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Abstract— A typical manipulation task consists of a manip-
ulator equipped with a gripper to grasp and move an object
with constraints on the motion of the hand-held object, which
may be due to the nature of the task itself or from object-
environment contacts. In this paper, we study the problem of
computing joint torques and grasping forces for time-optimal
motion of an object, while ensuring that the grasp is not lost
and any constraints on the motion of the object, either due
to dynamics, environment contact, or no-slip requirements,
are also satisfied. We present a second-order cone program
(SOCP) formulation of the time-optimal trajectory planning
problem that considers nonlinear friction cone constraints at
the hand-object and object-environment contacts. Since SOCPs
are convex optimization problems that can be solved optimally
in polynomial time using interior point methods, we can solve
the trajectory optimization problem efficiently. We present
simulation results on three examples, including a non-prehensile
manipulation task, which shows the generality and effectiveness
of our approach.

I. INTRODUCTION

Time-optimized motion planning promises attractive new
applications that will transform industrial productivity as
well as improve service robotics utilization [1]. For example,
an optimized motion planner could deliver fragile objects
on a factory floor within a stipulated time such that the
objects do not fall over. In a service robotics setting, the same
planner can be employed to transport a bowl of soup or a cup
of water to a person with reduced mobility [2], [3]. As far
as robot manipulators are concerned, completely solving this
planning problem is extremely complex and challenging [4]—
[6]. The problem becomes even harder when environmental
and object contacts have to be taken into account [7].

A two-step approach is usually used for time-optimal
trajectory planning [8], [9]. In the first step, a collision-free
path is planned, and in the second step, the dynamics of
the system, as well as the actuator limits, are taken into
account to convert the path to a minimum-time trajectory.
In this paper, we focus on the second step for time-optimal
object manipulation while considering contact constraints
along with dynamic constraints, actuator limits, and any path
constraints that might be present.

Contact with the environment during motion planning
introduces additional complexities due to the underlying
frictional dynamics [10]. However, contacts with the envi-

1The authors are with the Department of Me-
chanical Engineering, Stony Brook University, USA.
{dasharadhan.mahalingam, aditya.patankar,
nilanjan.chakraborty}@stonybrook.edu.

2The authors are with Munich Institute of Robotics and
Machine Intelligence (MIRMI), Technical University of Munich.
Email:{riddhiman.laha, sami.haddadin}@tum.de

This work is partially supported by the US Department of Defense
through ALSRP under Award No. HT94252410098.

979-8-3503-7769-9/24/$31.00 ©2024 IEEE

0.7 Soft finger contact with elliptic approx.

0.61

Goal pose

X y

Full non-linear friction cone © —Collocation points “_Pivot edge (line contact)

Fig. 1: Example pivoting task, which is a path constrained robot task
involving manipulator object and object environment contacts. Our method
takes into account all the kinematic and dynamic constraints of the system to
compute the time-optimal trajectory. The (s, $) phase plane, which connects
the initial path position to the final position, illustrates our problem. The
purple curve is the time scaling that we achieve while respecting position,
velocity, and acceleration constraints. The blue dots denote the maximum
feasible scaling possible at the collocation points. The vertical dashed lines
represent specific instances when joints 6,7, and 4 are about to hit the
limits. Note that we consider the full non-linear friction cone constraints
and the soft finger contact with elliptic approximations for modeling the
two types of contacts.

ronment can be exploited to aid manipulation [11], [12].
For example, a heavy object can be manipulated by pivoting
instead of lifting (Fig 1). Reaction forces generated at the
environment-object contact can be used to partly balance
the weight of the object. Therefore, our goal is to take
contact constraints into account for trajectory optimization.
To this end, we consider the complete nonlinear friction
cone constraints instead of a polygonal approximation [13],
[14]. This leads us to the problem we aim to focus: How
to bridge the gap between geometric motion planning and
time-optimal trajectory planning such that the robot-object
and environment-object contact constraints of the system are
respected?

Contributions: We present a novel second-order cone
program (SOCP) formulation of the time-optimal trajectory
planning problem that considers nonlinear friction cone con-
straints at the hand-object and object-environment contacts
along with the constraints imposed by the robot dynam-
ics and the robots’ actuator limits. Our model is general
enough to handle multiple manipulators making contact with
an object as well as multiple contacts between the object
and the environment. Since SOCPs are convex optimization
problems that can be solved optimally in polynomial time
using interior point methods, we can solve the trajectory op-
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timization problem efficiently. We present simulation results
on three examples, including a non-prehensile manipulation
task, which shows the generality and effectiveness of our
approach.

II. RELATED WORK

The time-optimal trajectory planning problem for robotic
manipulators has been a significant area of research in the
literature. The core objective is to determine the optimal
timing of motion along a predefined path, subject to various
constraints, such as actuator torque limits and dynamic
considerations. Traditionally, robot trajectory generation can
be categorized into (a) offline and (b) online (real-time)
strategies. Offline trajectory generation has a long history
starting from the late '60s. Some of the seminal works in
this regard are the solutions to minimum-time control prob-
lems [15], [16]. However, including collision-free trajectories
in the introduced formulation is non-trivial.

The authors in [17] overcame this limitation by proposing
a parameter optimization scheme that guaranteed minimum
time travel using the maximum available torques while
avoiding obstacles in the workspace. Similar directions were
also explored in [18], where scaling was performed on
existing path velocity profiles to maximize the output of
the actuators. Similar algorithms were proposed in [5], [19],
which exploited switching curves in the phase plane for end-
effector motion along a path. The assumption for the latter
one is that actuator torque bounds are a quadratic function of
the joint velocity, with joint positions being parameterized by
a polynomial path parameter. Recent approaches, in contrast,
focus more on time-optimized path tracking, considering ve-
locity, acceleration, and jerk limits [20]-[22]. Our approach,
although similar to [23], differs considerably in the sense
that we extend it to a more general scheme. Regardless,
most of the works do not consider held objects and model
explicitly the robot-object contact that we take care of during
the motion execution. On the other hand, on-line paradigms
fuse the path and time parameterization as a single step [24].
Typically, offline methods could be able to generate more
optimal trajectories, although they are not suited for real-time
applications owing to their computational load. In contrast,
online methods are efficient, yet prone to discontinuities in
the commanded trajectory [25].

The problem of computing optimal contact forces, at
the manipulator-object contacts, was first formulated as a
Second-Order Cone Program (SOCP) by [26]. A fast interior-
point algorithm for solving this formulation was proposed
in [27] with the point contact with friction model as the cone
constraint. Building on this, the authors in [11] presented
a SOCP for computing the optimal contact forces, while
considering contact with the environment, for quasi-statically
manipulating heavy objects by pivoting. The proposed for-
mulation is general enough to incorporate manipulator joint
limit constraints and has been integrated with a task space-
based planning approach for pivoting [12]. In this work,
we build upon the formulation proposed in [11] while
considering the dynamics of the robot as well as the inertial
properties of the object(s) being manipulated.

The authors in [28] formulate a contact-implicit trajectory
optimization problem, as a nonlinear program, for the task
of pushing an object along a plane surface to a desired goal

pose. The contact constraints have been represented as linear
complementarity constraints which approximate the friction
cones. Similar approaches [29]-[31] have been developed for
tasks such as planar pushing in which an optimal sequence
of control inputs has to be provided to make contact with the
object and apply the necessary normal contact forces to push
the object further away from the robot. In contrast, we are
more interested in manipulation tasks which require the robot
to maintain continuous contact, at more than one location,
with the object throughout the motion.

III. SYSTEM MODELING AND ASSUMPTIONS

We consider v robot manipulators manipulating an ob-
ject. Let there be u object-environment contacts. Coordinate
frames {E;} (where ¢ = 1,2,...,u) and {M;} (where j =
1,2,...,v) are fixed at each environment and manipulator
contact respectively such that the z-axis of the coordinate
frames are normal (inward) to the object surface and the
other two axes, © and y are tangent to the surface. We
assume that a collision-free geometric path is available as
some waypoints for the robot manipulator which we want to
convert to a time-optimal trajectory.

A. Manipulator Kinematics

Using the product of exponentials (POE) formula [13], the
forward kinematics of an n DOF serial manipulator is

X = egllhegzlh . eé\nanT‘ef7 (1)

where & € se(3),l = 1,2,...,n are the twists contributed
by each joint and X,..; € SE(3) is the reference configura-
tion of the manipulator at ® = 0. The body velocity of the
end-effector of the manipulator, XV € RS is related to its
joint rates through the body Jacobian J°(g) € R6*™ as

xv _ | _ e [I0(@)]

V= |:wb:| =J (q)q - l:JEJ(q)] q, (2)
where v and w denote the linear and angular velocities
respectively, g is the vector of joint displacements and q
is the vector of joint rates. The body acceleration of the
end-effector of the manipulator can be determined from

. o .
V= [Zb] =J(@)g +3"(q)q- 3)

B. Manipulator Dynamics

Extending our analysis to the acceleration level, the equa-
tions of motion for the robot manipulator in contact with the
environment can be written as,

7 —J"(q)he = M(q)§ + C(q,@)d +g(a), 4
where 7 € R" is the vector of applied joint torques,
h. € RS is the wrench exerted on the manipulator by the
environment, J(q) € RS*" is the manipulator (geometric)
Jacobian matrix, M(q) € R™*™ is the positive definite mass
matrix, C(g, ) € R™*™ is the matrix accounting for Coriolis
and centrifugal effects and g(q) € R™ is the gravity term.

We are primarily interested in computing the joint
torques required to produce the necessary wrenches at the
manipulator-object contacts. Therefore, we need to estab-
lish a relationship between the joint torques and contact
wrenches, F); exerted on the object. Let n; be the number
of DOFs of the j-th manipulator, q; = [¢j,1,¢j2: -, Tjn;)"
be the joint positions and 7; = [7j1,7j.2, - .. ,ijj]T be the
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joint torques of this manipulator. The equations of motion of
the j-th manipulator can then be formulated as,

7 + 37 (q;) fu, = Mj(g;)d; + Cj(a;. 4;)d; + 8;(a)),
where J; € RO*" is the Jacobian matrix of the j-
th manipulator expressed in the contact frame {M}; and
M;(q;),C;(g;,d;),8;(qg;) are the respective mass matrix,
Coriolis and centrifugal effects, gravity term of the j-th
manipulator. Here, we note that the wrench exerted on the
manipulator is the reaction wrench — fM]., and hence the
—J]T(Qj)(—fMj) = +JJT(qj)fMj term on the left sidg of the
equation. By defining g € R" and 7 € R" (n = ijl n;)
as q = [q1,qo,...,q)T and T = [T, 7,...,7,]T, the
relationship between the joint torques of all the manipulators
(7) and all the manipulator-object contact wrenches (F))
can be represented in compact form as

T+ Iu(@)Fyv = Mu(q)G+C(q,9)g+G(q). (5

where Jy = diag(J¥,JT,...IT) € R is the
overall Jacobian matrix of all the manipulators, M, =
diag(M;,Ma, ..., M,) € R"*" is the overall mass matrix
of all the manipulators, Cpy = diag(Cy,Cs,...,C,) €
R™*™ is the overall Coriolis and centrifugal effect of all
the manipulators and Gy = [g1,82,---,8]7 € R™ is the
overall gravity term of all the manipulators.

C. Object Dynamics

Let “ R, € SO(3) and “R,y, € SO(3) be 3x3 orthogo-
nal matrices representing the orientation of the environment-
object contact coordinate frame and manipulator-object con-
tact coordinate frame respectively expressed in the object
coordinate frame {O}. Each contact wrench, fr, and fas,,
can be expressed in the object coordinate frame {O} as

ORpg, 0
O _ _ E;
fe, =Gg, fg, = [S(OPEJORE,., OREJ fe.,, (6)
°R 0
Ofur. =G fu, = My (7
Fu, M, fu S(©par, )dRM OR,, Fa, (D

Here, S(.) € skew(3) is the skew-symmetric operator [32],
such that, for any @ € R* b € R3, S(a)b = a x b.
Also, “pp, and ©pyy, are the positions of {E}; and {M};
expressed in {O} respectively. Therefore, the object motion
satisfies the equation,
Z GEiqu + Z GIMj.fMj + O.fea:t -
i=1 j=1

O frer. (8)

where © f.,: € RS is the total external (force and moment)
wrench acting on the object (including the object weight)
expressed in O and 0 Ffret 1s the net wrench (resultant of all
wrenches) acting on the object expressed in O.

By introducing Fp € R% and Fy; € R% as Fp =
(fe0s Foo- oo fe)" and Fy = [far, Faros -5 )"
equation (8) can be represented in a more compactly as,

GEFE + G]WFM + Ofewt = Ofnet (9)

where Gg = [Gg,,GE,,...,Gg,] € R6*6% is the environ-
ment contact matrix and Gy = [Gay, Gagy, - -, Gar,] €
R6%6v s the manipulator contact matrix, which is also
known as the grasp map or grasp matrix [32].

v-th manipulator

{(w}

Fig. 2: A rigid body being manipulated with v manipulators and in contact
with the environment at w points. The contacts between object and the
environment are modeled as PCWF and contacts between manipulators and
the objects are assumed to be SFCE. {E'}, {M}, and {W} represent the
environment, manipulator, and world reference frames.

D. Contact Constraints

We use the point contact with friction (PCWF) for the
object-environment contacts, and the soft finger contact with
elliptic approximation (SFCE) for the contacts between the
manipulators and the object [11]. For PCWE, the contact
wrench satisfies the friction cone constraint as

2
\/ fElz —i—(ny) < fE..,

eEq & €E; ,
where the parameters IE,,€eg, , and ep, =~ are positive con-
stants defining the friction coefficients at the i-th environment
contact point and ¢+ = 1,2,...,u. Similarly, in SFCE, the
contact wrench satisfies the elliptic constraint as

2 2
L fMJL (fMj.,y) + (%) < fJWj,z’
€MJ . eM; ., eM; . ’

(11)
where the parameters piag;,en; ., €M, €M;, are positive
constants defining the friction coefficients at the j-th manip-
ulator contact and j = 1,2,...,v. The constraints (10) and
(11) are Second-Order Cone (SOC) constraints [33]. For any
r € RS, we define the friction cones C g, and K M, as

(10)

1
Kg, =<{rl— <r3,ri56 =07,
KE;
1 r? r2 r2
Ky, =4qr o + 5o <r3,ry5=0
K\ €y, Oy, CMg
where ri,k = 1,2,...,6 is the k-th component of 7.

To ensure the manipulated object is not damaged by the
internal forces, we consider an upper bound F', on the
normal contact force. Thus, the normal contact force F, =
[fMl,z ) fJWz,z’ R fM'U,z]T < FZI'

IV. MATHEMATICAL PROBLEM FORMULATION
A. Time Parameterization of Motion

Let us assume that the object frame {O} goes through
a trajectory which can be expressed using a scalar path
coordinate s, as {O}(s). Assuming that the object starts
moving at time, { = 0 and finishes moving through the
trajectory at time, t = 7', the time dependence of the object
trajectory can be obtained through the time scaling s(t)
which assigns a value to s for any instant of time ¢ € [0, T,

Note that a set of contact forces that result in no net force on object is
termed as internal forces.
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such that s : [0,7] — [0,1] with s(0) = 0 and s(T) = 1.
For notational convenience, let us omit the time dependence
of the path coordinate s and its derivatives.

From the motion of {O}, we can then determine the joint-
space path that all the manipulators take as q(s), which
is a function of the scalar path coordinate s. The joint
velocities and joint accelerations can then be obtained as
d(s) = 248 = ¢/(s) and G(s) = q"(s)s* + ¢'(s)5.
where, § = ds/dt, § = d*s/dt?, q'(s) = dq(s)/ds, and
q"(s) = d*q(s)/ds>.

The equations of motion of the object can also be de-
scribed using the scalar path coordinate s as

GE( ) ( )+G]WFM( ) O.fea:t(s) :Ofnet(s)- (12)

Please note that, while the environment contact matrix
G g(s) may change depending upon the motion of the object.
However, the manipulator contact matrix Gj; remains con-
stant as long as contact constraints at the manipulator-object
contacts are satisfied. Therefore by incorporating the friction
cone constraints at the manipulator-object contact, the object
can be considered as an extension of the manipulator’s end-
effector. This assumption lets us express the object’s position,
velocity and acceleration expressed in its reference frame O
by relating it to the j-th manipulator’s end-effector velocity
and acceleration as,

OX(s) = X;MiTo, (13)
OV(s) = 35(a;(s)d;(s) = I3(a;())d' ()3, (14)
. d(Jb
V(s) = D0 () + B i 0. (19)
ORI CHOLAOREHCHOMN G E—.
+J5(a;(5)) ()3,
where, i T is the relative rigid body transformation ex-

pressing the pose of the object frame O in the manipulator’s
end-effector frame and,

o a(35(a(5))) ag,

J =1 dqj"i ds
We note here that the relative rigid body transformation
between the j-th manipulator’s end-effector reference frame
{X;} and the object reference frame {O} needs to be taken
into account when computing the body Jacobian JS- for
this to be true. Hereafter, we will use the 1-st manipulator
to determine ©V and V. However any one of the v
manipulators can be used for this purpose.

a7

OV(s) = Jo(s)s, OV(s)=Th(s)5* + To(s)s, (18)
Jo(s) = IV (qi(s))d(s), (19)
Tb(5) = 38 (s)di (s) + I (ar(s))ai(s),  (20)

The net wrench acting on the object whose mass is m kg
and mass moment of inertia is ©Z can then be expressed as

O fret(s) = MoV (s) +Co(s)é?, (1)
Ofnet(s) = Mojo(s)§ + (Mojé(s) + Co(s)) 52, (22)

Here, Mo = dla%(m) OOI] is the object mass matrix and

is a constant in the object reference frame and Co is the

Coriolis and centrifugal term of the object which is given by

wh(s) x mob(s) } |

CO(S)Lé2 = |:wb(s) « OIwb(s) (23)

2 _ |S(Jo,(s)) 0 -2
Co<s>8 = |: OO S(jOW(S)):| MOJO(S)S , (24)

The friction cone constraints can also be described using
the scalar path coordinate s as

fe,(s) €Kp,,i=1,2,... u 25)

fu,(s) € Kngyrj =1,2,..0 50 (26)
The upper bound on the normal contact forces can be
described using the scalar path coordinates s as
F,(s) < F.(s) 27
Substituting the expressions for ¢(s) and §(s) in (5), we
get the following

7(s) + T (s)" Far(s) = Maur ()5 + Car(5)$° 4 Gur (s),

(28)

where
Ma(s) = M(q(s)q'(s), Gu(s) = G(g(s)), (29
Cum(s) = M(q(s))q"(s) + C(a(s),q'(s))d'(s).  (30)

To also ensure that the joint actuators of the manipulators
are within the actuator limits and not saturated, the following
joint torque limit constraints need to be considered

TST(s) ST (31)
where T and T are the lower and upper joint torque limits
of the manipulators respectively.

If, the equations (12), (25), (26), (27), (28), (31) are sat-
isfied simultaneously throughout the motion, then the object
can be manipulated while satisfying the contact constraints.

B. Time Optimal Control

The extension of the problem of time-optimal control
of a manipulator along a path, as in [23], applied to v
manipulators with the added contacts can be expressed as,

minimize T (32)

T,s,7,Fp,Fa
subject to (for ¢ € [0, 7)),
7(8) 4+ Tar (8) Far(s) = May(8)5 + Car(s)5% 4+ Gas(s)
T<7(s)<T
B(8) + GrFur(s) + © fear(s) =
= MoJo(s)s + (MoThH(s) +C
fe,(s) €Kg,,i=1,2,...,u
i, (s) €Kngyj=1,2,...0
F.(s)<F,
$(0) =0,s(T) =1, $(0) = 80, 38(T) = $7,5(t) >0

Gp(s)F.
fnet(s)

fnet( )
o(s)) &

C. Reformulation as a Convex Optimization Problem

We adopt the strategy of introduction of new optimization
variables a(s), b(s),as shown in [23], to obtain a reformulated
objective function as

T 1q
T= / dt = —ds (33)
0 o S
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Fig. 3: Plots of joint velocities, accelerations and torques for the task of picking up an object. The joint limits are shown using dashed red lines. Joints 3

and 4 are the ones getting closest to their velocity and acceleration limits.

The new optimization variables are a(s) = 5,b(s) = $2, and
by adding the constraint b’(s) = 2a(s) results in,
b(s) = 255 = 23a(s) (34)
Thus, the optimization problem now becomes
mlmmlze 35
T FE,FM / A / ( )

subject to (for s € [O, 1),

7(s) + Tnm(8)Far(s) = Mus(s)a(s) + Car(s)b(s) + Grr(s)
T<71(s)<T
GE(S) ( )+GMFM( ) Ofext(s)zofnet(s)
 fret(s) = MoJo(s)a(s) + (Mo Tb(s) + Co(s)) b(s)

fe,(s) €Kg,,i=1,2,...,u
() € Kngyj=1,2,... 50
F.(s)<F,
b(0) = (5(0))*,6(T) = (3(T))*,b(s) > 0,V (s) = 2al(s)
Here, the objective function is convex and all the constraints
except for the SOC constraints g, and K M, are linear

functions of the optimization variables. Thus, the above
optimization problem is a convex optimization problem.

D. Manipulator Motion Constraints

Apart from the actuator force/torque limits there can be
other constraints such as velocity and acceleration limits in
the joint space as well as in the task space which are convex
constraints and can be included in the optimization. However,
here we focus only on the joint space constraints.

Joint velocity constraints: Linear inequality constraints

. =2
0<d3(s) < (36)
2, . =2
0<4qj, (s)8* < py (37)
2 =2
0<qj, (s)b(s) < dj, (38)
forall j=1,...,vandl=1,...,n;
Joint acceleration constraints: Linear inequality constraints
i<d(s)<q (39
G<q'(s)8" +q'(s)s< g (40)
4 <q"(s)b(s) +4q'(s)a(s) < q 41

V. IMPLEMENTATION AND SOLUTION APPROACH

In this section, we detail the solution strategy for the
optimization problem formulated in the previous section.

A. Direct Transcription

We follow the collocation approach proposed in [23]
where a(s) is assumed to be the piece-wise constant control
input. This implies that b(s) is piecewise linear and 7(s) is
piecewise nonlinear. Thus, based on the values at the grid
points, b(s) becomes

bs) = b + <bk“ -

htl _ gk
Let us define am , 7Fm Fgm , Fz\k[” be the values of the func-
. k4L Lo
tions a(s), 7(s), Fi(s), Fy;(s) at sk = =—+=which is
the midpoint of the grid points s* and s**1.
The objective function can now be expressed as

)(s — s%) for s € [s*, 5"

/ords_z/ \ﬁ Z\/kaJr\ﬁ
42)

k1 _ gk

where AsF = s
However, this problem can be reformulated as a Second
Order Cone Program (SOCP) and it is advantageous to do

so as there are very effective methods for solving them [27].

B. Second Order Cone Program

The above direct transcription problem can be reformu-
lated as a SOCP by introducing variables c* and d* with the
addition of the following inequality constraints [23]

F <V k=0,....K (43)
1 k
Fr ok S <d* k=0,...,K—1 (44)
These constraints can also be expressed as SOC constraints
QCk k

bk 1 <b" 41 (45)
2 FH 4 kg d (46)

kb — gk et
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This change in variable along with the introduction of the
SOC constraints results in the following SOCP

K-1
minimize > 2(Ask)d (47)
ak bk ck dk Tkm 7Fgm, ’th;n, o

subject to,
Tkm +j]kme]€[m :M%n,akm, +Ck'mbk3m _’_Q”ﬂn
T<Thn <F
0< (gfm )2 <G, Vi=1,...,vandl=1,....n
QS q//kmbkm +q/kmakm S a
K grkm Fm | O gkm _ O ghn,
GE' Fp" + GuFy + " foi =7 Fodt
C ;. knl
O fii(s) = MoThrabn + (MoJy™ +clyr ) i
for e Kp,,i= 12uf§; €K, j=12...,0
2
P SR
fork=0...K —1,

2ck
b — 1

FFn <F_, <Rk gk

Hgb’“+1,bk20, k=0...,K

bO _ ($0)27bK _ (5K)2
Ifn = 25:1 n; is the sum of the DOFs of all the v

manipulators, then for a choice of K grid points, the total
number of optimization variables is K (4 4+ 3u+4v+n)—2.

VI. SIMULATION STUDIES

We now present simulation experiments to evaluate our
proposed formulation. We use YALMIP [34] which is a
MATLAB toolbox for modeling and optimization with Se-
DuMi [35] as the solver. All experiments were carried out
on a laptop running Ubuntu 20.04, equipped with an Intel
Core 19 — 9880H CPU having 16 cores. The 7 DOF Frank
Emika Panda research robot with a two finger parallel jaw
gripper (see Figures 1 and 6) is used as the experimental
test-bed. For all experiments, we set the torque bounds
of the manipulator to be 80% of the manipulator’s rated
torque limits> and acceleration bounds to be 60% of the
manipulator’s rated acceleration limits (see datasheet [36] for
robot hardware limits). We use a Screw Linear Interpolation
(ScLERP) based motion planner with Jacobian pseudoinverse
[37] to determine the joint space motion plan that the robot
needs to execute. A key fact to note is that the optimization
problem does not modify the joint space path. It only solves
for the time-parameterization of the path parameter s(¢).

We use 3 exemplar tasks for validation of our approach: (a)
pivoting an object while maintaining continuous contact with
environment, (b) picking up an object from a flat surface,
and (c) a non-prehensile manipulation task where the robot
manipulates an object on a tray, which is called the ‘Gen-
eral Waiter Motion Problem’. We demonstrate that if there
exists a minimum execution time solution that can satisfy
the dynamic constraints, then by solving this optimization
problem, we can determine the time parameterization of the
path parameter s(t), joint velocities ¢(s(t)) joint acceler-

2F. was set to be less than or equal to the maximum continuous grasping
force of the Franka Hand gripper.

ations ¢(s(t)), torques 7(s(t)), manipulator-object forces
F);(s(t)) and object-environment contact forces Fr(s(t)),
such that the trajectory execution time is a minimum. This
is due to the fact that the optimization problem is convex,
and hence any local optimum is also the global optimum.

A. Use-Case #1: Time-Optimal Object Pivoting

The objective of this task is to use a manipulator to
successfully pivot an cuboidal object while maintaining
continuous contact with the environment (Fig. 1). The mass
of the cuboid was set as 2 kg, the values of the friction
parameters were chosen as uy = 0.4, ep, =ep, =€ M, =
1, epm, = 0.25, and the number of grid points was chosen
as K = 250. F, was set as 70 N for all manipulator-object
contacts and the joint space velocity bounds were set to
41 rad/s for all joints. We consider two manipulator-object
contacts and two environment-object contacts at the vertices
of the pivoting edge (line contact). Although the formulation
given in (47) considers only one contact per manipulator,
it can also be generalized to w manipulator-object contacts
for the j-th manipulator by introducing a friction cone
constraint (11) for each contact. We carried out multiple
trials with values of ug 0.2,0.3,0.4 and 0.5. In all trials,
the manipulator started at the same configuration and the
object paths are the same. The joint velocities obtained for
the pivoting task with gy = 0.4 are shown in Fig 4. We can
see that the joints 6,7 and 4 reach the velocity limits during
execution. Due to the velocity limits being reached in all
the trials and identical paths for the object and manipulator,
we observed the same optimal trajectory execution time of
2.5972 seconds across all the trials. However, if we increase
the mass of the object beyond a certain value (depending
on the choice of ug), we get infeasibility, meaning that
the manipulator cannot pivot the object within the given
actuator/contact force limits. Note that it takes approximately
2.5 seconds to obtain the solution.

B. Use-Case #2: Minimum Time Object Pick-up

We evaluate our proposed approach for the task of picking
up a object (that is of cuboid shape) from a flat surface as
shown in Fig 6. Note that for this task we do not consider
any contact of the object with the environment. We only
consider the two manipulator-object contacts (see Figure 6).
The number of grid points was chosen as K = 250, the
mass of the cuboid was set as 1 kg and the values of the
friction parameters were chosen to be uy; = 0.6, ey, =
em, = 1, ey, = 0.25. F, was set as 70 N for all
manipulator-object contacts and the joint space velocity
bounds were set to £2 rad/s for all joints. We carried out
multiple trials with the values for object mass m(kg) from
{0.5,0.75,1.0,1.25,1.5,1.75}. We observed an increase in
the optimal trajectory execution time of 1.99 seconds for
m = 0.5 kg upto 3.2 seconds for m = 1.25 kg. Since we
constrain the maximum magnitude of normal force that can
be applied at the manipulator-object contacts, the problem
becomes infeasible for m > 1.5 kg. The results shown in
Fig 3 are for m = 1 kg. After modeling, YALMIP took
approximately 1.5 seconds for generating the output.

C. Use-Case #3: General Waiter Motion Problem

We evaluate our approach for the general waiter motion
problem which is an instance of non-prehensile manipula-
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Fig. 4: Plots of joint velocities for the pivoting task. The vertical dashed lines denote specific instances when the joints are at their limits and they
correspond to the vertical dashed lines shown in the (s, $) phase plane in Fig 1.
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Fig. 5: Tray-Cube Friction Cone Constraint results obtained for the non-prehensile task. First three images on the left show the constraints when the tray
angle was set to 10°. The next three images show the constraints when the tray angle was set to 15°. The vertical dashed line in the last three images

depict the constraints at their limits.
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Fig. 6: Left: Picking up an object along a constrained path in a minimum time. Right: Non-prehensile manipulation task: Waiter Motion Problem. The
phase plane at the top left and right corners depict the limits of the system in the two use-cases as the scaling evolves.

tion. The goal of the task is to move the tray with the cube  external wrench acting on the cube expressed in the reference
on top from the starting pose to the end pose on the desired ~ frame of the cube ({O.}) and ©7 fr .t and OT fr .. are
trajectory as fast as possible (Fig 6). the net wrench and external wrench acting on the tray ex-
pressed in the reference frame of the tray ({Or}). By adding
these equality constraints and the friction cone constraints at
all the contacts to the time optimal control (32), we can
formulate the non-prehensile manipulation task as a SOCP.
For this experiment, we modified the intermediate pose of the
tray such that the angle the tray makes with the horizontal
increases between different trials (Fig 6). We use tilt angles
of 0°,5°,10° and 15°. The coefficient of friction at the three
tray-cube contacts was set as p1 = po = p3 = 0.275. The

other parameters were set as py = 0.4,ep, = € M,
ey, = 0.25,F, = 50 N,mypqy = 0.125 kg, Meupe =
1 kg, K = 250. The plots in Fig 5 show the friction cone
constraints at the tray-cube contacts when the tilt angle is 10°
Since we have two objects, we have two associated equa-  (first three from left) and when the tilt angle is 15°. When
tions of motion. The equations of motion for the cube are the tilt angle, for the intermediate pose, was set to 16°, the
Oc¢ Fret(s) = Moo Joe (s)é + ( Moo T4 L (8) +Cou( s)) 42 optimization prloblem becomes i.nfeasible,- as the. tray-cube
Oc _ Oc contact constraints cannot be satisfied. This is evident from
Gor(s)For(s) + 7 foent(s) = 7 foner(s) the fact that the contact constraints are at the limit for a tilt
and the equations of motion associated with the tray are angle of 15°. We observed an optimal trajectory execution
Or _ = ! .2 time of 4.14 seconds for a 0° tilt angle up to 5.87 seconds for
Fret(s) = Mor Jor ()8 + (Mor To, (s())—l— Cor(s)) 5 a 15° tilt angle. For these trials, YAI%MHI’)took approximately
Ger(s)(=Fer(s)) + Gar(s)(Fa(s) + 77 froeat(s) 1.6 seconds on average to get the output after it is given the

= OT fir et (5) modeled problem.

Although this problem has been widely studied in the
context of trajectory optimization [38]-[41], none of the
approaches takes into account contact constraints. Of the few
that do [14], the usual norm is to approximate the friction
cones with polygons for fast computation. Our approach, on
the other hand, is general enough to take into account contact
constraints between the cube and the tray as well (Eq. 47).
Since we use a parallel jaw gripper to grasp the tray, we
introduce two manipulator-tray contacts (SFCE model). The
surface contact between the tray and the cube is modeled
using three point contacts (see Fig 6). Consequently, there
are three tray-cube contacts (PCWF model).

Where ©¢ fc net and Oc fc,ext are the net wrench and the
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VII. CONCLUSION

In this paper we have shown that the problem of time
optimal motion generation considering the entire dynamics
of the system and the full nonlinear friction cone constraints
at the contacts can be formulated as a SOCP. Our formulation
is general enough to consider v manipulators, each with
one or more contacts with the manipulated object, as well
as contacts of the object with the environment, if present.
We also show that within the same framework, we can
formulate non-prehensile manipulation tasks while satisfying
contact constraints. The solution to our SOCP gives the
time parameterization of the motion, joint torques of the
manipulators, and also the contact forces at the manipulator-
object and object-environment contacts. We evaluate our
formulation on tasks like pivoting, where we have constraints
on the motion through environmental contact, as well as
tasks where we have constraints on the motion without
environmental contact. In the future, we plan to study the
effect of noise and model uncertainties on our proposed
approach. We also aim to perform real-world experiments
with multiple manipulators to investigate how the increase
in computational load affects the time taken to solve the
optimization problem.
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