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Design of a Fully Actuated Drone with Non-Isotropic Wrench Shape

Seongsu Park and Min Jun Kim

Abstract— This paper proposes a novel design framework
for a fully actuated drone with non-isotropic wrench shape.
Conventional fully actuated drones face challenges related to
high energy consumption during aerial contact manipulation,
particularly when force exertion along a specific direction is
required. This challenge arises from the balanced tilting of
propellers, which leads to an isotropic wrench shape. To address
this limitation, we explicitly define the required wrench set
(RW) for aerial contact manipulation and integrate it into an
optimization problem. To ensure the generation of the RW,
we employ the hyperplane shifting method, commonly used
for verifying wrench feasibility in cable-driven robots. The
optimization aims to minimize hovering energy consumption
while ensuring wrench feasibility. Consequently, the proposed
design demonstrates a significant improvement over the typical
fully actuated drone, with hovering and contact force efficiency
more than doubled and nearly 1.4 times higher, respectively.
The effectiveness of our design is also validated through
simulation.

I. INTRODUCTION

In recent decades, there has been extensive research on
drones for various passive missions such as monitoring,
mapping, and surveillance. Moreover, efforts have been made
to utilize drones for active missions that involve physical
interactions such as aerial contact inspection shown in Fig. 1.
However, typical drones may suffer from significant control
challenges during contact manipulation due to the under-
actuation resulting from the collinear arrangement of their
propellers [1]-[3]. To overcome this, a number of stud-
ies have been conducted to design fully actuated drones,
which generate multi-directional thrust by transforming the
collinear propellers into a non-collinear arrangement [4], [5].

To design a fully actuated drone, numerous studies have
utilized an optimization-based approach, considering vari-
ous objectives and constraints [6]-[13]. Several works have
employed additional actuator to accomplish both under-
actuation and full actuation [14]—-[16]. While various variants
have been proposed [17]-[19], a standard form of fully actu-
ated drone involves propellers with non-collinear directions.

However, these drones [6]-[10], [14]-[16] can only gen-
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Fig. 1. Example of aerial contact manipulation that requires to apply
constant force to the environment.

erate isotropic wrench shape! due to the balanced pro-
peller shapes. Such designs inherently suffer from force
cancellation because tilted propellers are facing each other,
resulting in lower hovering efficiency compared to the con-
ventional under-actuated systems. These limitations become
more severe when aerial contact manipulation is of interest.
For example, consider a task requiring significant contact
force for inspecting an object, as shown in Fig. 1. To
generate the desired contact force, all the propellers must
be extensively tilted. These extensive tiltings result in high
energy consumption for hovering and contact manipulation.
As a result, standard fully actuated drones may encounter
challenges when dealing with tasks demanding substantial
contact force.

To mitigate such limitations, in this paper, we propose
a novel design approach for a fully actuated drone that can
generate a non-isotropic wrench shape. The main novelty lies
in generating a prescribed wrench set required for performing
contact manipulation with higher hovering force efficiency
compared to existing fully actuated systems. To ensure the
generation of the required wrench set, we employ the hyper-
plane shifting method, which is commonly used in cable-
driven robots for verifying wrench feasibility. To achieve
higher hovering force efficiency than standard fully actuated
drones, the energy consumed for hovering is considered as
a cost function in the optimization problem.

To the best of our knowledge, this paper presents the first
systematic effort to create a non-isotropic wrench shape for
fully actuated drones. Compared to existing works [11]-[13],
we explicitly define the required wrench set based on the
given task. Subsequently, the tilting of propellers is optimized
while ensuring the generation of the required wrench set

ITo be precise, the generated force and torque envelopes exhibit a laterally
isotropic shape with respect to (w.r.t.) the body frame in X-Y plane.
When considering gravitational force, the force and torque envelopes are
anisotropic in three dimensions, respectively.
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and minimizing the hovering thrust forces. This approach
results in a non-isotropic wrench shape and reduces energy
consumption during hovering. In validation, our proposed
drone demonstrates that the hovering force efficiency is more
than doubled, and the contact force efficiency is nearly 1.4
times higher than that of the typical drone when both are
designed to exert a force of 45N along the 4z direction.

This paper is organized as follows. Section II presents the
system modeling of the generic drone system and wrench
feasibility with the hyperplane shifting method. In Sec-
tion III, we define the required wrench set for aerial contact
manipulation and present the optimization problem to satisfy
wrench feasibility. In Section IV, we present the optimized
wrench shape and its corresponding propeller configurations,
and compare the hovering and contact force efficiency, along
with the isotropic wrench shape. At last, we validate its
effectiveness using the hybrid wrench and pose control in
simulation.

II. BACKGROUND
A. System modeling

Consider a drone system shown in Fig. 2. We define an
inertial world frame as Fy : {Ow, Xw, Yw, Zw } where
Ow denotes its origin. The body frame is defined as
Fp: {Op,Xp,Yp,Zp} which is rigidly attached to the
vehicle’s center of mass (CoM). The position of Op and
orientation of Fp w.r.t. Fy are represented by the vector
pp € R3 and the rotation matrix Rp € SO(3), respectively.
The body angular velocity of Fg is denoted as wp € R3.

The system is modeled as a rigid body with mass
m € R, and moment of inertia J € R**3 wrt. Fg.
By using the Newton-Euler equations with pp = vp and
Rp = Rpp, where the hat operator (-) : R? — s0(3) such
that ab =a x b for all a,b € R3, the equation of motion of
the drone system is written as:

mvpg mges Ry f
|:J’le:|__|:wB><J’wB:|+|: T }7 (1)
where e3 = [0, 0, 1]7, g is gravity constant, f € R? and
T € R3? are the control force and torque expressed in Fp.
In a drone system with n rotors, the control input
consists of the thrust force of each rotor, denoted as
u = [uy, ... ,u,]T € R". The rotor input u can be mapped
to the body wrench w=[fT 7|7 € R® using the full
allocation matrix A € R8>,

As
WAU[AT}U. @)
The matrices Ay € R3*" and A, € R¥*" are referred to
as force allocation matrix and moment allocation matrix, re-
spectively. Each allocation matrix has the following structure:

Af = [’Ul, ,'Un]7 (3)

A, = [r1 Xv1+01kivi, ... ,Pn X Un + onknvn], 4)

where v; € R? represents the thrust unit vector generated
by the " propeller, »; denotes the position of the i*"

Fig. 2. Schematic representation of generic drone with n propellers.

propeller center in body frame. In addition, o; indicates
the spinning axis of the propeller, and k; = cq/cs is the
constant ratio between the i*" propeller lift coefficient ¢ + and
drag coefficient c4. Note that o; = —1 if the i*" propeller’s
angular velocity vector has the same direction v;, and if not,

0'7;:]..

B. Wrench feasibility

In cable-driven robot literature, a set of wrenches that the
mobile robot must be able to generate in a particular pose
is denoted as the required wrench set (RW). On the other
hand, the available wrench set (AW) is generally defined as
the set of all feasible wrenches:

AW = {W = At ‘ tmin j t j tmax}a (5)

where t,,;, and t,,,x are vectors representing the minimum
and maximum cable tensions, and A € R6*" maps cable
tension vectors to the wrench w of the mobile robot [20]. In
addition, < denotes a component-wise inequality between
two vectors of the same dimension.

A pose of a mobile robot is considered wrench-feasible
when the AW completely contains the RW [20]-[22]:

RW C AW. (6)

Similar to the cable-driven robot, the drone system gener-
ates a body wrench through the full allocation matrix when
rotor input is provided, as in (2). By utilizing this analogy,
the set of all feasible wrenches for a drone can be expressed
as:

AW = {W = Au | Umin j u j umax}> (7)

where u,;, and %, are minimum and maximum thrust
force vectors, respectively. In fact, since we are focusing on
the drone system with unidirectional thrusters, let us assume
Upin = 0. If the drone needs to generate a wrench w € RW
at a particular pose, and if this wrench is contained in AW,
then that particular pose of the drone system is considered
wrench-feasible.

C. Hyperplane shifting method

It is challenging to determine all the feasible rotor input
U € [Umin, Umax] capable of generating every w € RW by
using (7). To address this, the hyperplane shifting method
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can be applied. The hyperplane shifting method involves
modifying the equation (7) to a set of linear inequalities as:

AW ={w|Cw = d}. (8)

The matrix C €R**6 and vector d € R® with
a =2 x ,Cs, represent the matrix composed of normal
vectors defining each hyperplane of AW, and the vector
representing the maximum distances from the origin to the
associated hyperplane along its respective normal vector,
respectively [13], [20], [21]. Utilizing this set of inequalities
allows straightforward verification of wrench feasibility. By
substituting a wrench vector w € RW into (8) and verifying
the resulting inequalities, the wrench feasibility can be
verified.

1) Three-dimensional case: Although this paper focuses
on the six-dimensional case, let us start with the three-
dimensional case for a step-by-step presentation. In Fig. 3,
for instance, consider a gray-colored force envelope that
a point mass drone can generate with thrust unit vectors
along vi, vy, and w3 directions. Each row of C € R6%3
where C = [e1, ..., cg)", corresponds to the transpose of a
unit normal vector defining a plane of the force envelope.
To verify the wrench feasibility w.r.t. each plane of the
envelope, the process involves projecting a force vector f,
onto its respective normal vector c;. If the projected value
is smaller than d; of d € R% where d; = umaxclTvl, the
wrench feasibility w.r.t. that plane of the force envelope is
satisfied. This procedure is repeated for every plane of the
force envelope to verify the wrench feasibility.

2) Six-dimensional case: To obtain the matrix C and vec-
tor d in six-dimensional wrench space, let us first consider
the full allocation matrix A € R®*" with n > 6, assuming
it is a full-rank matrix. To determine C, we should select
each combination of five linearly independent columns from
A [20], [21]:

Ar =a;, ai, a;, a;, a;;)", 9)
where A; € R5%6 and I denotes the index set
{i1, .. i5} C {1, ...,n}. By utilizing the nullspace

of A;, we can obtain the two vectors, denoted as ¢, € RS
and ¢, € RS, of C:

span(cy) = span(—cy) = null(Ay). (10)

Note that these two vectors are opposite, as a single plane
can have two normal vectors pointing in opposite directions.
The matrix C, in turn, has the form of C € R**5, where
a=2X nC5.
To determine d; of d corresponding to c]T of C, the

following optimization problem can be considered [23]:

n

dj = ugna{(un kz ukc?ak,
=1

(1)

where ay, is the k" column of A and ug € [Umin, Umax)-
Upon expanding (11), d; can be expressed as:

T T
dj = E UmaxC; @i + E UminCj @i,

R .
1EIJ- IEIJ.

12)

Umax V1

ZVV
Umax:
% max V2
Ow W
Xw
Fig. 3. Force envelope generated by three v; vectors from a point mass

drone and its description for a single plane using the hyperplane shifting

method.

where Ij+ and [; are subsets of {1, ..,n} defined as
+_ 1T - _ [T e

I7 ={i|cja; >0} anfi I; = {i|cj a; < 0}. Considering

Umin = 0, d; can be written as:

n
T
d; = E max(&umaxcj a;).
i=1

(13)

ITI. NON-ISOTROPIC WRENCH SHAPE DESIGN

In this paper, we consider aerial contact manipulation,
which requires a static contact force while maintaining a
fixed pose of the system. To ensure the generation of static
contact force without torque, when explicitly defining RW,
we define it as the required force set with zero torque in
Section III-A. In Section III-B, we present the optimization
problem for AW to fully encompass the predefined RW
using (8), and discuss its implementation in Section III-C.

A. Required wrench set

1) Static hovering: Let us represent the wrench vector as
W = [fu, fys for Tus Ty, 7|7 To define the RW for static
hovering, the following conditions must be satisfied [24]:

P =0, Apu = Rgmge;g, wp =0, A;u=0. (14)

During static hovering, a drone must be able to generate mg
in the z-direction of the inertial frame. However, considering
that the AW is defined w.r.t. the body frame of the drone
system, the RW for static hovering should be represented
by the gravity in the body frame. In other words, the RW
w.r.t. the rotation Rp is expressed as Rgmgeg with zero
torque. Hence, in this paper, to simplify the definition of
static hovering without loss of generality, Rp is set to the
I5. Then, the RW for static hovering RW},over becomes:

RWhover = {W | fz =mg,
fo=fy=Tw=71,=7,=0}

2) Horizontal forces while hovering: Unlike under-
actuated drones, fully actuated drones can generate horizon-
tal forces while maintaining their pose. This capability for
force exertion can be utilized for, e.g., physical interaction

with the environment and disturbance rejection. We define
the RW for horizontal force capability as:

f2+ 1[5 + 12 < Fy,

Ty =Ty =T, = 0},

15)

RWy = {w| (16)
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where Fj, represents the magnitude of the horizontal force
exerted on the system.

Verifying whether all wrenches w € RW), satisfy equa-
tion (8) is impractical. Hence, we need to reorganize (16)
to ensure wrench feasibility using (8). To reorganize (16),
we utilize the convexity of RW}, and AW. Given that both
sets are convex, when the boundary values of RWj) are
entirely contained within AW, the inner values of RW)
inherently satisfy the wrench feasibility. As a result, by using
the equation (8), we can derive the f;, f,, and f, of RW
as:

_ Fiej, _ Fyey,
fa= /2 2 2 Ju= /2 2 2
G + 5, + Cls S + €5, + Cls
f, = icjs
=

TS 2 5 17
Vi rd "
For derivation, please refer to Appendix A.

To achieve static hovering while considering the genera-
tion of horizontal forces, both static hovering and horizontal
force capability should be considered simultaneously. Hence,
we define the RW for static hovering and horizontal force
capability, denoted as RWH, hov:

RWh.hov = RWhover 3] RWh7 (18)

where @ denotes the Minkowski sum. Utilizing equa-
tions (15) and (17), we can represent the wrench
W= [fo, fys for Tes Ty, T=)7 € RWhihoy as:

_ icjl — icﬁ
P fara e M e
J1 J2 J3 I 72 3
F .
fz= hCis +mg, =1y =7,=0. (19

2 2 2
€ + 5, + Cjs

3) Contact force: Recall that the primary component
underlying the creation of a non-isotropic wrench shape is to
define the contact force. When the contact force is neglected
in RW, it forms a force sphere at mg with zero torque,
denoted as RW4 hov. However, incorporating the contact
force into the definition of RW results in a non-isotropic
wrench shape oriented towards the direction of the contact
force. The definition of RW gntact can vary depending on
the requirements. In our case, we focus on a scenario where
aerial contact manipulation requires static contact force along
the +z-axis w.r.t. the inertial frame. Therefore, RW ontact
is defined as:

RWeontact = AW | fa :Fm z = )
tact = AW | f. I mg (20)
fy = TI = Ty = TZ = 0}’

where F, represents the magnitude of the contact force that
the drone should generate.

40

/= [N]

10 '20 ” A
30 k -
40 5

fa [N] _ﬂ y [N}

Fig. 4. The set of total required forces with zero torque: RWotal-

4) Total required wrench set: To visualize the total re-
quired wrench set RWi,t,1, Which includes both RWY, pov
and RWontact, We use the convex hull method in Fig. 4.
Since RW;qta1 exhibits a convex shape, it is unnecessary to
verify all w € RW,oia1 for wrench feasibility using (8). By
employing the properties of convex polytopes, if the set of
linear inequalities resulting from substituting (19) and (20)
into (8) holds true, wrench feasibility is satisfied. Therefore,
it is sufficient to consider only the wrenches w € RW}, 10y
and w € RW ontact for wrench feasibility.

B. Optimization formulation

The goal of our design optimization is to determine
thrust unit vectors that allow the containment of RW within
AW while minimizing the hovering energy consumption. To
this end, we formulate a constrained nonlinear optimization
problem as:

o 2o @12
subject to Cw = d, w € RWigtal (21b)
vlv; =1 (21c)

Auy = [0, 0, mg, 0,0, 0" (21d)

Umin = Up = Umax- (21e)

The decision variables v; and uy, where Vi = 1,2,...,n,

represent the thrust unit vectors and hovering thrust forces,
respectively. The goal of (21a) is to determine optimal thrust
directions while minimizing the hovering power. The cost
function can be physically interpreted as the power consumed
by an actuator for static hovering, given that the power P;
is related to its thrust force, expressed as P; o uf 2 [25].
Regarding the constraints, (21b) guarantees wrench feasi-
bility RWota1 € AW, and (21c¢) ensures that the norm of the
i*" thrust unit vector remains at one, while constraints (21d)
and (21e) represent the hovering condition and the thrust
limit constraints, respectively. For a fully actuated drone with
six rotors, the full allocation matrix is a six-by-six full rank
matrix, resulting in a unique solution for u;. However, when
the number of rotors exceeds six, the full allocation matrix
exhibits redundancy, thereby permitting multiple solutions
for u;. Hence, the equations (21d) and (21e) are added
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TABLE I
PARAMETERS FOR OPTIMIZATION AND OPTIMIZED VALUES

Description | Symbol Value Unit
m 3.5 kg
Umin 0.0 N
Umax 25.3095 N
cy 2.2718 x 10 ™ Ns?
Parameters Ca 3.5765 x 10 ™" Nms?
n 6 —
l 800 mm
Fy 10.0 N
F. 45.0 N
vy =[ —0.4412, 0.2485, 0.8623 17
vy =[ 0.9261, 0.1368, 0.3516]7
v, v3 =[—0.1042, —0.3842,0.9174]" 3
. ‘ vy =[—0.4412, 0.2485, 0.8623]7
Optimized _ T
valucs vs =[ 0.9261, 0.1368, 0.3516]T
vg =[—0.1042, —0.3842, 0.9174]
up, = 9.3109 wup, = 5.3271
up, Upg = 7.9202 up, = 9.3109 N
Upg = 5.3271 upg = 7.9202

as constraints to fully utilize the redundancy of the full
allocation matrix for hovering.

C. Implementation

To implement the optimization, let us first define the
position vectors of each propeller, denoted as r; for the i*"
propeller:

1/2

r,=R, ('ll)z) 0 ;
0

Vi=1,2,...,n, (22)

where ¢; = w(2i — 1)/n and [/2 denotes the distance from
the center of mass to the rotating axis of the propeller.
R.(¢) € SO(3) represents the canonical rotation matrix
about the z-axis by an angle ). Additionally, we consider the
spinning axis of each propeller as o; = (—1)* for simplicity.
Further parameters essential for solving the optimization
problem are listed in Table I.

To employ a gradient-based solver for the nonlinear con-
strained optimization problem (21a)-(21e), we approximate
max((),umachTai) in (13) as:

T T
umaxcj a; + (umaxc]' a/i)Q +e€

2

where € > 0. As € becomes smaller, higher approximation
accuracy is achieved. In the implementation, we utilize the
interior point (IP) algorithm in MATLAB, incorporating
the approximation function. Since this approach typically
converges to a local minimum, the process is repeated to
obtain a better solution among several local minima acquired
from each use of the IP method with randomly chosen initial
guesses.

, (23)

max (0, umaxc?ai) ~

IV. OPTIMIZATION RESULT AND VALIDATION

The optimized thrust unit vectors and hovering thrust force
were obtained, as presented in Table I. To compare the

mNon-Isotropic(proposed) mIsotropic
0.8245

e
o

0.7610

0.5899

o
>

0.3579

Efficiency: n
o
=~

0.2 l I
0
7]110\'(‘,1‘ T]('Olltél('t
Fig. 5. Force efficiency: Hovering at [0, 0, mg]” and contact force at

[45, 0, mg]T with zero torque.

proposed non-isotropic case with a typical isotropic one,
we conducted the same optimization for the conventional
drone, utilizing balanced propeller shapes as a constraint.
We compare the performance of isotropic and non-isotropic
cases in terms of hovering and contact force efficiency, as
well as their wrench shapes and propeller configurations, in
Section IV-A. In Section IV-B, simulation is conducted to
verify the wrench feasibility of RWiqtal.

A. Hovering and contact force efficiency

The force efficiency of the drone is defined as [14]:

_ _lal 1
nr Z?ﬂ u; € [0,1],
where 7 is the ratio of the norm of the desired force fg to
the sum of all thrust forces required to generate that force.
Therefore, the ratio 7y can be interpreted as the degree of
force cancellation between the propellers.

Using (24), we computed the hovering efficiency at
fa=10, 0, mg]" and the contact force efficiency at
fa=1[45, 0, mg]T with zero torque, as shown in Fig. 5.
The proposed non-isotropic case shows better performance
in both hovering and contact force efficiency compared to
the typical isotropic case, more than doubling the hovering
force efficiency. As a result, the proposed AWy demonstrates
a broader capability for exerting force in the +z direction
compared to the isotropic AW, as shown in Fig. 6(a)
and 6(b). In fact, our approach enables the exertion of forces
of approximately 107.8N, which is nearly double the +z
force capability of a typical isotropic case, where the capacity
is around 54.3N in the +z direction.

Regarding the propeller configurations of drones corre-
sponding to each AW, as shown in Fig. 6(c) and 6(d),
the conventional drone shows all its propellers extensively
tilted in a balanced manner. In contrast, the proposed drone
demonstrates that only the second and fifth propellers are
extensively tilted towards the contact direction to generate
the desired force, while the remaining propellers are tilted
less to improve hovering force efficiency.

When comparing the proposed AW, with the isotropic
AWy from a top view in Fig. 7, our non-isotropic case
tightly contains RW,.ta1, resulting in a relatively narrow
force shape in the f, direction, while the isotropic case shows
a significantly wider horizontal force shape. The proposed

(24)
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(a) Typical isotropic wrench shape with RW; a1 (b) Proposed non-isotropic wrench shape with RWjt,1. (c) Fully actuated drone design with

isotropic wrench shape. (d) Fully actuated drone design with non-isotropic wrench shape. The blue spheres represent the placement of the rotors. The
pink lines represent the thrust direction of each rotor. The purple sphere denotes the counterclockwise (CCW) propeller, and the green square denotes the

clockwise (CW) propeller.

50 AW (ours) AW (typical) mRWigtal
10
30
20

Z 10

-10
-20
-30
-40

-40 -20 0 20 40 60

Fig. 7. Top view: Non-isotropic AW (ours), isotropic AW (typical),

and RWta). The fz indicated by the red arrow is 45N. The f, indicated

by the first and second brown and purple arrows are  27.60N, 46.87N,
47.05N, and 47.05N, respectively.

AW} exhibits a wide range of + f,, direction, similar to the
isotropic AWy, while the difference is pronounced in the
— fo direction. In fact, the proposed AWy can generate f,
of —27.60N and 46.87N at the respective brown arrows (1)
and (), whereas the isotropic AW can exert f, of —47.05N
and 47.05N at each purple arrow (D) and Q). This difference
stems from the imposition of balanced propeller shapes on
the isotropic AW during optimization, which leads to lower
hovering and contact force efficiency.

B. Simulation validation

In this section, we validate that the designed fully actuated
drone can indeed generate the required contact wrench while

satisfying thrust saturation. We added a rigid bar to the center
of mass of the proposed system and implemented hybrid
wrench and pose control for an aerial contact scenario. By
employing PI and PD control for wrench and pose control
with selection matrices S,, € R5%6 and S, € R®*5, the
control law is given by:

_ Juw Ip
W—Sw[Tw +5, | (25)
where
fw="fa—Kpyrer— Kiy /edea
(26)
Tw = Td — Kp’mem — K]’m/ede
for wrench control, and
fo = —mges — Kpie, — Kp i€, @7

T = wp X Jwp — Kpre, — Kp ey

for pose control. Kp ¢, K1 f, Kpm, Krm, Kpi, Kpy,
Kp,, and Kp, are diagonal positive definite gain ma-
trices. ey = f. — f4, €m = Tc — T4, € = P — PB4, and
é; = vp — vp,q represent the force, moment, position, and
velocity error, respectively. The orientation error and the
body angular velocity error are expressed as:

1
€r = §(R£,dRB - RBRg’d)V,

T T > \Y
ew =wp — RgRp (Rp 4RE.a)",

(28)

where the vee operator (-)V : s0(3) — R? is the inverse of
the hat operator. f. and 7. represent the contact force and
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torque measured by F/T sensor, while f; and 7, denote the
desired contact force and torque, respectively. To compensate
for the external wrench at the end-effector during contact,
we added an extra input term to the wrench command.
Therefore, the final wrench command is:

03

Wgn = W+
Teom X Je + Te

; (29)
where 7o, represents the offset from the system’s center of
mass to the end-effector.

The optimized drone system (recall Table I) is simulated
in PyBullet [26] environments with 1kHz control frequency.
The simulation scenario is set as follows.

e t = 0s — 5s: hovering

e t = 5s — 15s: applying contact wrench to an object

e t = 15s — 25s: maintaining contact
During maintaining contact (¢ = 15s — 25s), the final con-
tact wrench on the object is set as [45, 0, mg, 0, 0, 0]
and Rp 4= I3. To this end, the contact wrench profile
is determined by quintic polynomial trajectories, while the
orientation is controlled to maintain Rp q = Is.

The simulation results are shown in Fig. 8. During hov-
ering (t = 0Os — 5s), the proposed drone can generate the
optimized rotor input wp, as shown in Fig. 8(c). While
applying the contact wrench to the object (t = 5s — 15s) and
maintaining contact (¢ = 15s — 25s), the drone’s body force
tracks the force trajectories f; and converges to the final
contact wrench [45, 0, mg, 0, 0, 0]7 with small errors,
as shown in Fig. 8(a) and 8(b). Throughout this scenario,
all rotor inputs exhibit feasible forces within the bounds,
as shown in Fig. 8(c). As a consequence, this simulation
verifies that the designed drone can generate the RW while
satisfying the given rotor input saturation.

V. CONCLUSION

In this paper, we present a design framework for a fully
actuated drone with non-isotropic wrench shape for aerial
contact manipulation. To achieve this, we explicitly define
the RW, taking into consideration contact manipulation.
By utilizing the hyperplane shifting method, we reformu-
late RW as an appropriate constraint function that can
be integrated into the optimization problem. Consequently,
the resulting fully actuated drone design satisfies wrench
feasibility for a user-defined RW. The hovering thrust force
is used as the cost function to minimize the hovering en-
ergy consumption. As a result, our proposed drone exhibits
a significant improvement over the typical fully actuated
system, with a hovering force efficiency of 0.7610, more
than doubled, and a contact force efficiency of 0.8245, nearly
1.4 times higher. To verify our approach, a simulation with
hybrid wrench and pose control is also conducted.

In future work, we will consider multiple RW cases
with different orientations to handle a range of contact
manipulation scenarios. Moreover, we plan to integrate the
rotor locations and spinning axes of the propellers into the
optimization problem. This will enable us to account for
aerodynamic interactions between the propellers. Finally,
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Fig. 8.  Simulation results for contact wrench feasibility. The yellow,

green, and dark gray correspond to hovering, generating contact force, and
maintaining contact, respectively. (a) The body force during the scenarios.
(b) The body torque during the scenarios. (c) The rotor input during the
scenarios. The black dashed lines indicate maximum and minimum rotor
input.

we will verify the proposed method through real-world
experiments.

APPENDIX
A. Derivation of (17)

Similar to [27], the wrench W = [f., fy, f2, Tus Ty, 2|7

corresponding to the boundary values of (16) are written as:
fz = Fusin(0) cos(¢), f, = Fisin(8)sin(¢), (30)
fo=Fycos(d), 7y =7y =7, =0,

where 6 and ¢ are bounded from —7 to 7. Since all the
wrenches in (30) must satisfy all the inequalities in (8), for
every ch and d;, the following ;" inequality must also hold:

clw<d;. €3]
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Accordingly, the inequality (31) can be expressed as

Fi(cj, sin(0) cos(¢) + ¢;, sin(8) sin(¢))

32
+ Ficj, cos(f) < dj, (52)

which is equivalent to

(sin(6) /3 2, cj; cos(0)) < dj,

(33)

because c;, cos(¢) + ch sin((b) reaches its maximum when

G

/2 2
Cj1+cj2

cos( (34)

Sll’l
\/ J1 + C

The inequality (33) is a function of #, which reaches its
maximum when

COb
J1 + C]z + CJ3
L+ (33)
sin(f) =
+ c —|— c

Consequently, according to (34) and (35), the equation (30)
is written as:

ic- FhC'
fom e =
G e, e G e, e
Fej,
ﬂ:——JﬂL—ﬁmzwzuzu (36)
/.2 2 2
iy + Cja + Cls
The inequality (32) is also modified as:
B/ +c5, + 3 < dj. 37)

[1]

[2]

[3

=
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