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Importance of Translational Velocity for Bird-scale Flapping Wing
Vehicles Incapable of Hovering

Shijun Zhou, Aidan Orr and Nak-Seung P. Hyun*

Abstract— There exist multiple types of flyers in the world
that either achieve lift through leveraging aerodynamics by
cleverly choosing the wing airfoils of an airplane, or by
flapping their wings. As the flapping wing vehicles (FWVs)
decrease in scale, lift is predominantly generated by flapping.
However, bigger birds or bird-scale flapping wing vehicle
(BFWYV) may not be able to hover but leverage the forward
velocity to augment the lift generation. In this paper, we analyze
the aerodynamic lift augmentation through the translational
velocity for a 12g, BFWV with tail (flapping around 14 Hz).
We prove that the vehicle is unable to hover, but there exist
a significant augmentation through the translational motion. A
cycle-averaged aerodynamic model including the contribution
from the translational velocity is proposed, and experimentally
validated. Finally, the analysis of the sufficient conditions on
the velocity direction and orientation are studied to maintain
the zero angular moment forward flight.

I. INTRODUCTION

In nature, birds and insects flap their wings to robustly nav-
igate through challenging environments (e.g., strong winds
and clustered forests). The challenge in designing and man-
ufacturing a bio-inspired flapping wing vehicle (FWV) is to
ensure sufficient lift force generation while minimizing its
weight. Researchers have been able to design and manu-
facture insect-scale FWV as light as 80-mg [1], [2]. These
insect-scale FWVs use piezoelectric actuators to reduce the
weight and provide enough power to oscillate their wings at
higher frequencies (e.g., Harvard Robobee flapping at 160
Hz). The FWV’s high flapping frequency allows the vehicle
to hover. At a relatively larger scale with a slower flapping
frequency, many researchers have successfully demonstrated
hovering flights inspired by the Hummingbird [3]. The
common feature among these FWVs lies in the capability
of hovering [4].

However, not every animal that flies can hover by flapping.
As the size of the flyer decreases, the flapping frequency
increases. On the other hand, larger animals with lower
flapping frequency can not hover but can instead, move ex-
tremely fast laterally [15]. Therefore, the hovering capability
can be used as a criterion to distinguish between two different
types of FWVs: hovering and translational flyers. We sur-
veyed literatures that demonstrated the flight maneuvers of
FWVs based on their operational Reynolds number regime,
flapping frequency, and total weight in Fig. 1. The triangles
represent the FWVs, which demonstrates the hovering flight,
and we denote it as a hovering flyer. The circles represent
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Fig. 1. Flapping frequency versus Reynolds number across a range of FWV
of various masses; low Reynolds number regime is dominated by hovering
flyers and smaller BFWVs with higher flapping frequency (> 14 Hz), while
the larger translational flyers on the scale of seagulls with lower flapping
frequencies (< 10 Hz) occupy the higher Reynolds number regime. Flyers
referenced in the figure: [5]-[14]

the FWVs, which demonstrate only the translational motions,
and we denote it as a translational flyer. The hovering flyers
tend to flap their wings at higher frequencies, and the weights
are relatively less than the translational flyers. Fig. 1 cap-
tures the strong correlation between flapping frequency and
Reynolds number which demonstrates translational flyers’
ability to traverse translationally at higher speeds.

In addition, the translational flyers often have the flying
characteristics of the larger avians that incorporates both
flapping and gliding during forward flights. This allows
them to conserve energy while taking full advantage of
leading edge vortex (LEV) generated during both flapping
and gliding [16], [17]. As demonstrated in the translational
flight of the Indian leaf butterfly with an average wing span
of 65mm, the aerodynamic forces it generates are directly
proportional to its forward flight speed and underestimating
the flight speed may lead to an underestimation of its thrust
generation [18]. Inspired by translational flyers’ different
modes of flight, we postulate a hybrid lift generation ap-
proach within the translational flyer class FWVs that could
generate aerodynamic lift through motions of flapping and
achieve lift augmentation through translational flight.

To understand the translational FWVs flight dynamics,
we define a separable model to be an aerodynamic model
which additively separates the thrust generation due to the
flapping and translational motion; and an inseparable model
to be one considering their combined effect. In this paper,
we consider the separable model to illustrate the importance
of the translational velocity in BFWVs lift generation.
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In this work, we experimentally validate that some class of
BFWYV model can not generate sufficient lift through flapping
motion alone to achieve hovering. It requires a non-zero
translational flight velocity to generate augmented aerody-
namic lift forces. A separable nonlinear aerodynamic model
is proposed for the cycle-averaged dynamics of BFWV and
sufficient conditions on the states of the BFWV are derived
so that it could fly with constant speed and orientation.

II. MODELING OF CYCLE-AVERAGED BFWYV DYNAMICS

In this section, we model the FWV shown in Fig. 2
as a six DoF translational flyer with the cycle-averaged
aerodynamic force directly acting on the body under the
following assumptions [19]:

Assumption 1. The body and wing dynamics are decoupled

Assumption 2. The body dynamics depends on the cycle-
averaged aerodynamic forces

Assumptions 1 and 2 are well suited for systems with
relatively low-mass wings compared to the body. (e.g., the
Harvard RoboBee’s wing mass is 1% of the body weight,
and the FWV wings shown in Fig. 2 in this paper are 3.5%
of the body weight).

Now, suppose that the center of mass (CoM) position is
given by r = (x,y,z) in the inertial frame (Fig. 2) where
the origin of the body frame is attached to the CoM and
aligned with the principal axis of the FWV. Let R, be the
rotation matrix in SO(3) representing the orientation of the
vehicle. The coordinates of the system can be represented by
(r,Ryp) € SE(3). In addition, let v € R?® be the translational
velocity in the world frame, and ® € R? represent the body
angular velocity, then the cycle-averaged FWV dynamics is:

o= v (D
wa = wa&\) )
my = —mge3+ RypFaero 3
Io = —0XI0+ Thero )

where m is the total mass of the vehicle, g is the gravitational
acceleration, F.,, € R3 is the total cycle-averaged aerody-
namic force acting on the CoM of BFWV’s body frame,
Taero € R? is a vector of cycle-averaged torques along the
roll, pitch, and yaw axes of BFWV’s body frame, and the
vector e3 = (0,0,1)T is a unit vector in R3. Since the body
is aligned with the principal axis, the moment of inertia
1 € R¥3 is a diagonal matrix with components (L, Zy,L;),
and @ is a skew-symmetric matrix such that @y = @ x y
(here, x indicates a cross product).

Remark 1: Observe that the state x = (r,Rp,v, @) are
the averaged states, and Fp,,, and T, represent the cycle-
averaged aerodynamic model. By averaging the instanta-
neous aerodynamic forces and torques Fj,y; and Tj,y over
a flapping cycle, a cycle-averaged model can be obtained.

1 !
Faero(t) = ?/ TE'nst(Tl)dTI
t7

_ 1
Taero(t) - ?/ TTinst(Tl)dTl
f—

Yaw
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Fig. 2. BFWYV side and top view, major aerodynamic loading zones are
colored: green represents tail and red represents wings. a) The passive fixed
tail can be manually adjusted by applying moment around its hinge; the
active 1DoF tail is controlled by a small brushless DC motor. b) The active
1DoF wing is controlled by a bigger brushless DC motor situated at the
thorax of the FWV. ¢) BFWV body-frame axis along with positive Euler
angle directions and world frame defined

where Fj,y; and T;,; represent the instantaneous force and
torque exerted at the CoM of BFWV.

A. Underactuated BEWV Robot Model

As shown in Fig. 2, a 32cm wing span, bird-scale flapping-
wing vehicle weighing 12.0g modified from Bionic Bird [20]
is used in this study and it is capable of varying the flapping
frequencies from 10 to 14 Hz. Let u; and u be the input
controls for the wing and the back tail, respectively,

u = [u,up] €[0,100]

which are the duty cycle of each motor. This system is
underactuated since it has two inputs (u1,uy) which are less
than the degrees of freedom (DoF) of the system. Therefore,
the cycle-averaged aerodynamic force and torque, Fy,,, and
Taero can be defined as a function of these inputs and the
averaged states:

Faer{) (t) = Faem(u(t)yx(t)) (5)
faero(l‘) = Taero(u(t)ax(t))~ (6)

B. Aerodynamic Force Data Acquisition

We have two different ways to measure the aerodynamic
forces based on the translational velocity of the flyer. One
is a static measurement without translational velocity (v =
0), using a 6-axis transducer ATI-Nanol7 by mounting
the BFWV’s CoM to the transducer’s reference center of
measurement. Three sets of experiments are conducted over
each input duty cycles ranging from

uy € [70,100]

with an increment of 5. Let F},(t,u) € R? and t},,(t,u) €
R? be the measured instantaneous force from the load cell
where the superscript s denotes static measurement, then the
average aerodynamic force and torque can be obtained by
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averaging over n cycles with flapping period T given constant
input uy:

. nT fy

Fstatlc ul Z inst tl + 1/f5) ) )
nTﬂ

TSZ(I[IC ul Z inst tl + l/fS) ) (®)

where f; =1 kHz, and #; is some initial time. An example
of the static instantaneous force data projected on body YZ
plane is shown in Fig. 3(a).

Next, we use the motion capture data to obtain the
aerodynamic force estimates during the forward flight. The
active tracking of the BFWV flight data using motion capture
is sampled at f; = 150Hz for an average flight duration of
0.8 seconds (6 cycles). The collected data gives the position
and R, at each time stamp. We can then compute the body
angular velocity using the first order approximation on so(3),
a skew symmetric matrix, as follows

() = Rwh(t+AAtt)wa(t)7l)

where @ € so(3) and Ar is the sampling period. BFWV
angular velocity w can then be solved using the definition
of the time rate of change of angular rotation:

o <1og<wa<r+At>wa(r>-1>)V

log(

9)

At

where V is the inverse operation of the hat operator. The
estimated instantaneous aerodynamic force is then obtained:

Foug(t) = Ry (mv+mges) (10)
Tua(1) = 10+ o0 x]o, (1n
where both F},, and 7/, , are force and torque represented on

the body frame. An example of the six cycle measurement is
shown in Fig. 3(b). Now, by averaging over n = 6 flapping
cycles, we compute

. nT f;

Fll@rU u] Z inst tl =+ l/ft) ) (12)
anv

Taero ul - Z inst t1+ l/ft) ) (13)

for each input u#; and some initial time #;.

III. MOTIVATING EXAMPLE FOR INSUFFICIENT
AVERAGED LIFT FORCE FOR BFWYV TO HOVER

In this section, we compare two sets of tests operating
at the same input duty cycle u; = 80 in two aerodynamic
force data calculation: Static and Translational aerodynamic
forces, F.,,,(u1) and F',,, (u1), respectively:

1) Static: BFWV main motor actuated with a forward
translational velocity of v =10 (m/s)

2) Translational: BFWV main motor actuated with a
forward translational velocity of v > 0 (m/s)

Quasi- steady Aerudynamlc Forces (static test)

0
o

o~
£
27@&
Z \\\\\\\\\\\
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09%
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]
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Time (ms)
Quasi-steady Aerodynamic Forces (translational test)
Zp ‘ 3 s
Vb z
= SN T ¢
153
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07 §
! y=1.16 g
53 107 160 213 267 320 °

Time (ms)

Fig. 3. (a) Quasi-steady force measured during static flight (v = 0)
projected onto BFWV body YZ plane. (b) Quasi-steady force measured
during translational (v > 0) projected onto BFWV body YZ plane. Cycle-
averaged force vector is shown as blue arrow overlaid with the image of
the robot.

We define y as the normalized cycle-averaged aerody-
namic forces over the weight of BFWV as:

_ |Faero|
mg

The critical value y > 1 implies that the BFWYV is capable
of holding altitude during flight since the cycle-averaged
lift equals its weight. As shown in Fig. 3(a), y=0.72 < 1
measured over one flapping cycle operating at motor input
u1 = 80 (duty cycle) during static flight test indicates that the
BFWYV can not generate sufficient lift to stay aloft. However,
we observe ¥ = 1.16 > 1 in Fig. 3(b) during translational
flight tests indicating the BFWV flyer can generate enough
lift to climb up. Therefore, we postulate that in addition to
lift generated through the flapping actuators, there exists lift
augmentation during the translational motion. We formally
introduce the hybrid notion of lift generation in Section IV
and show that the aerodynamic model of the BFWV system
described in Equ. (5, 6) can be separable.

IV. AUGMENTED AERODYNAMIC FORCE MODELING
AND SYSTEM IDENTIFICATION FOR BFWV

Motivated by the existence of lift augmentation through
translational flights previously shown, a separable cycle-
averaged aerodynamic model is formally stated as following:

faero(uava wawa) = fstatic(u) +faug<vv Qvab)
?aero(uvvv vawb) = ?static(u) "f‘faug (V7 -Qvab)

(14)
5)

where the subscript static denotes the aerodynamic forces
and torques produced by the BFWV’s actuation mechanism
through motions of flapping itself; the subscript aug denotes
the augmented aerodynamic forces and torques produced
through the translational motion of the BFWV. Given this
separable model, the BFWV dynamics can be formally
formulated using the cycle-averaged quasi-steady approach.
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Fig. 4. Static aerodynamic force and torque versus input u; raw data points
are shown as error bars, showing three distinct experiments are performed
at set duty cycles; linear static model is shown in blue

A. Static Aerodynamic Model and System Identification

The static force data obtained by the 6-axis transducer
previously introduced in Section II-B shows the strong linear
correlation with the input u;. A first order approximation for
the input duty cycle u; to the averaged static aerodynamic

force and torque, Fyqric(u1) and %sm,,'c(ul) is proposed:

~

Fstatic (ul )

~

Tstatic (ul )

(16)
a7

=Ags-ur + By
= Ass-u1 + By
where A, By, A5, Bis € R3 are unknowns. By formulating

the least square error from the static data measurement to
the proposed model

minAfx.,nyeR3 Z Hfstalic(ul) _fsmtic(ul)nz (18)
' u1€[70,100)
minAtSnyy cR3 Z | |fstatic (ul ) — Tstatic (ul ) | |2 (19)
‘ u; €[70,100]

, we obtain the optimal solutions for Az, By, Ass, and By,
and the obtained static model is shown in Fig. 4. The static
flight test result reveals strong thrust in the body y-axis, and
a strong negative pitch torque about the body x-axis.

B. Translational Aerodynamic Model

In this section, we propose a model for augmented aero-
dynamic forces as a function of the translational velocity,
angular velocity, and orientation. First, the following design
assumptions are applied:

Assumption 3. The shear force or skin friction force acting
on the wings are negligible.

Assumption 4. The BFWV fixed tail is symmetrical in the
body XY plane

The Assumption 3 holds for the wing design with thin film.
The BFWV wing membrane shown in Fig. 2 has a thickness
of 150 um, and Assumption 4 is true by its mechanical
design. The separable augmented aerodynamic force Fp,
in Equ. (14) is then modeled with the instantaneous quasi-
steady translational aerodynamic model, which depends on

Fig. 5. BFWYV force projection schematic showing locations of center of
pressure (CoP) on both wing and tail; augmented aerodynamic forces due to
translational velocity is shown in red; 6 denotes the fixed tail angle relative
to body y axis

the instantaneous state

Xy = (V,w,wa), (20)

the mean center of pressure location (d), and the lumped
aerodynamic constants (K). The unknown constants d and
K, which we will formally define in this section, are subject
to be learned via system identification.

First, we define the CoP locations of the tail as r, and of
the wing structure (mean CoP between two wings) as ry,
expressed in the body frame, respectively.

i

y 'z

rwz[r;v ry r?’]T

Invoking Assumption 4, we assume 7, = 0 and 7, =
—tan(@)(r§,+rr,,ol) where 6 is the angle shown in Fig. 5(a)
and r,,,; defines the distance between CoM to the root of the
BFWYV tail. Therefore, we denote the unknown CoP locations

as design parameters d:

d=1[r, r n rﬂT (21

where d € R* is a vector with non-negative elements.

Next, we define K;, K,, € R>¢ to be the lumped aerody-
namic constant for the tail and wing. By using the velocity-
squared dependency between aerodynamic forces and aero-
dynamic constants [21], F, can be expressed as a function
of K; and K,, and the velocities at the CoP of the tail and
wing. We can express the velocity in the world frame at each
CoP on the wing and tail respectively by:

Vi (xr,d) v+ R, Or; (22)
Vi (xrd) = v4+RupOF, (23)

where v, @, and R, are instantaneous states (cf. not the
averaged state as in Equ. (1-4)). Then, the quasi-steady
aerodynamic force acting on each wing in the world frame
can be formulated as:

Fiy = —Ki|[Viy [Viy
Fyy = _KW|VWV%|;|VVV§

(24)
(25)
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From the Assumption 3 and Assumption 4, we define
the projection matrix Q,, to extract only the orthogonal
component to the mean wing surface, and we define the
projection matrix Q; to project the aerodynamic force on the
body YZ plane to remove body X axis aerodynamic force,

.
O = e€3és3

.
Oy = (hx3"ﬁ€1>

where ¢; is an elementary unit vector. Note that the projection
matrix is defined in the body frame, then the aerodynamic

forces, F,,, and F,,, expressed in the body frame are
Fig = —Kl[Viyl|Q(R v+ or) (26)
Favl‘;g = _KWHV%%HQW(R;;V‘F(D"W)- 27

The linear force term acting on the system can be modeled
by summing the tail and wing contributions, P/:aug. In addition,
the induced augmented aerodynamic torque generated by
each Fa’ug and Fy,, can be computed. Therefore, we have
the instantaneous augmented aerodynamic model depending
on x, and the unknown parameters (d,K):

Fuug(xr,d,K) = A(x,,d)-K; + B(x,,d) - K, (28)
Tuug (X, d, K) = C(xy,d) - K; +D(x,,d) - K, (29)

where A(x,,d),B(x,,d),C(x,,d), and D(x,,d) € R? are de-
fined as:

Alxr,d) = —||Viyl|Qi(R, v+ i)
B(x,,d) = —||V||Ow(R, v+ dry)
C(xy,d) = F;Mg
D(x,d) = FuFy,.

Remark 2: Observe that the aerodynamic constants K has
linear dependency in the model but the unknown CoP param-
eters d appears non-linearly due to the square dependency
of the Vi, and Vi, We exploit this structure in the system
identification in the next section.

C. Nonlinear System Identification for Augmented Aerody-
namic Force

In this section, we first aim to learn the unknown param-
eters d and K in the augmentation model Equ. (28-29). Let
the cycle-averaged augmentation error to be defined as

y(ul) — lFaer()( ) gsttmc(ul)‘|

(30)
Taem( ) static ( Ui )

where y(u1) € R® and F e, (11), Tuero (1) are obtained from
the open-loop experiment mentioned in Section 1I-B, and
fsmtic(ul),%sm,ic(ul) are obtained from the identified model
in Sec IV-A.

Each open-loop experiment, we obtain instantaneous state
x, = (v,@,R,p) (c.f, not the cycle-averaged state), and we
compute the predicted averaged force from the model in
Equ. (28-29),

aug (114 (1/5)i),d, K)

(n+(1/f.dK) OV

~ 1 "L
u,d,K) = —
(1 T; Taug

-2 -2
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Fig. 6. Proposed separable reduced-order aerodynamic model in com-

parison with experimental and static aerodynamic forces and torques mea-
surements; existence of lift augmentation in F, due to BFWV’s non-zero
translational velocity is shown.

where § € RS, Since K appears linearly in Equ. (28-29), we
can formulate y(u;,d,K) as

Y(u1.d,K) = G(d)K (32)

for some G(d) € R%*? derived from Equ. (28-29). Then,
we can derive the analytic optimal solution for K which
minimizes the constrained weighted least square constrained
optimization problem:

1

K*(d) := argmin — (
k2
subject to K;,K,, > 0.

The Hamiltonian of the system with two Lagrange multipli-
ers A = (A1,4) " € R? is defined as

y—G(d)-K)'W(y—G(d)-K) (33)

- — —
H=306-G(d)-K)'W(-G(d)K) =K — K, (34)

and by considering necessary conditions for the stationary
solution, we have
K*(d,A) = (G(d)'WG(d)) 'G(d) Wi+
(G(a)'WG(d)™'A (35)

where A1, A, > 0, satisfying the Karush—-Kuhn-Tucker (KKT)
conditions.

Now, by substituting the optimal K* back into the
weighted cost function in Equ. (33), we formulate the non-
linear optimization problem with d as the only parameters:

d* = argmin 1 G—G(d)-K*(d)TW(y—
dely

G(d)-K*(d))
(36)

subject to
M>0AL >0NdeUy

where A is the logical AND operation, and Uy is the bounds
for CoP location given the geometry of the robot shown in
Fig. 2. Finally, this problem is solved with the NLP solver
in MATLAB using the interior-point-method.
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Once we find the d* numerically, we compute for the cor-
responding optimal K*(d*) using Equ. (35). This procedure
is repeated for every N = 39 open-loop experiment described
in Sec II-B. By collecting all K*(i),d*(i) optimal solutions
for each experiment, the averaged K and d are obtained by

K= 1k'(i), d= ~d'(i
= 5K (), A=)

Finally, the cycle-averaged separable aerodynamic model
is defined as

~

= Fslatic(ul ) + Faug (Xr,H,F)
= Tytatic (ul ) + %aug (fr,g, F)

(37)

faero(ul 73?r)
T (38)

Tuer()(ul 7xr)

where x; is the averaged state and all proposed model with
[] are from Equ. (16-17) and Equ. (28-29).

Remark 3: The results of the proposed model is shown
in Fig. 6. This model is obtained using the flight data in the
velocity range of v = [2.63,3.62] m/s. The experimentally
obtained force data and the predicted model show a strong
match and correlation at the higher translational velocities
(green, v > 2m/s). The predicted model at lower translational
velocities (blue, v < 2m/s) corresponds well to the static
model (solid red line) as expected. Overall, the proposed
model indicates the presence of significant aerodynamic
force augmentation during BFWV’s higher velocity flights.

V. ANALYSIS OF BFWV DYNAMICS AND FEASIBLE
TRAJECTORIES

In this section, the feasible trajectory of the BFWV model
using the proposed cycle-averaged separable aerodynamic
model will be analyzed. First, the cycle-averaged reduced
order model (removing the position kinematics from Equ. (1-
4) using the can be defined as

R;Vb - wa(b (39)
my = —mges +RWbFaero(ul \Xr) (40)
Ia'):—a)XIa)+%aem(ulaxr)+71(u2)e3 (41)

where x, = (Ryp, v, ®) and F 4o (uy ,X,),%am (u1,%,) are from
Equ. (37-38). We hypothesize that the tail control u; can
generate direct yaw torque to the system. The system iden-
tification of the yaw torque will be further conducted in the
future. In this section, we aim for generating the possible
trajectory from the given aerodynamic model when the yaw
torque can be controlled separately.

A. A Set of Equilibrium of the Reduced Order Model

Suppose that a set S is a collection of stationary points of
the reduced order dynamics, then

S:={xeSEQ3) | JucUst.o=0Ad=0Av=0}

where U is the input bound. Note that @ = 0 if and only if
R,» = 0. In particular, we are interested in the forward flight,
meaning that the lateral velocity of the body x axis is zero,

namely e/ R, v =0. Therefore we consider a subset of S:

E:={xcSle R ,v=0},

and the next theorem shows the existence of an equilibrium
and a control input u# such that this set is non-empty.
First, let the following constant matrix and vectors be

defined as:
0 0
J = 1 0 L:= [(l) (1) 8]
0 1
P = 7(KTEQT+KWFV\VQW) P:=L-P
p— :717
P = L-P-J HZZAfS—PxJP Asg
— —1__
P = 0K+ OwKy ﬁ::PxJP Bts_st

Theorem 1. If there exist uy,v,R,,;, such that they satisfy the
following conditions:

—1 P
Ry JP (Atsul + Bts)
Ry pe3mg + B

(42)
(43)

Wy =

oqu; =
then the set E is nonempty.

Proof: If u €U is the control such that it makes x, =
(Ryysv,03%1) €8, then v =0 and @& = 0 using the same u.
Therefore, it is enough to show that there indeed exists such
u. By imposing this # and making & = 0:

Agsuy = P|[vp|| Tvp — Biy — €3 (44)

where v, = R,v, P € R¥3 is a constant upper triangular
matrix (with nonzero elements), and v, is the body frame
velocity. Observe that e;P =0 since the augmented aerody-
namic force projecting on body YZ plane does not generate
any yaw torque.

By setting the yaw control 7, (u;) to be

T, = —el Ajuy — el By (45)

for any u;, we have e @ = 0.

Therefore, we need to find the necessary condition for
(u1,v,Ryp) such that ele) = ezT ® = 0, which simplifies the
condition in Equ. (44) to

P||vp||ve = Assutr + Bys. (46)

Observe that since Pe; = 03x1, we can rewrite Equ. (46) and
back out the first sufficient condition:

=1 P
HVbHVb =JP (Atsul +Bts) “mn

_1 _
[IV||[v=RuwpJP (Asstt1 + Bys)

The implicit condition between u; and v, in Equ. (47) with
the yaw torque control in Equ. (45) guarantees that w =
0. By using the definition for v = RV, and apply to the
assumption stated in the theorem, Equ. (42), we know that
there exist v, and u; satisfying Equ. (47) to ensure w = 0.
Furthermore, elTRJbv = 0 holds for v satisfying (47) since
e} J =012

Now, we need to ensure that the choice of u; and v, also
guarantee the condition v = 0. The sufficient condition for
v =0 thus gives:

Afsul = PX| |Vb| ‘Vh — st —I—Rvthegmg.
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By substituting ||v||v, from Equ. (47) as a function of u;
we obtain the second sufficient condition:

ouy = RL esmg + B (48)

From the assumption of the theorem, there exists such u
and R, satisfying the above two conditions. Hence, the two
sufficient conditions in Equ. (42-43) guarantees the existence
of control u such that E is not empty. O

B. Numerical Verification

Using the identified parameters for d,K in Sec IV-C,
we compute the required control u; to achieve a stable
translational flight with zero angular moment. A numerical
constrained optimization problem is formulated and solved
to find u; and R,,:

(u},T™) = argmin(|[otu —-B- l“mg||2 (49)
M],r
subject to
ﬂgulgfla ||r||2:17

where I represents R5b63 the world-frame z axis in the body-
frame and the lower and upper bounds for u are defined as
u; =40 and u; = 100. Once the solution is obtained, there
is one degree of freedom to construct the full R, by taking
orthogonal components to I'*, and using the cross product to
generate the third axis while ensuring det(R,;) = 1. Next,
using R, and u;, we compute v using Equ. (42). The
numerical solution shows that

uy = 76.25
T,=—15 Nmm
v=1[0 273 —148]"

0.9245 —-0.3274 0.1952
0.3738 0.8790 —0.2961
—0.0746  0.3467 0.9350

Ryp =

Based on the sufficient conditions shown above, we con-
clude that in order for the BFWV to perform straight-line
flight at a constant velocity with zero angular moments, it
is necessary for v; < 0 which allows it to increase its total
aerodynamic lift matching its body weight through the lift
augmentation method proposed in Section IV. Therefore, the
current solution indicates that the BFWV can not maintain
a constant altitude flight. However, an oscillatory flight
trajectory over a fixed altitude could be a possible solution,
which we observe during the manually-controlled flight tests.

VI. CONCLUSION AND FUTURE WORK

From experimental testing and preliminary analysis of
the BFWV flights, we observe that the BFWV may re-
quire augmented lift generated through translational motion
to remain aloft. A velocity-dependent aerodynamic model
is formally proposed by defining a cycle-averaged BFWV
dynamical model using system-identification and it is shown
that the proposed model could validate the existence of lift
augmentation through non-zero translational velocity during

forward flights. By analyzing the stationary points of the
BFWYV dynamics, it is shown that a negative z velocity in
its body frame (e.g., in the form of wind or flying with a
positive pitch angle) is required for it to achieve sufficient lift
to stay aloft. In future, tail dynamics could be incorporated
into our current model, and demonstrate the full feedback
controlled flight of the underactuated BFWYV flyer.
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