
2024 IEEE/RSJ International Conference on Intelligent Robots and Systems (IROS)
October 14-18, 2024. Abu Dhabi, UAE

979-8-3503-7769-9/24/$31.00 ©2024 IEEE 13757



strating that SBS methods can match the performance of
traditional gradient-based controls while reducing controller
complexity. Furthermore, we highlight the SBS controller’s
adaptability by easily addressing challenges like gait fre-
quency adaptation, a persistent issue in quadrupedal loco-
motion research [9].

To summarize, our contributions are:

• The first implementation of a GPU-accelerated Sample-
Based Stochastic (SBS) control strategy for the direct
control of a 12 degrees of freedom quadrupedal robot,
fully integrated within a comprehensive locomotion
control framework.

• Introduction of a straightforward gait adaptation strat-
egy, illustrating the SBS’s ability to optimize robot
locomotion under external disturbances.

• A detailed comparative analysis of two SBS control
strategies against established gradient-based optimal
controllers, underscoring the practical advantages and
effectiveness of the SBS approach in real-world scenar-
ios.

• An open-source code repository1, for the rapid im-
plementation and testing of SBS control strategies for
quadrupedal robots.

The paper is organized as follows: Section II reviews related
works, providing a foundation and context for our research.
Section III delves into SBS control methods and their appli-
cation to the predictive case. In Section IV, we explore how
SBS predictive control methods can be effectively applied
for quadrupedal-legged locomotion. Section V presents the
experimental results, showcasing SBS controllers on a real
Unitree Aliengo2. Finally, Section VI concludes the paper,
summarizing our findings and suggesting directions for fu-
ture research.

II. RELATED WORKS

The challenge of achieving effective quadrupedal loco-
motion has traditionally been addressed through analytical
gradient-based methods. For instance, in the approach out-
lined by [3], the authors develop an optimal control strategy
based on linearized rigid body dynamics. This strategy
demonstrates the potential for practical application in real
quadrupedal robots. In [10] the authors employ a Nonlinear
Model Predictive Control (NMPC) to track retargeted ani-
mal motions, while in [11] the authors propose an NMPC
approach to traverse rough terrain using elevation maps input
to optimize footstep locations.

It is important to note that all these analytical methods
often depend on complex structures that require the presence
of external solvers, such as qpOASES [12], or HPIPM [13],
and gradient information. Even though all these methods
display great robustness derived from the inherent stability
of the optimal control framework, this strength is somewhat
offset by their lack of adaptability, stemming from the

1code repository: https://github.com/iit-DLSLab/Quadruped-PyMPC
2aliengo quadruped robot: https://www.unitree.com/products/aliengo

necessity for continuous and differentiable costs within their
formulations.

Another promising avenue for addressing locomotion chal-
lenges has been Reinforcement Learning (RL) strategies,
which have yielded impressive outcomes in various appli-
cations thanks to their ability to handle sparse rewards or
costs that are not differentiable. In [14] and [15] the authors
propose different RL policies for performing parkour-like
motions with real robotic quadrupeds. In [4] the authors
introduce an end-to-end RL policy for quadrupeds naviga-
tion. Despite the great results achieved by RL approaches,
a significant limitation is their lack of generalizability to
different tasks without undergoing comprehensive retraining.
This constraint means that for each new problem, the RL
model often requires a fresh training cycle, which can
be resource-intensive. Furthermore, the black-box nature of
these methods often presents challenges related to the safe
deployment of the policies in the real world.

SBS methods emerge as a powerful hybrid, merging the
precision of model-based analytical optimal control tech-
niques with the inherent adaptability of RL approaches.
These methods have shown remarkable potential in generat-
ing complex behaviors through a limited number of concur-
rent samples. For instance, in [6], [16], the efficacy of SBS
methods in creating sophisticated behaviors is demonstrated
only within simulated environments. Several studies have
validated the effectiveness of SBS methods on actual robotic
platforms [17], [18], highlighting their practical applicability.
In [19], the authors attempted to integrate a sample-based
controller with RL, but due to the platform’s simplicity and
its limited degrees of freedom, the application fell short of
a comprehensive locomotion scenario. Despite a wide array
of methods being successfully applied across various robotic
systems, there remains a noticeable gap in their application
to locomotion. Finally in [20], the authors introduce an SBS
strategy with an auxiliary policy for real-time operation due
to CPU limitations on sample size. Conversely, our GPU-
accelerated SBS controller allows for direct, real-time robot
control without such limitations.

III. SAMPLE-BASED STOCHASTIC
OPTIMIZATION

SBS methods, which have been utilized extensively in the
last decade in robotics applications [21], [7], often employ
the multivariate Gaussian distribution as the cornerstone
for exploring the parameters landscape. This distribution,
denoted as N (θ,C), where θ represents the mean and C
the covariance matrix, provides a probabilistic framework
for generating parameter samples. Within this context, it is
possible to identify a general structure for SBS optimization
as shown in Algorithm 1.

The process starts with the sampling phase, where K
samples θk=1...K are drawn from the multivariate Gaussian
distribution. Following the sample generation, an evaluation
and ordering steps are performed, where each parameter set
θk is evaluated using the cost function J (θk). The samples
are then ranked in ascending order of their cost values,
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Algorithm 1 Generic iteration of Sample-Based Stochastic
optimizer

1: θk=1...K ∼ N (θ,C) ▷ Sampling
2: Jk = CostEval(θk) ▷ Evaluation
3: θk=1...K ,← sort(θk=1...K , Jk=1...K) ▷ Sorting
4: Jk=1...K ← extract sorted costs
5: Update:

• θnew = UpdateMean(θk=1...Ke
, Jk=1...Ke

)
• Cnew = UpdateCov(θk=1...Ke

, Jk=1...Ke
)

prioritizing those that indicate lower costs. Finally, in the
update phase, the algorithm refines the parameters of the
Gaussian distribution, concentrating on the ’elite’ samples.
This subset consists of the top Ke samples from the sorted
list, representing the most promising directions for further
exploration. The mean and covariance are updated to guide
the subsequent sampling toward more promising regions of
the parameter space. To converge to the optimal solution of
the cost function, it is necessary to execute these four phases
multiple times iteratively.

A. Sample-Based Stochastic Methods for Predictive Control
The essence of applying SBS methods lies in performing

a complete rollout over a certain horizon to compute the cost
function to optimize w.r.t. to the decision variables. Therefore
in the context of predictive SBS with a horizon of N steps,
the CostEval(·) function defined for computing Jk associated
with the kth sample becomes:

Algorithm 2 Rollout(θk)
1: for i = 0 to N − 1 do
2: ui = π(θk,xi, ti)
3: xi+1 = f i(xi,ui)
4: Jk = Jk + r(ui,xi,x

r
i )

5: end for
6: return Jk

where π(θk,xi, ti) represents a control policy that de-
pends on the sample decision variables θk, f i(xi,ui) repre-
sents the discretized dynamics of the system to be controlled,
r(ui,xi,x

r
i ) represents the one-step cost associated with

the current state-input pair, and xr
i defines the desired state

reference.
Using sampling-based methods in the context of MPC is

simple in practice because it does not require the use of any
optimizers, like HPIPM or qpOASES. Classical optimizers
often come with a host of practical challenges such as
scalability issues, handling discontinuities, and dependency
on gradient information. On the other hand, SBS methods,
being gradient-free, offer the flexibility to compute solutions
across a wide range of scenarios, including those with
discontinuities, which are particularly prevalent in multi-
contact systems.

Even though SBS methods are traditionally viewed as
sample-inefficient, this issue is greatly mitigated by lever-
aging the computational power of modern GPUs. This

parallelization does not only enhance efficiency, but also
allows for the randomization of other features of the control
problem. Such capabilities significantly expand the practical
applicability of SBS methods in MPC, as we will illustrate in
the subsequent section in the context of legged locomotion.

In a predictive control scenario, for the sake of efficiency,
we conduct just a single iteration of Algorithm 1 at every
time step. To enhance the search process for successive
iterations, we employ a strategy known as warm-starting.
This entails initiating each new search from the solution ob-
tained in the previous iteration. This significantly accelerates
the optimization cycle, ensuring that our methods remain
computationally viable even in scenarios demanding real-
time decision-making.

In this work, we employed two SBS predictive methods:
the Naı̈ve SBS optimizer and the Model Predictive Path
integral (MPPI) optimizer [22].

B. Naı̈ve SBS Optimizer
We introduced the Naı̈ve SBS method as a baseline to

demonstrate the effectiveness of SBS methods, even when
the algorithm’s structure is markedly simple. In this ap-
proach, we employ a straightforward UpdateMean(·) strategy
where, at each iteration, the chosen elite sample is always the
best-performing one. To maintain the algorithm’s simplicity,
we do not update the covariance from one iteration to the
next, leaving it unchanged. This decision to keep the co-
variance constant is crucial for sustaining robust exploration
capabilities, which we find to be highly beneficial in this
context.

A generic iteration of the Naı̈ve SBS Optimizer is sum-
marized in Algorithm 3, where with θ∗ we define the best
sample drawn during one iteration.

Algorithm 3 One iteration of the Naı̈ve Optimizer
1: θk=1...K ∼ N (θ,C)
2: Jk = Rollout(θk)
3: θk=1...K ← sort(θk=1...K , Jk=1...K)
4: Update:

• θnew = θ∗ ▷ Current best as new mean
• Cnew = C ▷ Covariance is unchanged

C. Model Predictive Path Integral Optimizer
The MPPI algorithm originates from fundamental opti-

mal control principles and derives its name from utilizing
the Feynman-Kac lemma. This approach reformulates the
Hamilton-Jacobi-Bellman (HJB) equations into evaluating an
expectation over all possible trajectories (or paths) that the
system could take, weighted by their performance of path
integral that can be effectively estimated using Monte Carlo
methods as shown in [22]. This weighting scheme reflects
the principle that trajectories leading to lower costs are more
likely to be close to the optimal path. The rollout weighting
procedure is defined as

ω̃i = exp

(
− 1

λ
· (Ji − β)

)
(ωi · θi)
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Ω =
K∑
i=1

ω̃i θnew =
K∑
i=1

(ωi · θi)

where β = J1, λ = 1 represent respectively a normaliza-
tion factor and the temperature parameter of MPPI, ω̃i and
ωi = ω̃i

Ω represent the weight and the normalized weight
associated with each sample θi. A full representation of the
MPPI algorithm is shown in Algorithm 4.

Algorithm 4 One iteration of the MPPI Optimzer
1: θk=1...K ∼ N (θ,C) ▷ Sampling
2: Jk = Rollout(θk) ▷ Evaluation
3: θk=1...K ← sort(θk=1...K , Jk=1...K) ▷ Sorting
4: Jk=1...K ← extract sorted costs
5: Update:

• UpdateMean(θk=1...K , Jk=1...K)
• Cnew = C ▷ Covariance is unchanged

6: function UPDATEMEAN(θk=1...K , Jk=1...K)
7: β = J1 ▷ Best cost after sorting
8: λ = 1
9: Initialize ω̃i for each sample

10: for i = 1 to K do
11: ω̃i = exp

(
− 1

λ · (Jki
− β)

)
12: end for
13: Ω =

∑K
i=1 ω̃i

14: for i = 1 to K do
15: ωi =

ω̃i

Ω ▷ Normalize weights
16: end for
17: ωk=1...,K ← [ω1, . . . , ωK ]

18: θnew =
∑K

i=1(ωk=1...,K · θk=1...K)
19: end function

IV. LEGGED LOCOMOTION WITH SBS
PREDICTIVE CONTROLLER

In this section, we demonstrate the applicability of the
SBS predictive control framework to the problem of legged
locomotion. Specifically, we showcase the versatility of SBS
methods in extending beyond basic locomotion control to
optimize additional aspects of robot walking, such as gait
frequency, which is known to be complex to optimize within
a gradient-based approach in real-time [23].

Our proposed control architecture operates by sam-
pling K sets of decision variables, denoted as θ =
[θ1,θ2], at each time step. Here, θ1 controls the method
computeContactSequence(θ1) which generates different
gaits δ, whereas θ2 determines the behavior of the mapping
policy Γ = σ(θ2) that provides the input contact forces
Γ. To evaluate each parameter set θk, we calculate the
associated costs performing parallel rollout on the GPU.
For this, we employ a discretized model f(x,u, δ) based
upon the Single Rigid Body Dynamics (SRBD) to advance
the system dynamics over N steps and a single step cost
r(ui,xi,x

r
i ), which represent the tracking cost between the

reference state xr
i and the current system state xi. Follow-

ing this evaluation, we update the mean of the Gaussian

distribution N (θ,C), which is then passed to a low-level
control block that computes the robot’s torques. In parallel,
we compute the foothold reference where the robot needs to
step in, which is then passed to the next MPC control loop,
and the swing trajectory for the legs that are not currently in
contact with the ground. This separation of tasks is generally
adopted for controllers that utilize the SRBD model. More
details are provided in Section IV-A.

A depiction of the methodology is presented in the blocks
scheme in Figure 2, where with Leg Control Framework
we refer to the foothold and swing references, and the low-
level control computation routines described above. Finally, a
detailed description of the SBS predictive controller adapted
for legged locomotion is provided in Algorithm 5.

Algorithm 5 SBS Predictive Controller for Locomotion
Given:
x0 current state estimation
θk=1...K ∼ N (θ,C)
for each sample k (parallel GPU execution) do

Jk = Rollout(θk,x0) ▷ See Algorithm 2
end for
θk=1...K ← sort(θk=1...K , Jk=1...K)
[θnew

1 ,θnew
2 ] = UpdateMean(θk=1...Ke , Jk=1...Ke)

Cnew = C

function π(θ, tj)
[θ1,θ2]← θ
δj ← computeContactSequence(θ1)
Γj ← σ((tknot

1,...,P ,θ2,k), tj)
uj = [Γj , δj ]

end function

A. Model Formulation

This section outlines the model-based approach for a
quadrupedal robot used in the Rollout(·) function, adopting
a simplified Single Rigid Body Dynamics (SRBD) model
from [24]. This model focuses on the quadruped’s core
translational and rotational movements, omitting the swing-
ing legs’ dynamics. This is a suitable approximation since
the bulk of a quadruped’s mass is typically in its trunk.
The robot’s dynamics are described using two reference
frames: an inertial frame W , and a body-aligned frame C
at the Center of Mass (CoM), simplifying the inertia tensor
representation. The SRBD model is articulated through a
state representation in the CoM frame


ṗc

v̇c

Φ̇
ω̇

 =


vc

1/m
∑4

i=1 δiΓi + g
E′−1(Φ)Cω

−CI
−1
c (cω × CIc)C ω +

∑4
i=1 δiCI

−1
c Cpcf,i × CΓi


(1)

with m characterizing the robot mass subjected to grav-
itational acceleration g. Moreover, vc ∈ R3 and v̇c ∈
R3, respectively, depict the CoM velocity and acceleration.
The interaction between the robot and the environment is
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