ∈ Z encode the same rotation, so it
is valid to wrap ϕ to (−π/2, π/2] via (4). Moreover, (3) agrees
with the standard unit dual quaternion logarithm constrained
to the planar case, as we show in [23, Appendix B-E].

Given some xt = [xt,1, xt,2, xt,3]
⊤ ∈ T1M, the expo-

nential map at the identity, denoted Exp1 : T1M → M,
is given by Exp1(xt) =

[
cos (xt,1) , γ (xt)x

⊤
t

]⊤
, where

γ (xt) ≜ sinc (xt,1) as above. For any x,y ∈ M, we also
have the point-wise logarithm map

Logx(y) = x⊞ [0,Log1(x
−1 ⊞ y)⊤]⊤, (5)

and, for x ∈ M, and some yt ∈ TxM, the point-wise
exponential map

Expx(yt) = x⊞ Exp1
((
x−1 ⊞ yt

)
1:3

)
, (6)

where (·)1:3 selects the last three entries of a vector. Fur-
thermore, (5)-(6) extend to the product manifold MN , with
LogX (Y) = vec

(
(Logxi

(yi))
N
i=1

)
for any X ,Y ∈MN , and,

for any Yt = vec
(
(yt,i)

N
i=1

)
∈ TXMN , the mapping

ExpX (Yt) = vec
(
(Expxi

(yt,i))
N
i=1

)
, (7)

with Logxi
(·) and Expxi

(·) given by (5) and (6).

C. Pose Graph Construction

We now address the construction of a pose graph, as exem-
plified in Figure 1. First, let G = (V, E) be a directed graph
with vertex set V and edge set E of ordered pairs (i, j) ∈
V×V . Letting |V| = N , we defineX = vec((xi)i∈V) ∈MN

to be the vector of N poses to be estimated, with individual
poses denoted xi ∈ M. Then, letting |E| = M , we define
Z = vec((z̃ij)(i,j)∈E) ∈ MM to be the vector of M relative
pose measurements, where z̃ij ∈ M encodes a measured
transformation from xi to xj , taken in the frame of xi. The
noise covariance for z̃ij is given by the matrix Σij . The
corresponding pose graph is then constructed by associating
the vertex set V with X , and the edge set E with Z .

III. PROBLEM FORMULATION

We now derive the problem to be solved. From the perspec-
tive of Bayesian inference, PGO algorithms aim to estimate
the posterior distribution of poses that best fits a given dataset
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of relative measurements made along a trajectory. Because
a prior distribution is not always available, PGO is typically
formulated as a maximum likelihood estimation (MLE) prob-
lem [1], and we use such a formulation here.

Motivated by [16], we utilize a Lie-theoretic measurement
model for z̃ij in which zero-mean Gaussian noise ηij is
mapped from T1M toM via the exponential map, i.e.,

z̃ij = x−1
i ⊞ xj ⊞ Exp1(ηij) , (8)

with ηij ∈ R3 and ηij ∼ N (0,Σij)
1. As noted in the In-

troduction, (8) gives a realistic model of compound, uncertain
transformations. In [23, Appendix C], we show that (8) yields
the MLE objective F :M→ R, given by

F (X ) = 1

2

∑
(i,j)∈E

fij (X ) , (9)

where
fij (X ) ≜ ∥eij (xi,xj)∥2Ωij

. (10)

Here, Ωij = Σ−1
ij is the information matrix for edge (i, j), and

eij :M×M→ T1M is the tangent residual given by

eij (xi,xj) ≜ Log1(rij (xi,xj)) , (11)

and rij : M×M → M is the manifold residual, defined
as rij (xi,xj) ≜ z̃−1

ij ⊞ x−1
i ⊞ xj .2 In a geometric sense,

rij encodes the geodesic alongM from a measurement z̃ij to
the estimated relative transformation x−1

i ⊞ xj . The map eij
then “unwraps” the geodesic to the Lie algebra. We note that
fij (X ) in (10) is agnostic to the signs of xi and xj , reflecting
the fact that, for any x ∈M, x and−x encode the same pose.

We now address anchoring, a problem that arises because
the objective in (9) is invariant to a rigid transformation of
all poses, i.e., F(X ) = F(Y ⊞ X ) = F(X ⊞ Y) for any
Y ∈ MN . To remedy this, one must “anchor” at least one
vertex by fixing xa for some a ∈ V , so we assume that this
has been done, as described in [1, Section IV-B]. Given this
formulation, we now formally state the problem that we solve
in the remainder of the paper.

Problem 1. Given a measurement set Z ∈ MM , compute
the maximum likelihood estimate X ⋆ ∈MN , where

X ⋆ = argmin
X∈MN

F (X ) , (12)

with F given by (9).

Problem 1 is a nonconvex, nonlinear least squares problem
over a Riemannian manifold. In the following section, we
employ Riemannian optimization techniques to solve (12).

IV. ALGORITHM DESCRIPTION

This section presents the method by which we solve Prob-
lem 1, starting with a brief description of the class of algo-
rithms we employ. Trust-region methods [26] for optimization
in Rn employ a local approximation of the objective function,
called the model, about each iterate. The model is restricted to

1We note that in practice, ηij is unknown and only z̃ij ,Σij are given.
2Henceforth, we simply write eij ≜ eij (xi,xj) and rij ≜ rij (xi,xj).

Fig. 2. An illustration of two iterations of the RTR algorithm. At each
iteration, the algorithm computes a tangent step Sk ∈ TXk

MN , shown in
red, within a trust region of radius ∆k , which is indicated by the dotted circle
shown in each tangent space. If the step is accepted (as defined in (17)), then
the next iterate is computed as Xk+1 = ExpXk

(Sk), which maps the step
from the tangent space back to the manifold itself, as shown in green.

a neighborhood of the current iterate, called the trust region.
At each iteration, a tentative update step is computed, and is
accepted to compute the next iterate if the model sufficiently
agrees with the objective. Riemannian trust region (RTR)
methods [27, Chapter 7] generalize this idea to Riemannian
manifolds, and we apply RTR to planar PGO onMN .

An illustration of the RTR algorithm is shown in Figure 2.
At each iteration k, instead of approximating the objective F ,
RTR computes an approximation of F in the tangent space
at Xk, called a pullback. The pullback is defined as F̂k ≜
F ◦ ExpXk

.3 The approximation takes the form of a second-
order model m̂k : TXk

→ R, namely

m̂k(S) ≜ F (Xk) + S⊤gradF (Xk) +
1

2
S⊤HkS, (13)

where S ∈ TXk
MN is a tangent vector centered at Xk,

gradF : MN → TXk
MN is the Riemannian gradient, and

Hk : TXk
MN → TXk

MN is a symmetric approximation of
the Riemannian Hessian at Xk. We include explicit forms for
gradF and our choice ofHk in Appendix B.

Our procedure corresponds to the RTR update given
in [27]. The algorithm is initialized with X0 ∈ MN and
trust-region radius ∆0 ∈

(
0, ∆̄

]
, where ∆̄ > 0 is the user-

specified maximum radius. At iteration k, the tentative step
Sk is computed by solving the inner sub-problem

Sk = argmin
S∈TXk

MN

m̂k (S) subject to ∥S∥2 ≤ ∆k, (14)

where m̂k is from (13). To solve (14), we employ the Steihaug-
Toint truncated conjugate gradients (tCG) algorithm [30],
[31], which offers unique benefits for trust-region sub-
problems, including monotonic cost decrease and early termi-
nation (thereby approximating (14)) in the cases of negative
curvature or trust region violation. Next, the model agreement
ratio, denoted ρk, is computed as

ρk =
F̂k (0)− F̂k (Sk)
m̂k (0)− m̂k (Sk)

, (15)

where 0 ∈ R4N is the zero vector. Intuitively, ρk quantifies

3The pullback can be defined using any retraction [28], [29]. We opt to use
the exponential map since it is well-defined on MN and simple to compute.
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the level of agreement between the model and objective func-
tions, which is used to update the trust-region radius ∆k via

∆k+1 =


1
4∆k if ρk < 1

4

min
{
2∆k, ∆̄

}
if ρk > 3

4 and ∥Sk∥2 = ∆k

∆k otherwise.
(16)

The tentative step Sk is accepted to compute Xk+1 only if
ρk from (15) is greater than a user-defined model agreement
threshold ρ′ ∈ (0, 1/4), i.e.,

Xk+1 =

{
ExpXk

(Sk) if ρk > ρ′

Xk otherwise.
(17)

As summarized in Algorithm 1, the steps from (14)-(17) are
repeated until the gradient norm crosses below a user-defined
threshold εg , i.e., until ∥gradF (Xk)∥2 ≤ εg .

Algorithm 1: RTR for PUDQ PGO

Input: Edge measurement set Z ∈MM ,
Maximum trust-region radius ∆̄ > 0,
Model agreement threshold ρ′ ∈ (0, 1/4],
Gradient termination threshold εg > 0.
Initialize: k ← 0, X0 ∈MN , ∆0 ∈

(
0, ∆̄

]
while ∥gradF (Xk)∥2 > εg do

Compute Sk from (14) using tCG.
Compute ρk using (15).
Compute ∆k+1 using (16).
Compute Xk+1 using (17).
k ← k + 1

end while
return Xk

V. CONVERGENCE ANALYSIS

In this section, we prove that Algorithm 1 is globally
convergent. Specifically, given any initialization, it reaches a
first-order critical point to within a user-specified tolerance
in finite time. The authors of [29] proposed global rates of
convergence for the RTR algorithm given a set of assumptions
about the problem, so we treat these assumptions as sufficient
conditions for convergence. For our proof, we will establish:

1) Lower-boundedness of F onMN .
2) Sufficient decrease in the model cost at each iteration.
3) A Lipschitz-type condition for gradients of pullbacks.
4) Radial linearity and boundedness ofHk.

We will make each of these statements mathematically precise
in the following analysis. Towards proving Condition 1, we
first derive a lemma on continuity of F .

Lemma 1. The objective F is continuous onMN .

Proof: By inspection of (3) and (9)-(11), and continuity of
“⊞” from (1) as a linear map, it suffices to show that Log1
is continuous on M. While (3) and (4) contain discontinu-
ities independently, we will show that their composition to
form Log1 does not. Let ϕ1 ≜ arctan(r1, r0) (where rij =
[r0, r1, r2, r3]

⊤ denotes the element-wise map), and let ϕ2 ≜

wrap(ϕ1). Then, we have discontinuities in ϕ1 at (r0, r1) =
(−1, 0), in wrap(ϕ1) at ϕ1 = ±π/2, and in (γ(ϕ2))

−1 at
ϕ2 = ±π. We now observe that wrap(−π) = wrap(π) = 0,
so lim(r0,r1)→(−1,0) wrap(ϕ1) = 0, thereby nullifying the
discontinuities in ϕ1. Next, (sinc(ϕ2))

−1 is even and contin-
uous on the domain [−π/2, π/2], so limϕ2→−π/2(γ(ϕ2))

−1 =
limϕ2→π/2(γ(ϕ2))

−1 = π/2, nullifying the discontinuities in
ϕ2. Finally, because limϕ2→0(γ(ϕ2))

−1 = 1 and, by (4),
ϕ2 ∈ (−π/2,−π/2], we conclude that Log1 is continuous on
M, which implies that F is continuous onMN . ■

We now show compactness of sublevel sets of F .

Theorem 1. The µ-sublevel sets of F , given by
{X | F (X ) ≤ µ}, are compact.

Proof: From (7), for every X ∈ MN , ExpX is globally
defined on TXMN , which implies that MN is geodesically
complete. Therefore, the Hopf-Rinow Theorem [32] implies
that closed and bounded subsets of MN are compact, so it
suffices to show that the sublevel sets are closed and bounded.

From (9)-(10), F (X ) ≥ 0 for all X ∈MN , which implies
that the µ-sublevel sets of F are the preimages of the closed
subsets [0, µ], i.e., µ-sublevel sets are of the formF−1

(
[0, µ]

)
.

These sets are closed because F is continuous by Lemma 1.
Turning to boundedness of sublevel sets, (2) implies that

M is unbounded, and therefore MN is unbounded. Then,
by [33, Theorem 1], the µ-sublevel sets are bounded if and
only if F is coercive, i.e., for all Y ∈ MN , every sequence
{Xl}l∈N ⊂ MN such that liml→∞ dMN (Xl,Y) = ∞ also
satisfies liml→∞ F (Xl) = ∞.4 Therefore, it suffices to show
that F is coercive, which we do next.

First, let Xl = vec ((xl,i)i∈V) and Y = vec ((yi)i∈V), and
observe from the definition of dMN (Xl,Y) that

lim
dMN (Xl,Y)→∞

max
i∈V
∥Log1(x

−1
l,i ⊞ yi)∥22 =∞.

We now rewrite ∥Log1(x
−1
l,i ⊞ yi)∥22 as

∥Log1(x
−1
l,i ⊞ yi)∥22 = γ(x−1

l,i ⊞ yi)
−2x⊤

l,iM
−
LR(yi)xl,i,

where M−
LR(yi) ≜ Q−

LR (yi)
⊤
diag ({0, I3})Q−

LR (yi),
with Q−

LR (yi) given in [23, Appendix A]. Since γ (x) ∈
[−π/2, π/2] for all x ∈M, we have

∥Log1(x
−1
l,i ⊞ yi)∥22 ≤ (π

2
/4)λmax(M

−
LR(yi))x

⊤
l,ixl,i, (18)

where λmax (·) denotes the maximum eigenvalue of a matrix.
Since yi is constant and λmax(M

−
LR(yi)) ≥ 0, (18) implies

that lim∥Log1(x
−1
l,i ⊞yi)∥2

2→∞(x⊤
l,ixl,i) = ∞. The first element

of xl,i ∈M is bounded by 1, so x⊤
l,ixl,i−1 ≤ ∥Log1(xl,i) ∥22.

Therefore, lim(x⊤
l,ixl,i)→∞ ∥Log1(xl,i)∥22 =∞. Now, we note

that for any x,y ∈M, we can write

∥Log1(x⊞ y)∥22 = γ (x⊞ y)
−1

y⊤ML (x)y

= γ (x⊞ y)
−1

x⊤MR (y)x,

where ML (x) ≜ QL (x)
⊤
diag ({0, I3})QL (x) and

MR (y) ≜ QR (y)
⊤
diag ({0, I3})QR (y). Because

4Here, dMN (·, ·) is the geodesic distance on MN defined in Appendix A.
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ML(·),MR(·) ⪰ 0, it holds that, for any x,y ∈M,

lim
∥Log1(x⊞y)∥2

2
→∞

max
{
∥Log1(x)∥

2
2 , ∥Log1(y)∥

2
2

}
=∞.

(19)
We now observe that for any two vertices xi,xj ∈ M, with
i, j ∈ V and i > j, it follows from connectedness of odometry
edges in E that xi = xj ⊞ cij , where

cij ≜ z̃j(j+1) ⊞ r(j+1)(j+2) ⊞ · · ·⊞ z̃(i−1)i ⊞ r(i−1)i. (20)

Equivalently, we have xj = xi⊞c−1
ij . Per Section III, we have

fixed xa for some a ∈ V , and since Log1(x
−1) = −Log1(x),

it holds that ∥Log1(xl,m)∥22 = ∥Log1(cam)∥22 for any m ∈
V . Furthermore, because the z̃ij terms in (20) are constant,
applying (19) inductively yields, for any m ∈ V ,

lim
∥Log1(xl,m)∥2

2
→∞

max
(i,j)∈E

∥Log1(rij)∥
2
2 =∞.

From (10), λmin (Ωij) ∥Log1(rij)∥
2
2 ≤ fij (Xl), where

λmin(·) is the minimum eigenvalue, and λmin(Ωij) > 0
because Ωij = Σ−1

ij ≻ 0. Then lim∥Log1(rij)∥2
2→∞ fij(Xl) =

∞, and (9) gives limfij(Xl)→∞ F(Xl) = ∞. Then F is
coercive and the proof is complete. ■

Next, we show that the objective F satisfies Condition 1.

Lemma 2. There exists F⋆ ≥ 0 such that F (X ) ≥ F⋆ for
all X ∈MN .

Proof: Lemma 1, Theorem 1, and the Weierstrass
Theorem [34, Prop. A.8] imply the existence of a global
minimizer X ⋆ ∈ MN , which is the solution to Problem 1.
Setting F⋆ ≜ F (X ⋆) completes the proof. ■

We now show that Algorithm 1 satisfies Condition 2.

Lemma 3. For all Xk computed by Algorithm 1 such that
∥gradF (Xk)∥2 > εg , it holds that the step Sk satisfies

m̂k (0)− m̂k (Sk) ≥
1

2
min{∆k, 2εg}εg. (21)

Proof: By design, iterates of the tCG algorithm produce a
strict, monotonic decrease of the model cost m̂k [29]. For all
k, the first tCG iterate is the Cauchy step, which satisfies (21)
by definition and thus completes the proof. ■

The forthcoming analysis in Lemma 4, Theorem 2, and
Lemma 5 addresses Condition 3, namely, Lipschitz continuity
of the Riemannian gradient, gradF . First, we use Theorem 2
to prove its Lipschitz continuity on compact subsets ofMN .

Theorem 2. The Riemannian gradient, gradF , is Lg-
Lipschitz continuous on any compact subset K ⊂ MN . That
is, there exists Lg > 0 such that for all X ,Y ∈ K we have

∥PX→YgradF (X )− gradF (Y)∥2 ≤ LgdMN (X ,Y) ,
(22)

where PX→Y : TXMN → TYMN is the parallel transport
operator defined in Appendix A.

Proof: A necessary and sufficient condition for (22) is that,

for all X ∈ K, the Riemannian Hessian, HessF , has operator
norm bounded by Lg , i.e.,

sup
V∈TXM,∥V∥2=1

∥Hess F(X )[V]∥2 ≤ Lg. (23)

In our technical report [23, Appendices F-G], we derive
HessF and derive a constant Lg for which (23) holds on any
compact subset K ⊂MN , completing the proof. ■

To apply Theorem 2 to Algorithm 1, we must first show
that the computed iterates remain within the F (X0)-sublevel
set for all k, which is accomplished by Lemma 4.

Lemma 4. The objective F is monotonically decreasing with
respect to the iterates of Algorithm 1. In particular, it holds
that F (Xk) ≤ F (X0) for all k.

Proof: By (21), we have m̂k (0) − m̂k (Sk) > 0
for all k. If any Sk would yield an increase in F , then
F (Xk) − F(ExpXk

(Sk)) < 0, and (15) implies ρk < 0.
By (17), such an Sk is rejected and, therefore the condition
F(Xk+1) = F (Xk) is enforced in such cases. Thus,
since it cannot occur that F(Xk+1) > F(Xk), we
see that F(Xk+1) ≤ F (Xk) for all k. By induction,
F (Xk) ≤ F (X0) for all k, completing the proof. ■

Now, Lemma 5 extends Theorem 2 to any Xk computed by
Algorithm 1, which shows that Condition 3 is satisfied.

Lemma 5. For all Xk computed by Algorithm 1, there exists
Lg ≥ 0 such that∣∣F (

ExpXk
(S)

)
−
(
F (Xk) + S⊤gradF (Xk)

)∣∣ ≤ Lg

2
∥S∥22

(24)
for all S ∈ TXk

MN such that ∥S∥2 ≤ ∆̄ and for all k.

Proof: Let MX0
≜ {X | F (X ) ≤ F (X0)} and set

K ≜ MX0
∪ {ExpX (S) | X ∈MX0

, ∥S∥2 ≤ ∆̄}. (25)

Then Theorem 1 implies that MX0
is compact, and therefore

so is K. Lemma 4 implies Xk ∈ MX0
⊂ K for all k. By

Theorem 2, there exists Lg > 0 to which (22) applies for
all Xk ∈ K. From [35, Lemma 2.1], we find that (22)
implies (24), completing the proof. ■

Lemmas 6 and 7 address Condition 4, which pertains to
properties of Hk, the Riemannian Hessian approximation
used in (14) and spelled out in Appendix B.

Lemma 6. The operator Hk in 32 is radially linear, i.e., for
all S ∈ TXk

MN and all α ≥ 0, we haveHk[αS] = αHk[S].

Proof: Equation (32) is linear by inspection. ■

Lemma 7. The operator Hk in (32) is bounded for all Xk

computed by Algorithm 1, i.e., there exists β <∞ such that

max
S

{
∥HkS∥2 | S ∈ TXk

MN , ∥S∥2 = 1
}
≤ β. (26)

Proof: First, ∥S∥2 = 1 implies ∥HkS∥2 ≤ ∥Hk∥2.
Substituting (32), applying the triangle inequality, and using
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the fact that λmax (PX ) = 1 yields

∥Hk∥2 ≤
∑

(i,j)∈E

∥PXRijPX ∥2 ≤
∑

(i,j)∈E

∥Rij∥2 . (27)

Since, by definition of ∥ · ∥2 and ∥ · ∥F we have ∥Rij∥2 ≤
∥Rij∥F , we reach

∥Rij∥2 ≤ 4 ∥Aij∥F ∥Bij∥F ∥Ωij∥F . (28)

Now, we set K as in (25) and apply the bounds derived in
our technical report in [23, Appendix J] for ∥Aij∥F and
∥Bij∥F on compact subsets ofMN . Since every term on the
right-hand side of (28) is bounded, we see that the right-hand
side of (27) is bounded, completes the proof. ■

Our convergence analysis culminates in Theorem 3.

Theorem 3. Let εg ≤ ∆0/λg be given, where ∆0 is from
Section IV, λg ≜ 1/4min {1/β, 1/2(Lg+β)}, Lg is from (24),
and β is from (26). Then, for any initialization X0 ∈
MN , Algorithm 1 produces an iterate Xk that satisfies
∥gradF(Xk)∥2 ≤ εg in no more than K iterations, where

K ≤ F (X0)−F (X ⋆)

ρ′λg

3

ε2g
+

1

2
log2

(
∆0

λgεg

)
, (29)

where ρ′ is from (17) and X ⋆ is from Lemma 2.

Proof: Lemmas 2, 3, and 5-7 show the satisfaction of
Conditions 1-4 in [29, Theorem 12], which immediately
implies that (29) holds for Algorithm 1. ■

Theorem 3 gives provable convergence of Algorithm 1
to approximate first-order critical points of F under any
initialization X0, and we note that the tolerance εg can be
made to take arbitrary values by adjusting ∆0.

VI. EXPERIMENTAL RESULTS

In this section, we validate the accuracy of Algorithm 1
relative to the Riemannian PGO solvers SE-Sync [13] and
Cartan-Sync [14]. Both yield a global minimizer identical to
that computed by the class of Riemannian algorithms that
use semidefinite relaxations (e.g., [15], [36]), so we omit
additional comparisons to those algorithms.

Because an objective comparison necessitated the use of
exact ground truth, we opted to adapt three synthetic PGO
datasets with diverse vertex and edge counts. The first of
these is Grid1000, which we synthesized5 with N = 1000
vertices and M = 1250 edges. The remaining datasets are
publicly available, and serve as common benchmarks for PGO
evaluations, namely, (i) M3500 [37], with N = 3500, M =
5598, and (ii) City10000 [12], with N = 10000, M = 20687.
To generate PGO trial datasets, we apply calibrated noise to
the ground truth dataset for each graph. Each of these datasets,
including ground truth, is available at https://github.
com/corelabuf/planar_pgo_datasets.

5To synthesize the Grid1000 dataset, a ground truth trajectory is computed
along a randomized grid resembling the Manhattan datasets created for [37].
Loop closure edges were selected at random, specifically, with 3.0% proba-
bility of an edge at Euclidean inter-pose distances of up to 2 meters.

Fig. 3. (Left) The M3500 pose graph dataset, corrupted with Lie-theoretic
noise. (Right) The estimated graph computed by Algorithm 1. Odometry
edges are blue, loop closures are red, and ground truth is shown in gray.

A. PGO dataset generation

To generate a PGO dataset, the true edge measurements
from each dataset are corrupted using the Lie-theoretic noise
model from (8). The edge measurement noise covariance, Σij ,
is computed as Σij ∼ W3 (σwΣw, 10), where Wd (V, n) is
the Wishart distribution with dimension d, scale matrix V ,
and n degrees of freedom6. Here, σw is a variance tuning
parameter, and Σw is given by Σw ≜ J3+diag ([u1, u2, u3]),
where J3 ∈ R3×3 is a matrix of ones and ui ∼ U(0,1] are
uniformly sampled on the interval (0, 1]. This generates ran-
dom, positive-definite, anisotropic covariance matrices with
E[Σij ] = 10σwΣw, which simulates relative pose covariances
computed by a Lie-theoretic estimator. Using this approach,
we generated 5 trial datasets per ground truth, for a total of
15. Figure 3 depicts an M3500 variant generated with σw =
5.62 · 10−5 alongside the estimate computed by Algorithm 1.

B. Evaluation methodology

Solutions computed by each algorithm were evaluated us-
ing the root-mean-square relative pose error (RPE) metric.
RPE measures total edge deformation with respect to the
ground truth, and gives an objective performance metric for
SLAM algorithms [39]. We denote (x⋄

i )
N
i=1 to be the ground

truth poses, and (x̂i)
N
i=1 to be the poses estimated by a given

algorithm. The Lie-theoretic RPE (RPE-L) is defined as

RPE-L ≜

√√√√ 1

M

∑
(i,j)∈E

∥∥Log1
(
ẑ−1
ij ⊞ z⋄ij

)∥∥2
2
, (30)

where ẑij ≜ x̂−1
i ⊞ x̂j and z⋄ij ≜ (x⋄

i )
−1 ⊞ x⋄

j . Now,
let (t̂i, θ̂i) and (t⋄i , θ

⋄
i ) denote the translations and rotations

corresponding to x̂i and x⋄
i , respectively. The Euclidean RPE

(RPE-E) is defined as

RPE-E ≜

√√√√ 1

M

∑
(i,j)∈E

(∥∥t̂ij − t⋄ij
∥∥2 + d(θ̂ij , θ⋄ij)

2
)
, (31)

where t̂ij ≜ R⊤(θ̂i)
(
t̂j − t̂i

)
, t⋄ij ≜ R⊤ (θ⋄i )

(
t⋄j − t⋄i

)
,

d (θ1, θ2) is the minimal angle between θ1 and θ2, and

R (θ) ≜
[
cos(θ) − sin(θ)
sin(θ) cos(θ)

]
.

6The sample covariance matrix of a multivariate Gaussian random variable
is Wishart-distributed [38], making it an apt choice for this application.
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Fig. 4. Percent reduction in Lie-theoretic RPE for the solutions computed
by Algorithm 1 relative to Cartan-Sync and SE-Sync. Reduction in Euclidean
RPE was omitted due to it being indistinguishable from the Riemannian case.
We see greater than 10% decrease for the Grid1000 dataset over the entire
noise regime, and greater than 15% & 25% for the M3500 and City10000
datasets, respectively. In all cases, the improvement in accuracy attained by
Algorithm 1 grows with the number of vertices and edges present in a graph.

For evaluation, the variance scaling parameter, σw, was
varied from 10−5 to 10−2, which equated to mean Euclidean
covariances with standard deviations ranging from 7.26 ·10−3

to 2.29 · 10−1 meters for translations, and from 4.05 · 10−1

to 12.81 degrees for rotations. We anchor x1 ≜ 1 for all
three algorithms. The initial iterate X0 is computed using
the chordal relaxation [40] method; though not necessary for
convergence of Algorithm 1, it is the default for both SE-
Sync and Cartan-Sync, so we implement it to provide a fair
comparison. Algorithm 1 was configured with parameters
εg = 10−2, ∆0 = 100, ∆̄ = 106, ρ′ = 10−2, and the inner
tCG algorithm was implemented with parameters κ = 0.05,
θ = 0.25, per the notation in [25, Section 6.5].

C. Evaluation results

Algorithm 1 converged to an approximate stationary point
in all of the 15 pose graphs. The RPEs computed for each run
according to (30) and (31) are included in Table I, alongside
the percent reduction in RPE attained by Algorithm 1 for each
run, which is plotted in Figure 4. SE-Sync and Cartan-Sync
computed identical solutions for each dataset, and exhibited
a notable estimation bias across the entire noise spectrum,
owing to the assumption of isotropic noise and the resulting
approximation error. As shown in Figure 4, Algorithm 1
demonstrated a consistent reduction in RPE. In fact, the gap in
RPE increases with the number of vertices and edges in each
graph, highlighting the scalability of our proposed solution.

VII. CONCLUSION

We presented a novel algorithm for planar PGO derived
from a realistic, Lie-theoretic model for uncertainty in sen-
sor measurements. The proposed algorithm was proven to
converge in finite-time to approximate first-order stationary
points under any initialization, while requiring no additional
assumptions about the problem. Numerically, the proposed
algorithm showed significantly improved accuracy over the
state of the art, and future work will extend the algorithm to
the 3D case and distributed/asynchronous implementations.
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TABLE I
RESULTS OF THE 2D PGO DATASET EVALUATION. RPE AND PERCENT REDUCTION IN RPE ATTAINED BY ALGORITHM 1 ARE SHOWN ON THE RIGHT.

SE-Sync [13] Cartan-Sync [14] Algorithm 1 [ours] (% Reduction)
Dataset σw RPE-L RPE-E RPE-L RPE-E RPE-L RPE-E

Grid1000 1.0 · 10−5 6.2 · 10−3 1.2 · 10−2 6.2 · 10−3 1.2 · 10−2 5.4 · 10−3 (−12.4%) 1.1 · 10−2 (−12.4%)
Grid1000 5.6 · 10−5 1.5 · 10−2 2.9 · 10−2 1.5 · 10−2 2.9 · 10−2 1.3 · 10−2 (−12.7%) 2.6 · 10−2 (−12.7%)
Grid1000 3.2 · 10−4 3.5 · 10−2 7.1 · 10−2 3.5 · 10−2 7.1 · 10−2 3.1 · 10−2 (−11.8%) 6.2 · 10−2 (−11.8%)
Grid1000 1.8 · 10−3 7.9 · 10−2 1.6 · 10−1 7.9 · 10−2 1.6 · 10−1 7.0 · 10−2 (−11.5%) 1.4 · 10−1 (−11.5%)
Grid1000 1.0 · 10−2 1.9 · 10−1 3.9 · 10−1 1.9 · 10−1 3.9 · 10−1 1.7 · 10−1 (−11.8%) 3.4 · 10−1 (−11.7%)
M3500 1.0 · 10−5 5.4 · 10−3 1.1 · 10−2 5.4 · 10−3 1.1 · 10−2 4.4 · 10−3 (−19.4%) 8.7 · 10−3 (−19.4%)
M3500 5.6 · 10−5 1.3 · 10−2 2.6 · 10−2 1.3 · 10−2 2.6 · 10−2 1.0 · 10−2 (−19.8%) 2.1 · 10−2 (−19.8%)
M3500 3.2 · 10−4 3.1 · 10−2 6.2 · 10−2 3.1 · 10−2 6.2 · 10−2 2.5 · 10−2 (−19.0%) 5.0 · 10−2 (−19.0%)
M3500 1.8 · 10−3 7.4 · 10−2 1.5 · 10−1 7.4 · 10−2 1.5 · 10−1 6.0 · 10−2 (−18.4%) 1.2 · 10−1 (−18.4%)
M3500 1.0 · 10−2 1.7 · 10−1 3.4 · 10−1 1.7 · 10−1 3.4 · 10−1 1.4 · 10−1 (−16.8%) 2.9 · 10−1 (−16.8%)
City10k 1.0 · 10−5 4.9 · 10−3 9.7 · 10−3 4.9 · 10−3 9.7 · 10−3 3.6 · 10−3 (−26.8%) 7.1 · 10−3 (−26.8%)
City10k 5.6 · 10−5 1.2 · 10−2 2.3 · 10−2 1.2 · 10−2 2.3 · 10−2 8.5 · 10−3 (−26.9%) 1.7 · 10−2 (−26.9%)
City10k 3.2 · 10−4 2.8 · 10−2 5.5 · 10−2 2.8 · 10−2 5.5 · 10−2 2.0 · 10−2 (−26.7%) 4.0 · 10−2 (−26.7%)
City10k 1.8 · 10−3 6.6 · 10−2 1.3 · 10−1 6.6 · 10−2 1.3 · 10−1 4.8 · 10−2 (−27.5%) 9.5 · 10−2 (−27.5%)
City10k 1.0 · 10−2 1.6 · 10−1 3.1 · 10−1 1.6 · 10−1 3.1 · 10−1 1.2 · 10−1 (−25.7%) 2.3 · 10−1 (−25.7%)

[32] C. Udriste. Convex functions and optimization methods on Riemannian
manifolds, volume 297. Springer Science & Business Media, 2013.

[33] E. Celledoni, S. Eidnes, B. Owren, and T. Ringholm. Dissipative nu-
merical schemes on riemannian manifolds with applications to gradient
flows. SIAM J. Sci. Comput., 40(6):A3789–A3806, 2018.

[34] D. P. Bertsekas. Nonlinear programming. J. Oper. Res. Soc., 48(3):334–
334, 1997.

[35] G. C. Bento, O. P. Ferreira, and J. G. Melo. Iteration-complexity
of gradient, subgradient and proximal point methods on riemannian
manifolds. J. Optim. Theory Appl., 173(2):548–562, 2017.

[36] Y. Tian, K. Khosoussi, D. M. Rosen, and J. P. How. Distributed certifi-
ably correct pose-graph optimization. IEEE Trans. Robot., 37(6):2137–
2156, 2021.

[37] E. Olson, J. Leonard, and S. Teller. Fast iterative alignment of pose
graphs with poor initial estimates. In Int. Conf. Robot. Autom. (ICRA),
pp. 2262–2269. IEEE, 2006.

[38] C. Chatfield. Introduction to multivariate analysis. Routledge, 2018.
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VIII. APPENDIX

A. Riemannian geometry ofM andMN

Here, we briefly overview the Riemannian geometry in-
volved with our formulation, which we cover in detail in
our technical report [23, Appendix B]. Firstly, we employ
an embedding of M in the ambient Euclidean space R4

with the inner product ⟨u,w⟩ = u⊤w and associated norm
∥u∥2 =

√
u⊤u for all u,w ∈ R4. Thus,M inherits the metric

gx (u,w) = ⟨u,w⟩x ≜ u⊤w and norm ∥u∥x ≜ ∥u∥2 for all
x ∈ M and u,w ∈ TxM. The product manifoldMN admits
the metric gX (U ,W) =

∑N
i=1 gxi (ui, wi) = U⊤W , and

norm ∥U∥X ≜ ∥U∥2 for all X ∈MN and U ,W ∈ TXMN .
The geodesic distance metric measures the lengths of mini-

mal curves between points. OnM, it is given by dM(x,y) =
∥Log1(x

−1 ⊞ y)∥2 for x,y ∈ M. On MN , it is given
by dMN (X ,Y) = (

∑N
i=1 ∥Log1(x

−1
i ⊞ yi)∥22)

1/2 for X =
vec((xi)

N
i=1) ∈MN , and Y = vec((yi)

N
i=1) ∈MN .

The parallel transport operator maps tangent vectors be-
tween tangent spaces. OnM,Px→y : TxM→ TyM denotes
the parallel transport from TxM to TyM for any x,y ∈ M.
For uy ∈ TyM, it is given by Px→y(uy) = x ⊞ (y−1 ⊞
uy). Extending this definition to MN yields PX→Y(UY) =
vec((xi⊞(y−1

i ⊞ui))
N
i=1) for UY = vec((ui)

N
i=1) ∈ TYMN ,

X = vec((xi)
N
i=1) ∈MN , and Y = vec((yi)

N
i=1) ∈MN .

B. Riemannian gradient and Hessian approximation
The Riemannian gradient at X ∈ MN , denoted

gradF (X ), is the orthogonal projection of the Euclidean
gradient, denoted ∂F̄ (X ), onto TXMN . The Euclidean gra-
dient is given by ∂F̄ (X ) =

∑
(i,j)∈E gij(xi,xj), where

gij(xi,xj) = [g⊤ij,1, g
⊤
ij,2, . . . , g

⊤
ij,N ]⊤ and

gij,k =


A⊤

ijΩijeij i = k,

B⊤ijΩijeij j = k,

04×1 otherwise,

with Jacobians Aij ≜ ∂eij/∂xi and Bij ≜ ∂eij/∂xj . The
orthogonal projector onto TXMN , denoted PX , is given by
PX = diag({Pxi}Ni=1), with Pxi = I4 − P̃xix

⊤
i P̃ , where

I4 ∈ R4×4 is an identity matrix. This gives gradF (X ) =
PX∂F̄ (X ). See our technical report for derivations of
Aij ,Bij [23, Appendix H] and Px,PX [23, Appendix B].

In (13), Hk : TXk
MN → TXk

MN is the Riemannian
Gauss-Newton (RGN) approximation of the Riemannian Hes-
sian at Xk, which we derive in [23, Appendix F] to be

Hk =
∑

(i,j)∈E

PXk
RijPXk

, (32)

where Rij ∈ R4N×4N has only four nonzero blocks. Denot-
ing block indices i ≜ 4i+1 : 4i+4 and j ≜ 4j+1 : 4j+4, they
are given by Rij[i,i] = A⊤

ijΩijAij , Rij[i,j] = A⊤
ijΩijBij ,

Rij[j,i] = B⊤ijΩijAij , andRij[j,j] = B⊤ijΩijBij .
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