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Abstract— Despite extensive research on sliding mode control
(SMC) design for quadrotors, the existing approaches have
certain limitations. Euler angle-based SMC formulations suffer
from poor performance in high-pitch or -roll maneuvers.
Quaternion-based SMC approaches have unwinding issues and
complex architecture. Coordinate-free methods are slow and
only almost globally stable. This paper presents a new six
degrees of freedom SMC flight controller to address the above
limitations. We use a cascaded architecture with a position con-
troller in the outer loop and a quaternion-based attitude con-
troller in the inner loop. The position controller generates the
desired trajectory for the attitude controller using a coordinate-
free approach. The quaternion-based attitude controller uses
the natural characteristics of the quaternion hypersphere,
featuring a simple structure while providing global stability
and avoiding unwinding issues. We compare our controller with
three other common control methods conducting challenging
maneuvers like flip-over and high-speed trajectory tracking
in the presence of model uncertainties and disturbances. Our
controller consistently outperforms the benchmark approaches
with less control effort and actuator saturation, offering highly
effective and efficient flight control.

Notations: Scalars are in italics, vectors in lowercase bold,
and matrices in uppercase bold.

I. INTRODUCTION

QUADROTORS require a robust controller to maintain
stability and precise maneuverability in the face of

model uncertainties and external disturbances. One common
control methodology that comes to mind when discussing
robust control is sliding mode control (SMC), known for
its simplicity and robustness [1]. SMC is proven effective
in many application areas [2–5]; however, its current imple-
mentations for quadrotors have certain shortcomings.

Previous work on sliding mode controller design for
quadrotors can be categorized based on their formulation in
modeling the vehicle rotational dynamics. An ample body
of literature relies on the Euler angle representation of the
vehicle attitude [6–10]. While robust 6-DOF flight control
can be achieved with such methods, they are only suitable
for small roll- or pitch-angle flight.

To elaborate, let us first establish the attitude dynamics of
a quadrotor using Euler angles. Let η = [ϕ, θ, ψ]

T , where
−π < ϕ ≤ π, −π

2 ≤ θ ≤ π
2 , and −π < ψ ≤ π

be the Euler angles representing pitch, roll, and yaw in
the yaw-pitch-roll sequence, ω the angular velocity vector,
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J = diag (Jx, Jy, Jz) the inertia matrix, and τ the moments
around the principal axes. The attitude dynamics becomes

η̇ = H (η)ω, (1)

where

H (η) =

 1 sinϕ tan θ cosϕ tan θ
0 cosϕ − sinϕ
0 sinϕ/cos θ cosϕ/cos θ

 , (2)

and
ω̇ = J−1 (−ω × Jω + τ ) , (3)

where × indicates the cross product. Now, if ϕ and θ
are small, H can be greatly simplified such that η̇ ≈ ω.
Subsequently, (1)-(3) can be simplified to a set of second-
order differential equations

ϕ̈ = θ̇ψ̇(
Jy−Jz

Jx
) + 1

Jx
τ1,

θ̈ = φ̇ψ̇(Jz−Jx

Jy
) + 1

Jy
τ2,

ψ̈ = φ̇θ̇(
Jx−Jy

Jz
) + 1

Jz
τ3.

(4)

The above equations have been the basis of numerous SMC
designs for quadrotors [6–10]. While their particular second-
order structure lends well to the SMC formulations, they are
only valid for small ϕ and θ values. Thus, as we will show in
our results, the controllers using such models struggle with
maneuvers that entail large pitch and roll angles.

Another category of related papers relies on a quaternion-
based representation of attitude. Several papers in this cat-
egory lack 6-DOF SMC designs, applying SMC for only
position control or attitude control [11, 12]. Several other
papers have explored 6-DOF SMC designs [13–15]; however,
they suffer from one or two of the following limitations:
(i) the control architecture is complex, and (ii) there is the
quaternion unwinding problem that can lead to longer-than-
necessary attitude maneuvers.

The third category of papers uses the geometric control ap-
proaches, designing SMC in SE(3) [16–18]. In this approach,
the attitude-tracking error is defined as Re = RT

d R, where
R is the rotation matrix, and the indices e and d represent the
error and desired value [19]. This method is prone to slow
convergence [20, 21] and leads to almost global stability [22].

In this paper, we address the above challenges by develop-
ing a new quaternion-based 6-DOF sliding mode controller,
avoiding the aforementioned limitations of Euler-based and
SE(3) approaches. We adopt the method presented in [21] to
eliminate the unwinding problem of quaternions. We apply a
cascaded control design, where the position controller output
in the outer loop is used to generate the desired trajectory
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for the attitude controller. We use a coordinate-free desired
attitude generation method [19] with no simplification of
rotational dynamics, enabling effective flight control during
aggressive maneuvers in the presence of model uncertainties
and external disturbances. Our controller features global
stability and uses the inherent characteristics of quaternion
dynamics in S3 to achieve such remarkable performance. We
compare our results with common controllers [19, 22, 23],
and show consistent improvements in flight performance
while minimizing actuator effort and saturation.

II. QUADROTOR DYNAMICS

This section presents the equations of flight for quadrotors
to establish the notation for our control developments.

Consider the inertial and body-fixed frames, Fe =
{e1, e2, e3} and Fb = {b1,b2,b3}, as illustrated in Fig.
1. Define ξ = [x, y, z]

T to be the position of the vehicle,
v ∈ R3 the velocity, q =

[
qw, q⃗

T
]T ∈ S3 the unit quaternion

representing the attitude, and ω ∈ R3 the angular velocity.
Then, the quadrotor flight dynamics is

ẋ =


ξ̇
v̇
q̇
ω̇

 =


v

−ge3 + 1
mq∗ ⊗ fe3 ⊗ q+ da

1
2q⊗

[
0
ω

]
J−1 (−ω × Jω + τ ) + dα

 , (5)

where ⊗ is the quaternion product, q∗ is the conjugate of q,
g is the gravity, m is the mass, J is the inertia matrix, f is
the thrust, τ is the moments, and da and dα are bounded
external disturbances.

We define the control input u ∈ R4 to be the vector of
thrusts generated by the rotors, given by u = ctΩ

◦2, where
Ω is the vector encompassing the angular rate of rotors, ct is
the rotors’ thrust coefficient, and ◦ is the Hadamard power.
The control input maps to the force and moments applied on
the quadrotor through [

f
τ

]
= Gu, (6)

where

G =


1 1 1 1

l sin(β) −l sin(β) −l sin(β) l sin(β)
−l cos(β) l cos(β) −l cos(β) l sin(β)
−cq/ct −cq/ct cq/ct cq/ct

 ,
(7)

with cq being the rotors’ torque coefficient and β and l being
geometric parameters defined in Fig. 1.

III. CONTROLLER DESIGN

This section presents the proposed 6-DOF quaternion-
based sliding mode controller for quadrotors. Figure 2 il-
lustrates the controller architecture. The reference trajec-
tory consist of desired position ξd and heading b1r =
[cosψd, sinψd, 0]

T . To deal with the vehicle under-actuation,
we employ a cascaded control structure including position
and attitude control loops. We use SMC for both position
and attitude control, enabling the robustness benefits of SMC

Fig. 1: Quadrotor model and coordinate frames.

for both control loops, as opposed to many position-only
or attitude-only SMC designs. The position controller deter-
mines the desired thrust and the desired attitude. However,
contrary to existing 6-DOF SMC designs that rely on Euler
angles, we employ a coordinate-free approach to generate the
desired attitude. For the attitude controller itself, we use a
quaternion-based SMC. This approach leads to a new 6-DOF
SMC with high effectiveness and efficiency.

A. Position controller
Let ξd, vd, and ad be the desired position, velocity, and

acceleration. Then, the error terms take the following forms

ξe = ξ − ξd ,ve = v − vd, and

ae = v̇ − v̇d = −ge3 +
1

m
q∗ ⊗ fe3 ⊗ q− ξ̈d.

(8)

Using the standard SMC formulation, we define the position
controller sliding surface as

sξ = ve + diag(λT
ξ )ξe, (9)

where λξ is a design parameter with positive elements. To
ensure chattering-free control, instead of using the well-
known sliding condition ṡξ = −Kξsgn (sξ), we use

ṡξ = −Kξ tanh(sξ), (10)

where Kξ is a design parameter. Substituting ṡξ = ae +
diag(λT

ξ )ve in (10) and (8) leads to

diag(λT
ξ )ve − ge3 +

1

m
q∗ ⊗ fe3 ⊗ q− ξ̈d

= −Kξ tanh(sξ).
(11)

Note that using quaternion multiplication, we have

q∗ ⊗ fe3 ⊗ q = f

 2(qxqz − qwqy)
2(qwqx + qyqz)
q2w − q2x − q2y + q2z

 = κ, (12)

where

κ = m
(
ξ̈d − diag(λT

ξ )ve + ge3 −Kξ tanh(sξ)
)
. (13)

It follows that

f = κ ·

 2(qxqz − qwqy)
2(qwqx + qyqz)
q2w − q2x − q2y + q2z

 , (14)

which constitutes our control law for thrust.
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Fig. 2: Controller architecture.

B. Trajectory generation for the attitude controller
The auxiliary variable κ can be used to generate the

desired quaternion qd, desired angular velocity ωd, and
desired angular acceleration αd for the attitude controller.
Inspired by the method in [19], we consider the desired
rotation matrix Rd = [b1d ,b2d ,b3d ], where b3d = κ/∥κ∥.
The goal is to find b1d and b2d to construct Rd, which will
lead to finding qd, ωd, and αd.

Starting with the reference heading b1r and b3d defined
above, we define b2d as b2d = ν/∥ν∥ where ν = b3d ×
b1r . Next, we define b1d = b2d × b3d to build Rd, and
subsequently qd.

To generate ωd and αd, we use Ṙd = [ḃ1d , ḃ2d , ḃ3d ] and
R̈d = [b̈1d , b̈2d , b̈3d ]. According to [19], we have

ḃ3d =
κ̇

∥κ∥
− κ · κ̇

∥κ∥3
κ, (15)

ν̇ = ḃ3d × b1r + b3d × ḃ1r , (16)

ḃ2d =
ν̇

∥ν∥
− ν · ν̇

∥ν∥3
ν, (17)

ḃ1d = ḃ2d × b3d + b2d × ḃ3d , (18)

b̈3d =
κ̈

∥κ∥
− 2

κ · κ̇
∥κ∥3

κ̇− ∥κ̇∥2 + κ · κ̈
∥κ∥3

κ

+3
(κ · κ̇)2

∥κ∥5
κ,

(19)

ν̈ = b̈3d × b1r + b3d × b̈1d + 2ḃ3d × ḃ1d , (20)

b̈2d =
ν̈

∥ν∥
− 2

ν · ν̇
∥ν∥3

ν̇ − ∥ν̇∥2 + ν · ν̈
∥ν∥3

ν

+3
(ν · ν̇)2

∥ν∥5
ν,

(21)

and

b̈1d = b̈2d × b3d + b2d × b̈3d + 2ḃ2d × ḃ3d . (22)

Using (13), we can compute κ̇ and κ̈ as follows

κ̇ = m
( ...
ξ d − diag(λT

ξ )ae −Kξ sech(sξ)
2 ◦ ṡξ

)
, (23)

κ̈ = m
(
ξ
(4)
d − diag(λT

ξ )je −Kξ sech(sξ)
2 ◦ s̈ξ+

2Kξ sech(sξ)
2 ◦ tanh(sξ) ◦ ṡ◦2ξ

)
,

(24)

where ae and je are the acceleration and jerk errors, respec-
tively. We can now generate ωd and αd as follows

ωd = (RT
d Ṙd)

∨, and αd = (RT
d R̈d − ω̂2

d)
∨, (25)

where ∨ : so(3) → R3 and ·̂ : R3 → so(3).

C. Attitude controller

For the attitude controller, we adopt the method proposed
in [21]. The advantage of this approach is capturing the
geometry of S3 and global stability as opposed to common
geometric methods that are almost globally stable [22]. To
this end, let us define the quaternion and angular velocity
errors as

qe = q∗
d ⊗ q, and ωe = ω − ωd. (26)

The quaternion error dynamics becomes

q̇e =
1

2
qe ⊗

[
0
ωe

]
=

[
−q⃗e · ωe

qweωe + q⃗e × ωe

]
. (27)

Let us define the attitude controller sliding surface as follows

sq = ωe + diag(λT
q ) sgn+(qwe

)q⃗e, (28)

where

sgn+(·) =
{

1 if · ≥ 0,
−1 if · < 0,

(29)

and λq is a design parameter with positive elements. The
term sgn+(qwe

) is the key in this design. It maintains
the control input continuity, thus eliminating the unwinding
behavior of quaternion-based controllers. Next, according to
[21], the attitude control law becomes

τ = Jαd + ω × Jω − J diag(λT
q ) sgn+(qwe)

˙⃗qe−
Kq tanh(sq),

(30)

where Kq is a design parameter.

D. Stability analysis

The global stability of the system can be shown using the
following Lyapunov function

V =
1

2
sTξ sξ +

1

2
sT∆Js∆, (31)

where s∆ = sq − tanh (sq), provided that the design param-
eters Kξ and Kq are sufficiently large. The steps to show
the stability are straightforward using standard SMC stability
analysis [1], and the mathematical treatment presented in
[21]. To avoid repetitions, and use the limited space to
present our results, we skip the details of this part.
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TABLE I: Parameters values used in simulations
Parameter Value

a) Vehicle parameters:
m 27 [g]
J diag (1.66, 1.66, 2.93)× 10−5 [kgm2]

ct 2.88× 10−8 [N
s2

]

cq 7.24× 10−10 [Nm
s2

]
l 92 [mm]
β 45◦

da 2 sin(πt+ π
2
) [m

s2
]

dα sin(πt) [ rad
s2

]

f i
min, f

i
max 0.01, 0.15 [N ] where i = 1, 2, 3, 4

b) Parameters common among all controllers:
m 21.6 [g]
J diag (1.992, 1.4940, 3.0765)× 10−5 [kgm2]

c) Our controller parameters:
λξ [2, 4, 8]T

Kξ diag([4, 2, 8])

λq [20, 20, 20]T

Kq diag([0.02, 0.02, 0.02])
d) Geometric controller parameters [19]:

Kξ diag([5, 5, 15]×m)
Kv diag([1, 1, 5]×m)
Kj diag([0.01, 0.01, 0.01]×m)
KR diag([1.2, 0.5, 0.5])
Kω diag([0.02, 0.01, 0.01])

e) Euler-based SMC parameters [24]:
λξ [2, 2, 2]T

Kξ diag([4, 4, 30])

λΦ [5, 5, 5]T

KΦ diag([20, 20, 20])
f) Quaternion-based PD controller parameters [23]:

λξ [2, 4, 8]T

Kξ diag([4, 2, 8])
Kq diag([0.05, 0.05, 0.05])
Kω diag([0.001, 0.001, 0.001])

IV. RESULTS

This section presents our simulation results. We compare
our method with two common 6-DOF flight control tech-
niques, the geometric controller [19], and the Euler-based
sliding mode controller [24]. Also, to highlight the advan-
tages of our attitude controller, we compare our results with
a commonly used quaternion-based proportional-derivative
(PD) attitude controller [23] combined with our position con-
troller. The simulation scenarios consist of (1) flip-maneuver,
and (2) lemniscate trajectory tracking, both in the presence
of parametric uncertainties and external disturbances. Table
I gives the parameter values used in simulations. Note that
we meticulously fine-tuned all controllers over many trials
to ensure their best performance.

A. Scenario 1: flip over maneuver

In this scenario, the vehicle starts from ξ0 = [0, 0, 2]
T ,

v0 = [1, 1, 3]
T , q0 = [0, 0, 0, 1]

T , and ω0 = [0, 0, 0]
T ,

conducting a flip maneuver to reach ξd = [1, 2, 3]
T , and

b1r = [1, 0, 0]
T . Note that the vehicle starts from an inverted

orientation, with an initial linear velocity. This represents a
challenging aggressive deployment scenario.

Figures 3 - 7 illustrate the results. The Euler-based SMC
failed to perform this maneuver due to the singularity of
Euler angles in the inverted orientation. Even with initial
conditions slightly away from the inverted orientation and
extensive parameter tuning, achieving stable behavior with
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Fig. 3: Quaternion error for flip-over maneuver scenario. The
different initial values of the geometric controller are due to the
difference in its reference generation method within its position
controller.
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Fig. 4: Angular velocity error in flip-over maneuver scenario.

this method proved unsuccessful. This stems from the η̇ ≈ ω
simplification that is invalid for large ϕ and θ values, a limi-
tation of the previous 6-DOF SMC designs. Our method and
the two other benchmark methods successfully conducted
this maneuver; however, the quaternion-based PD method
suffers from high fluctuations in rotational error dynamics.
Our method and the geometric controller exhibit compara-
ble performance in rotational error dynamics; however, our
method offers faster convergence and less steady-state error
in transnational error dynamics. Interestingly, this is achieved
by a smaller control input and fewer actuator saturation,
highlighting the efficiency of our method.

B. Scenario 2: lemniscate trajectory tracking

In this scenario, the vehicle starts from ξ0 = [0, 0, 2]
T ,

v0 = [1,−0.5, 0.5]
T , q0 = [0.2837, 0, 0,−0.9589]

T , and
ω0 = [0, 0, 0]

T , tracking a lemniscate trajectory with varying
speed and acceleration, reaching to maximum 2.51 [m/s]
and 1.7 [m/s2]. Note that the vehicle under consideration
is a nano quadrotor and such speeds and accelerations are
excessive for the vehicle.

Figures 8-12 illustrate the results. Concerning rotational
dynamics, the quaternion-based and geometric controllers
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Fig. 5: Position error in flip-over maneuver scenario.
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Fig. 6: Linear velocity error in flip-over maneuver scenario.

manage to keep quaternion and angular velocity errors rela-
tively small; however, the Euler-based SMC falls behind. Due
to the high acceleration and speed profile of this trajectory,
the and roll angles reach values up to 45◦, detrimental to the
validity of the simplified η̇ ≈ ω model. This may also ex-
plain why the Euler-based SMC exhibits slower convergence
and larger steady-state errors in transnational dynamics com-
pared to the two other SMC controllers. Interestingly, while
our method and the quaternion-based PD controllers have
identical position controllers, our method offers a slightly
better performance which can be attributed to its more
accurate attitude-tracking performance. Note that all SMC
position controllers outperform the geometric controller in
translational dynamics with smaller control efforts and fewer
actuator saturations. This can be explained by the higher
robustness offered by SMC compared to the PD-like position
control in the geometric controller. Overall, our proposed
method offers the smallest control effort with the fastest error
convergence and smallest steady-state error.

V. CONCLUSION

This paper presented a new 6-DOF sliding mode con-
troller for quadrotors. The strengths of our method include
(1) global stability, (2) avoiding model oversimplification,
and (3) eliminating the unwinding problem of quaternion-
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Fig. 7: Thrust generated by each motor in the flip-over maneuver
scenario.
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Fig. 8: Quaternion error in the lemniscate trajectory tracking
scenario.

based controllers. These features overcome the limitations of
existing SMC designs for quadrotor flight control, enabling
a fast and robust controller that outperforms several existing
methods over challenging scenarios while minimizing control
efforts and actuator saturations. Possible directions for future
work include comparison with other agile flight controllers
like differential flatness and nonlinear model predictive con-
trol methods, higher-order SMC extensions of the current
formulation, and enhancing the controller with adaption laws.
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