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Abstract— We address the problem of sparse selection of
visual features for localizing a team of robots navigating in
an unknown environment, where robots can exchange relative
position measurements with neighbors. We select a set of the
most informative features by anticipating their importance in
robots localization by simulating trajectories of robots over a
prediction horizon. Through theoretical proofs, we establish
a crucial connection between graph Laplacian and the impor-
tance of features. We leverage a scalable randomized algorithm
for sparse sums of positive semidefinite matrices to efficiently
select a set of the most informative features.

I. INTRODUCTION

Navigation is a critical component of robotics, enabling
robots to perform various tasks autonomously. For successful
navigation, robots rely on continuous position estimation or
localization. To obtain a good estimate of their position,
robots rely on algorithms like Kalman Filter [12].

A key challenge in robot navigation is achieving accu-
rate localization with provable performance bounds while
minimizing computational costs due to onboard power lim-
itations. Extensive research has addressed this challenge,
focusing on efficient methods for robot localization [9,
4]. These methods typically involve selecting informative
features based on the robot’s current position and projected
trajectory. In [14, 13], the authors utilize computationally
efficient sparse extended information filters for simultaneous
localization and mapping (SLAM), avoiding the computa-
tionally expensive matrix inversion step. In [2], the au-
thors leverage a linear motion and vision model to track
features along the robot’s predicted trajectory. They then
select the most informative features using the greedy method.
In [3], the authors utilize the stochastic greedy algorithm
proposed in [5] for feature selection for LiDAR SLAM.
In [6], the authors propose a randomized algorithm that
offers probabilistic performance guarantees while improving
the algorithmic complexity of the feature selection problem.
Feature selection methods have traditionally targeted single
agents, but networked systems like consensus networks [7]
demand techniques suited for interconnected systems.
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Building upon the sparse feature selection [6], we address
the localization problem for a team of robots navigating in an
unknown environment. The robots observe relative position
measurements with their neighbors and are assumed to
follow a predefined trajectory. Each robot utilizes a camera to
track selected features, aiming to enhance collective position
estimation. We propose a randomized algorithm for feature
selection in a multi-agent scenario where robots exchange
relative measurement over a communication graph. To quan-
tify the importance of features, we simulate the trajectories of
robots over a fixed prediction horizon and obtain information
matrices corresponding to each feature. We employ recent
findings on tail bounds for sums of random matrices [15]
to significantly enhance the probabilistic guarantees of our
proposed algorithm. We further analyze the crucial role of
network connectivity in both feature selection problem and
performance guarantees.

Our contribution: We address the problem of sparse fea-
ture selection for localizing a team of agents, where they ex-
change relative measurements leading to a graphical network.
Compared to [6], we significantly improve the probabilistic
bound of the randomized feature selection algorithm. By
fusing the inter-agent measurement information, we establish
crucial connection between graph Laplacian and leverage
score of features. The proofs of all theoretical results are
provided in the Appendix of [8].

II. MATHEMATICAL NOTATION

We denote a vector and matrix valued variable by low-

ercase and uppercase letters respectively. We reserve the
notation S7, (S7) to denote the cone of symmetric posi-
tive (semi) definite n x n matrices. The Kronecker product
of two matrices X;,X, is denoted by X; ® X,. For every
X1, X, € 8%, we write X, < X, if and only if X, — X, € S7.
For a matrix X, we denote its transpose by X7 and its trace
by Tr(X). We denote the special orthogonal group in R* by
SO(3). The cardinality of a set A is given by |A|. We reserve
the symbol 7, for Identity matrix of size n. A Gaussian
random vector » with mean p and covariance matrix ¥ is
denoted by z ~ N(u, X). The set of nonnegative integers and
reals are denoted by Z, and R, respectively.
Graph Theory: A weighted graph is defined by G = (V,&,w),
where V is the set of nodes, £ is the set of edges, and
w:VxV— Ry is the weight function that assigns a non-
negative number to every link. Two nodes are directly
connected if and only if (i,5) € €.

The Incidence matrix of a directed graph G is a |V| x |€|
matrix C such that C;; € {-1,0,1}. The Laplacian matrix
of G is L=CWCT where W is a |£| x |€| diagonal matrix
containing the edge weights [10].
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Definition 1. A map p:S7 — R is called monotonically
decreasing if for every X, = X1 = p(X2) > p(X1).

III. PROBLEM STATEMENT

We consider a multi-agent navigation scenario where
agents localize themselves using camera and inter-agent
measurement communication. Due to large number of visual
features extracted from camera, selecting a subset of infor-
mative features becomes necessary to address computational
complexity. We address the problem of sparse feature selec-
tion to estimate positions of a team of N robots navigating
in an unknown environment, where robots exchange inter-
agent measurements through a network. Using a randomized
algorithm, we select a set of the most informative features
by anticipating their importance over a fixed time horizon.
We further analyze how graph Laplacian affects performance
measures and relative importance of features.

Let 2. € RN be the state vector of N robots at time 7 € Z, .
For M € Z,, consider the vector of time horizon given by
[t:t+M]=][t,t+1,---,t+ M]. The state vector of N robots
for all 7 € [t : t+ M] can be written as

T ;
&l )" € RIN(MHD), (1)

State estimation often requires the Kalman Filter, which
yields the mean vector f, € R3V(M+1D " and the covariance
matrix X, € SiN MM+ of the state x,. To avoid matrix in-
version step in Kalman Filter, we utilize information filter
proposed in [14], which updates information vector and
information matrix instead of the mean vector and the
covariance matrix.

For the mean vector fi,, and the covariance matrix X,,

the corresponding information vector b, € R3NM+1  and

— T T
Xy = [mt y L1y "

information matrix H, € 57" %" can be written as
B* :ﬂ*i:ly ﬁ* = 2:1 (2)

Information filters offer computational advantages because
the information vector and matrix can be updated linearly by
adding the contribution from new observations.

Let ©, be the set of all features available at time t.
Furthermore, let the vector b/ and the matrix H/ be the
contribution of new features to the information filter, then
the information vector and information matrix are updated
as

b.(©) =b,+ Y b,

pASICH

H,(©;) =H,+ Z HI. (3)
feo

Due to limitations in on-board computational resources,
it is often desirable to select a smaller subset of features ,
from ©,. This subset should prioritize features that contribute
significantly to the overall information matrix, maximizing
the information gain while minimizing the computational
burden.

Our primary aim in this work is to select informative
features that collectively lead to enhanced position estimates
for all robots within the team. To achieve this, we model the
team as a network, fusing relative position measurements
with their individual visual observations within a compre-
hensive robot motion model. The subsequent section delves
further into the details of each of these models.

IV. MODEL FOR ROBOT MOTION, RELATIVE
MEASUREMENTS AND VISION SYSTEM

This section begins by introducing the robot motion
model, which lays the foundation for incorporating measure-
ment models, used to refine the position estimates based on
sensor data.

A. Model for Robots Motion

We consider a team of N robots such that the dynamics

of the ¢’th robot at time 7 is governed by
at = Azl _y + Buj_y + 9, “4)

for all € [t:t+ M], where 2. and w!_, are the position
vector and the control input respectively. 62 ~ A(0,A,) such
that E[s% 62] = 0 for all 7, # 7.

Each robot moves along a pre-defined trajectory such that
the control input for the i’th robot is given by

why = h (W e, )
Since the state z¢_, is unknown, we design the control law
using ui_, as W —h (u:r_efhﬂiil) ' ©6)

The overall dynamics of N robots can be written as
T = Awﬂ'fl + BuT*l + E677 (7)
where A=Iy® A, B=Iy®B, and E = Iy ® I5.
Let i, = E[z,] and %, = E[(z, — ji;) (z, — ﬁt)T], then the
mean and covariance of x, can be expressed as

P = [t fhei Prtgn] (8)
Egt %,t+l f}it?HM

5 - i t.+1 t+l.,t+M ©)
EZAM SZ+1.,t+AI Ejt;M

where 3, =AY, (AT + Iy ® A, for all 7 €[t:t+ M] and
27-1 T2 = A(T27T1)2T1

for all 7,7 € [t:t+ M] with 7, < 7.
The information matrix of x, given by
ﬁ* = 2: 17 (10)
is a measure of information content of x,, when the system
dynamics is predicted over the time horizon M.

B. Information from Relative Measurements

To improve estimate of x, from predicted dynamics, we
fuse relative measurements obtained through connected net-
work G,.

The relative measurement vector ¢/ at time T between
two neighboring agents i and j can be expressed as

€ = i — 2l + (i, (11)
where ¢ ~ N (0,P;).

The relative measurement vector for the network G, can
be written as & = (Cr @ L) 2 + (o, (12)
where C; is the incidence matrix of G, and ¢, ~ AN(0,P,).
By choosing the weight matrix W of the network such that
P-! = W, ® I3, the information matrix for relative measure-
ment can be written as

ﬁT:LT®IB7 (13)
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where L, = C,W,CT is the Laplacian matrix of G,.
The M —step relative measurement model is given by

E*:C*X*+C*7 (14)

where C, = blkdiag [(C; ® I;)T, ..., (Coyns @ I3)T] is  block
diagonal augmentation of matrices (C,® I3)T for all
7€ [t:t+ M]. The information matrix of x, obtained using
relative measurements can be written using (14) as

H, =L, 5)

where £, = blkdiag [(L; ® I3)7, ..., (Liya ® I3)T] is  block
diagonal augmentation of matrices (L.® I3)T for all
7 elt:t+ M]. The information matrix H, quantifies the
amount of information of x, over the time horizon M due
to the network G.. The information matrix of x, using the
relative measurements can be updated according to

ﬁ*:ﬁ*""l:l*- (16)
The information matrix H, quantifies information of x, avail-
able through system dynamics (7) and relative measurement
model (14). We discuss the vision model next.

C. Model for Vision System

Let us denote the position vector of the feature f € ©, by
yr € R3, the position vector of the i’th camera with respect
to ¢’th robot by zi, and the unit vector (with respect to i’th
camera) corresponding to pixel measurement of feature f at
time 7 by (u%f)T € R3. The rotation matrices describing the
orientation of the 7’th camera and robot are R: € SO(3) and
R € SO(3) respectively. For a given vector (uf)T, its cross
product with another vector v can be written as the product
of a skew-symmetric matrix U>f and vector v as

(utHT x v = Ubfv.

a7

Then the noisy vision model for the i’th robot proposed in
[2] is given by

U (RLRUT (yy — (ab + Riad)) = . (18)

The model in (18) can be written equivalently as
2l = UR (RLRDT (2 — yg) + i, (19)
where 5} is the measurement noise such that

ng ~ N(0,0%15) and 22/ = (UL)T(RI)Tal.
The vision model for the team of robots can be written as
2l = Fix. + Bly; +nf, (20)

for appropriate matrices F/ and EY.

We assume that robots are capable of running M —step
forward simulations to determine the number of frames ny
in which the feature f is visible. The M —step vision model
for a feature f can be written as

2l = Flx. +Ely; +nl. 21
Let us denote the covariance matrix of n{ by
T
E [nf (n!)
then the information matrix of x, and y; is given by

T T
of _ o2 [(F)TEL (f)TEL]
T LED)TR (E)TE,

— 2 3ng
—O',Lvlgnf €S+ s

(22)

TABLE I: Performance Measures

Performance Measures Matrix Operator Form

Tr (H* (@t)—l)
— log (det (H« (®¢)))

)\min (H* ((I)t)7 1)

Variance of the Error p, (H, (®¢))
Differential Entropy pe(Hy (P¢))

Spectral Variance py (H, (®¢))

By taking the Schur complement of the block (Ef )TEf , the
information matrix

= o7 () /- (00) R (8" R 8 R). 2)

quantifies information content in feature f for estimation of
X,.

For any new observations by tracking a feature f, the
information matrix of x, is updated as

H, ({f}) = H. + H]. (24)

For a set ®, of selected features, the information matrix of x,
is updated by adding the information matrices of individual
features (24) according to the following:

H, (&) =H, + > ;cq HL. (25)

After accounting for all visible features in the set ®, the
covariance matrix of x, can be obtained as

=,.(9,) =H, (®,)"". (26)

To select a feature, it must be triangulated and the informa-
tion matrix (E{)TE{ corresponding to its position vector y;
must be invertible.

To identify the most informative features, we define suit-
able metrics that quantify information content or estimated
accuracy. We discuss some of these metrics next.

D. Performance Measures

We quantify the informativeness of a feature subset @,
using established performance measures [6, 1], which are
monotonically increasing map of the covariance matrix. For
accurate multi-agent localization, lower values of these per-
formance measures indicate a better estimate of the robots’
positions. Specific examples of these performance measures
are listed in Table 1.

As robots share relative measurement information to lo-
calize themselves, the graph Laplacian L., which describes
their communication network at time , plays a crucial role
in determining the information matrix of their positions. In
the next result, we show the monotonicity of the performance
measures as a function of the graph Laplacian.

Theorem 1. The performance measures stated in Table 1
are monotonically decreasing as connectivity of the commu-
nication graph G. is increased, i.e., if Liiin < L}, , then
po(H, (D)) < po(H,(®;)) in which O € {v,e,\}, H,(®;) and
H,(®;) are information matrices corresponding to L'y,
and L.\ respectively.

Theorem (1) establishes that improved network connec-
tivity among agents leads to better estimation quality for
the robots’ position vectors. This indicates that if the robots
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share relative information over a strongly connected commu-
nication graph, the uncertainty in estimate of their positions
will decrease. This finding is crucial for designing effective
communication graphs for the robot team. By enabling them
to share relative information efficiently (strongly connected
graphs), we can significantly reduce their position estimation
uncertainty.

V. RANDOMIZED SAMPLING ALGORITHM

This section presents a randomized algorithm for effi-
ciently sampling a subset of candidate information matrices
from the entire set. Originally developed for graph spar-
sification [11], this class of algorithms has found broader
applications in diverse fields, including network observability
[1]. Unlike the greedy algorithm, which can be computation-
ally expensive, the randomized algorithm achieves similar
results with lower computational complexity [6]. To quantify
the level of uncertainty in our estimates, we analyze the
algorithm’s performance by establishing probabilistic bounds
for estimation accuracy.

We define the maximal information matrix as the sum of
information matrices of all features f € ©; such that

H,(6)) =H, + Y .0, HL. 27)

The maximal matrix specified in (27) can be decomposed
into a sum of |©;| individual matrices as
iy 1 -
T (PR © T

T 29

for every f € ©,. Each matrices I:If captures the information
content of a feature f observed by the robot team. We utilize
(27) and (28) to quantify leverage score of features.

A. Sampling using Leverage Score

While leverage score-based sampling has previously been
applied for information matrix selection [6], our approach
focuses on achieving tighter probabilistic guarantees. This is
formally established in Theorem (2). Algorithm 1 outlines
the steps involved in sampling a feature f € ©, based on the
leverage score of its information matrix.

Definition 2. For a feature f e ©;, the leverage score
Ty ST — Ry is defined as

ry:=Tr (H*((ﬂt)’ll:lf) . (29)

The leverage score for a feature f quantifies its relative
importance in state estimation. This can be formalized by
introducing a discrete probability measure over the set of
all features, where features with higher leverage scores
correspond to a higher probability of being selected during
sampling.

Remark 1. The probability mass function over the set of all
available features, denoted by = : 0, — [0,1] can be defined

as Tt (30)

Tp = —
f n’

where n = 3N (M + 1).

B. Performance Bound

To evaluate performance of our algorithm, we compare
the information captured by the selected features, which is

Algorithm 1: Randomized Sampling Algorithm

input: initial information matrix H, = H, + H,,
set of all features ©,,
and number of feature samples ¢
output: set of selected features ®,, information matrix H,
initialize: ®, = 0, H, = H,
for k =1 to g do
sample a feature from &, using distribution = — f
select the information matrix

H « Hf
if f ¢ @, then
add f to @,
update the information matrix:
H, +— H+H,
end if
end for

quantified by H,(®;) to the information available from all
possible features quantified by H,(0;). Theorem 2 establishes
a bound on the information content of our algorithm.

For the exposition of our next result, we define

k€ {(0,3/4) | log (n/k) = O(logn)}. (€]

Theorem 2. For a given c€(0,1) and 6¢€lx,3),
suppose  that the number of selected features
q = 2n(log (n/8)) /e = O(nlogn/e?) < |0, then the
information matrix of the set of features ®, satisfies

H,(2:) = U2HL(0)),

(32)

with probability greater than 3 —§ for a number x.

The cone inequality in Theorem 2 helps us to quantify
bounds on the accuracy of the estimated positions of robots
using performance measures listed in Table L.

Building upon Theorem 1, which established the link
between network connectivity and performance measures, we
now explore another key implication of the network structure
on the feature selection problem. Theorem 3 focuses on the
intricate relationship between the leverage score of a feature
f and the specific properties of the graphical network G..

Theorem 3. For a given point feature f € ©,, the leverage
score, as defined in (29), is dependent on the underlying
graph Laplacian of the communication network. It is mono-
tonically decreasing when

H] = 2530, HL, (33)

meaning that if Loion < Ly, then e <ry, where 7 and
ry represent the leverage scores corresponding to the net-
work information matrices L., \;, and Ly respectively.
In contrast, the leverage score is monotonically increasing
under the condition

H < Yo HY, (34)

which implies that if Ly.nr 3 Ly 5y then ry < r/f.

Theorem 3 states that as the connectivity of the under-
lying communication graph of the network g, increases,
the leverage score of all features tend towards the mean
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Randomized Sampling
Greedy Sampling 1

0 100 200 300
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Fig. 1: Ratio of spectral norm of estimated covariance to spectral
norm of covariance when states are measured (37).

leverage score. In a strongly connected network of agents, all
features become increasingly similar in their informativeness
(leverage score). This allows for uniform random sampling
of features to achieve good estimation quality. Consequently,
the computational complexity of the algorithm is signifi-
cantly reduced. Calculating the leverage score for features is
no longer necessary, as random sampling becomes equally
effective.
We evaluate the performance of the algorithm 1 next.

VI. CASE STUDY

We conduct simulation studies to evaluate the performance
of the randomized algorithm 1 against greedy and uniform
sampling algorithms. The details of robot models and envi-
ronment are presented in [8].

A. Simulation Setup: Robots and Environment

We consider a team of 10 robots that share relative
measurements with each other over a communication graph
G.. The weights of the edges in G,, which represent the
communication strength between robots decay exponentially
with the increasing distance between robots ¢ and j as
follows: wij () = ae~Bllet ==l (35)
where w;;(r) represents the weight of the communication
edge between robots i and j for all i,j € {1,...,N}, « and
S are constants that control the decay rate. This weight
change is linked to the covariance matrix of the relative
measurement model, implying that the uncertainty in robot
localization grows as the distance between communicating
robots increases. By analyzing these weight changes and
their impact on the estimation covariance matrix, we can gain
valuable insights into how the network topology influences
the overall accuracy and performance of robot localization
algorithms.

B. Feature Selection Algorithms and Comparison Metrics

We compare the proposed Randomized sampling algo-
rithm with Uniform randomized sampling and the Greedy
sampling algorithm as the baseline algorithms. In random-
ized sampling, we select features based on a probability
distribution (30), outlined in Algorithm 1. We assign a

60 : :
Uniform Sampling
Randomized Sampling
Greedy Sampling
40 + |
<
20 |-
A6 i vl I'
‘ “ i | [ i
0 m‘ H\H‘M‘uﬂl | | ‘ * A " v
0 100 200 300 400
Time

Fig. 2: Multi-agent localization error for different feature selection
algorithms.

uniform probability to all features for uniform randomized
sampling. For the greedy algorithm, we iteratively select a
single feature at a time that leads to the most improvement
in a chosen performance measure.

We employ the mean square estimation error denoted by

(36)

to measure how close the state estimation is to the true
trajectory. For uncertainty estimation, we employ the ratio
of the spectral norm of estimated covariance to the spectral
norm of covariance when states are measured. This ratio is
given by / EONe:D)

P = T o R G7
a lower ratio suggests that feature selection algorithm has
effectively reduced the uncertainty in robots’ positions.

0 = |l — prell2s

C. Simulation Results

Figure 2 depicts the mean squared estimation error for
all three feature selection algorithms. Figure 1 illustrates the
reduction in localization uncertainty, quantified by the norm
of estimated covariance. Our proposed algorithm achieves
comparable performance to the greedy algorithm. Notably,
both approaches significantly outperform uniform sampling.

While our randomized algorithm achieves slightly lower
accuracy compared to the greedy approach as evident in
Figures 2 and 1, it offers significant advantages in terms
of computational complexity. These results underscore the
critical role of feature selection algorithms in achieving
accurate multi-agent localization.

We now examine the role of network connectivity in
feature selection algorithms. Figure 3 illustrates that as
the connections between robots strengthen, quantified by a
decrease in the parameter 3 (35), the covariance noticeably
diminishes. This observation aligns perfectly with our the-
oretical findings in Theorem 1, which states that stronger
network connectivity leads to reduced estimation error. The
peaks observed in Figure 3 suggest that selected features
are informative only within a specific prediction horizon.
Figure 4 shows a histogram of feature leverage scores for
varying communication strength 8 (35). As network con-
nectivity strengthens (lower ), the distribution of feature
leverage scores becomes more uniform. This is reflected in

5708



p(Hy)

R

—TTSETN

Fig. 3: Impact of network connectivity on estimation covariance.

z 0.10 |- 8
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= 0.05 —
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53
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Leverage score Leverage score

Fig. 4: Histogram of leverage scores of features for varying com-
munication strength 5 and o = 1, where « and 3 are as defined in
(395).

the steeper histogram for 3= 0. This validates our result
in Theorem 3, which states that leverage scores of features
become more uniform with stronger network connectivity.

VII. CONCLUSION

We propose a randomized algorithm for sparse visual
feature selection, enabling efficient multi-agent localiza-
tion. Compared to uniform random sampling, our approach
achieves significantly better performance by prioritizing in-
formative features. While exhibiting comparable accuracy to
the greedy algorithm, our randomized algorithm offers poten-
tial advantages in terms of improving algorithmic complexity.
We also investigate the impact of network structure on
multi-agent localization performance as higher connectivity
translates to lower uncertainty in localization. These findings
suggest the promise of randomized algorithms for achieving
efficient and accurate multi-agent localization with sparse
feature sets.
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