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Abstract—In this paper, we introduce a novel overlap-based
bidirectional point set registration approach, i.e., Overlap-
guided Bidirectional Hybrid Mixture Registration (OBHMR),
which incorporates geometric information (i.e., normal vectors)
in both the correspondence and transformation stages and for-
mulates the optimization objective of registration in a bidirec-
tional manner. More importantly, to address the issue of partial-
to-full registration, OBHMR utilises the predicted point-wise
overlap score using networks to formulate the overlap-guided
Hybrid Mixture Model consisting of the Gaussian Mixture
Model (GMM) and Fisher Mixture Model (FMM). OBHMR
contains four components: (1) the overlap-guided correspon-
dence network that estimates the correspondence probabilities
and calculates the point-wise overlap score; (2) the learning
posterior module that estimates the overlap-guided HMM
parameters; (3) the transformation module that computes the
rigid transformation by formulating the optimisation objective
in a bidirectional registration way, given correspondences and
overlap-guided HMM parameters. Experiments using 1457
human femur and 1301 human hip models demonstrate signif-
icant improvements in partial-to-full registration performance
(p < 0.01) under different overlapping ratios, compared to
state-of-the-art registration approaches. Furthermore, individ-
ual contributions of three modules (i.e., additional normal
vectors, overlap score estimation module and the bidirectional
mechanism) in OBHMR have been validated in ablation studies.
The results demonstrate OBHMR’s capability of tackling the
challenging partial-to-full registration problems in computer-
assisted orthopedic surgery. The codes are available at https:
//github.com/Dxinz/DeepOBHMR.

I. INTRODUCTION

Point set registration is a fundamental problem that affects
the interventional accuracy in medical robots system [1] or
computer-assisted orthopedic surgery (CAOS) [2]. In CAOS,
surgical procedures are performed by either the surgeon or
a robotic system in the patient frame. Rigid registration is
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Fig. 1. The figure above shows the registration results of our method with

a 50% overlap ratio and noise, between the partial intra-operative point set
and the full pre-operative point set. The partial and full point sets are shown
in red points and blue surface respectively.

thus needed to align pre-operative and intra-operative spaces
together, enabling the surgeon to refer to the correctly trans-
formed pre-operative model (and the surgical plan) during
surgery, on the computer monitor or with augmented-reality
glasses [3]. Generally speaking, the surgical plan includes
the determination of entry points and surgical paths, and
the identification (e.g., segmentation) of critical structures to
avoid. In CAOS, point sets in preoperative and intraoperative
spaces are derived from medical images (i.e., CT and MRI)
and measurements taken using an optically tracked stylus,
respectively. On one hand, both point sets in two spaces
could contain noise and outliers [4]. On the other hand,
intraoperative points are partial subsets of the full preop-
erative model, which makes it difficult to seek the correct
point correspondences [5]. Therefore, achieving robust (w.r.t.
noise and outliers) partial-to-full registrations in CAOS is a
challenging task.

Motivations. In this paper, we combine the hybrid reg-
istration framework, the overlap prediction and the bidi-
rectional mechanism to solve the partial-to-full registration
problem. The motivations of this paper are two-fold. On one
hand, although hybrid registration methods (e.g., DeepGMR
[6] and UGMM [7]) achieve great robustness to noise,
they typically require two point sets to share the same
Gaussian Mixture Model (GMM) parameters. However, in

7234



CAOS, the intraoperative point set covers a partial region
of the preoperative full model, which indicates the GMMs
estimated from the two point sets are different. To solve
the partial-to-full registration, the overlap prediction module
is added to the hybrid mixture model (HMM) registration
framework. On the other hand, most probabilistic registration
methods (e.g., CPD [8] and BCPD [9]) assume that one point
set is perfect while the other contains noise and outliers.
However, noise and outliers exist in both point sets in real-
world scenarios. Thus, the bidirectional registration process
is carefully formulated to consider noise and outliers in both
point sets while additional normal vectors are also leveraged
to enhance the robustness to noise.

Contributions. In this paper, we present the Overlap-
guided Bi-directional Generalised Point Set Registration
(OBHMR) method. The contributions are summarised as
follows. First, an overlap prediction module is added to the
registration framework to estimate the parameters (i.e., point-
wise overlap score) utilised in the overlap-guided HMM,
consisting of GMMs for position vectors and FMMs for
normal vectors. The overlap-guided HMM registration prob-
lem is then correspondingly formulated. Second, the bi-
directional registration mechanism is utilised in OBHMR,
where the optimization objective consists of the KL diver-
gence between the transformed source point set and latent
target HMM, and that between the transformed target point
set and latent source HMM. Finally, OBHMR is evaluated
against state-of-the-art registration approach on the medical
point set dataset (i.e., MedShapeNet) consisting of 1457
femur and 1301 hip shapes, which validate OBHMR’s strong
capability to handle partial-to-full registration under different
overlap ratios and shapes.

Organization. The remainder of this paper is organized as
follows. Sect. II introduces relevant rigid point set registra-
tion methods in the literature. Sect. III describes the partial
generalized rigid point set registration problem. Sect. IV
formally formulates overlap-based hybrid mixture model and
defines the two-step optimization problem. Sect. V describes
the proposed OBHMR approach in detailS. Sect. VI presents
experiments and results. Sect. VII concludes the paper.

II. RELATED WORK

We review the relevant rigid point set registration methods,
which are categorised into conventional, learning-based and
hybrid registration approaches.

A. Conventional Registration Methods

Conventional registration methods utilise optimization
strategies to estimate the rigid transformation. Iterative Clos-
est Point (ICP) [10] iteratively updates point correspondences
and estimates the rigid transformation matrix, which is
susceptible to noise and outliers. Coherent Point Drift [8]
treats points in one point set as centroids of one GMM and
the other point set being sampled by the transformed GMM
using the desired transformation, and formulates the regsitra-
tion as a probability density estimation problem. BCPD [9]
adapts CPD within a Bayesian framework, thereby ensuring

theoretical convergence. Both in CPD [8] and BCPD [9], one
point set is considered to be perfect while the other contains
noise and outliers.

B. Hybrid Registration Methods

The hybrid registration methods involve three steps: learn-
ing points feature with neural networks, casting point sets as
probability density functions (i.e., hybrid models), and then
minimising the distance of two hybrid models. DeepGMR [6]
is a milestone in this line of research, which comprises two
sequential components: (1) the correspondence network that
estimates point-to-distribution correspondence probabilities,
(2) the parameter-free computation blocks that calculate
GMM parameters and the rigid transformation respectively.
With the assumption that two point sets are sampled from
a unified GMM, UGMM [7] first learns point-to-distribution
correspondences and then estimates the unified GMM pa-
rameters, afterwards computes rigid transformations between
point sets and the unified GMM. It is noticed that only posi-
tional information is utilised in hybrid registration methods
(e.g., DeepGMR [6] and UGMM [7]).

C. Learning-based Registration Methods

FMR [11] solves the registration problem by minimiz-
ing the projection error within the feature space in a
semi-supervised manner. PointNetLK++ [12] overcomes the
limitations of PointNetLK, by analytically computing the
Jacobian of PointNet features concerning the exponential
map twist parameters. For partial-to-full registration, some
learning-based methods use neural networks to predict the
overlap region in point sets. Predator[13], designed for
registering point sets with low overlap, is composed of
three key modules: an encoder that extracts superpoints and
associated features, an overlap-attention module that captures
co-contextual information between the two point sets, and a
decoder that predicts per-point feature, overlap score, and
matchability score. In RegTr [14], the KPConv backbone
[15] is employed to extract downsampled superpoints along
with their features, and then the transformer cross-encoder
together with output layer are then utilised to predict the
transformed superpoints and overlap scores, with which the
optimal rigid transformation is computed using the weighted
Kabsch-Umeyama algorithm [16]. On top of DeepGMR,
OGMM [17] develops a clustering-based transformer module
that predicts the point-wise overlap score in two point sets,
and then establishes the overlap-guided GMM to solve the
partial point set registration problem.

III. THE PARTIAL GENERALIZED RIGID POINT SET
REGISTRATION WITH OVERLAP

We first formally formulate the point set registration
problem, where both positional and normal information is
leveraged. One source generalised point is defined as d? =
P, Pr]T € R® where p,, € R? and p,, € R3 with ||p,|| =
1 denote the positional and normal vectors respectively, and
one target generalised point is defined as d%, = [q,, ]’ €
R® where q,,, € R? and q,, € R?® with ||q,,|| = 1. We also
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define P = {p,})_; and @ = {qm})_; for positional
vector sets, P = {pn}Y_, and O = {q }M_, for normal
vector sets. For clarity, we further denote the generalised
point sets in two spaces as Dp = {P, P} and Dg = {Q, Q}.
To simplify the notation, we use the same symbols to denote
sets of points and their corresponding matrices, represented
as Dp € RV*6 and Dy € RM*6. In order to account
for the influence of non-overlapping point pairs in partial-
to-full point set registration, we incorporate overlap scores
denoted as o, = [0,,] € RV*! and o, = [0,, ] € RM*1into
our approach. Given Dp, Dg, o, and oy, the Generalised
Rigid Point Set Registration (GRPSR) is to estimate the rigid
transformation including the rotation matrix R € SO(3) and
the translation vector t € R3 that best align the two spaces.

IV. HMM-BASED POINT SET REGISTRATION WITH
OVERLAP

A. Hybrid Mixture Models.

The Hybrid Mixture Model (HMM) is a combination of
Gaussian Mixture Model (GMM) and Fisher Mixture Model
(FMM). It represents the probability distribution over a 6D
space as a weighted sum of J € N* components, each being
a multiplication of Gaussian and Fisher distributions,

p(d;|©7p) Zm (Pnlf, (05)%) F(BalBf, £5), (1)
Gaussian Distribution Fisher Distribution
where 7, € [0, 1] that satisfies Zj 1 Tp, = 1 is the

mixture weight, u] € R? is the mean posmonal vector
and (0})* € R is the variance associated with the j-the
component, i1 € R?*(||@}|| = 1) is the mean normal vector
and k; € R is the concentration parameter, and Op =
{mp,, 1, 0%, 0, kY }7_,. Another probability distribution
p(d4,|©g) where @¢ = {m,,,ud,of, i1, K}/, can be
similarly defined as that in Eq. (1).

B. HMM-based Point Set Registration with overlap score.

Similar to DeepGMR]6], the registration from Dp to Dg
can be formulated as a two-step optimization. The fitting step
fits HMM ©7 to the target generalised point set Dg, while
the registration step estimates the optimal transformation T*
that aligns the source point set Dp to ©%.

Fitting: ©5 = arg dnax p(Dg|®Q), 2)

Registration: arg maE>(< ) p(T(Dp)|®%), (3)
where SE(3) is the special Euclidean group. H is the space
of permitted HMM parameterisations.

1) Fitting Step: For the fitting step we can employ the
EM algorithm to maximize a lower bound on the probability
distribution p by introducing a set of latent variables Co,
where Cg = {c} ;} with ¢ ; € [0, 1] indicating df, and j-
th component of ®¢.

The EM updates for the fitting step in Eq. (2) are as
follows.

Ee, : ¢(Co) := p(Co|Do, ©), 4)

Me, :®,€Q+1 = arg max E [Inp(Dg,Cgq|®0)], )
OpcH

where k e NT is the number of iterations of EM, Cg =
{c m j 1,1- According to the EM algorithm, the estima-
tion formula of Cg are as follows,

plem; = 1|dE,, ©p)
p(dflem; =1,05)
>y p(dihem; = 1,05%) 6)
N(am|p], (07)) F(@mla], 57)
p(di|©F) ’

which can be seen as the point-to-distribution posterior cor-
respondence probability between d?, and HMM component
center (uf and fi%).
Let fyf:lj = Ey[c},;], to handle the impact of non-
overlapping point pairs in partial-to-full point set registration,
we utilise overlap scores o, = {0,,, }*_, where o,,, € [0,1]
in the HMM parameters. Therefore, the solution for Eq. (5)

can be written as

Z ol (7

m=1

Oq __ q
’ymj - (Imlymj’

M
Zm 1 ,-ijpm

M
a_ %‘;qu ~q
;= § o H; =

, (8

m=1 5 I Zm=1 777Lj0q7n dml|
M

092 = =3 (an — ) (@n — 1), O

J - 371_3 ~ q'HL l"’J CIm l’l‘J )
’Y;)nja;rnlj’j rj(g - 7‘]2)
r; = Z I e G
m=1 q; J

2) Registration Step: Likewise that in the fitting step, we
also adopt the EM to solve the optimization problem of
transformation T as follows,

Er : ¢(Co) :=p(Co|T*(Dp),07), (11)

My : TH . = arg_max Eq[Inp(T(Dp),Co|O7)].
(12)

Considering both the forward and backward processes,
the bidirectional HMM-based registration is implemented. In
the forward process, we are aligning Dp using the forward
transformation matrix T with @ . In the backward process,
we are aligning Do using the backward transformation
matrix T~! with @p. The EM steps that optimize over the
transformation parameters T in the bi-directional manner are
as follows.

Er : ¢(Co,Cp) :=p(Co|T*(Dp
+p(Cp|(TH) ™!
Mr : TF .= arg max E o[ Inp(T(Dp),Co|OF)+

TeSE(3)
T~ !(Dg),Cr|O%)].
(14)

), ©%)

13)
(Do), ©%),

In p(
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The overall registration framework of OBHMR. The correspondence network that estimates the correspondence probabilities between generalised

points and hybrid mixture models (HMMs) components representing the point set. The overlap estimation network that calculates the overlap score of
each point. The learning posterior module that formulates the overlap-guided HMM parameters. Finally, the transformation module that computes the rigid
transformation by utilizing the bidirectional registration mechanism, given correspondence and overlap-guided HMM parameters.

V. OBHMR: BIDIRECTIONAL HMM-BASED POINT SET
REGISTRATION WITH OVERLAP

A. Overlap-guided Correspondence Network

1) Feature Extraction Module: The feature extraction
network takes in a generalised point set (e.g., the source
generalised point set Dp) and produces the depth feature for
finding correspondence and estimating the overlap region.
Inspired by INENET [18], we design a point feature extrac-
tion network using Spatial Transformer Network (STN) [19]
and PointNet [20], which improves the geometric invariance
of features and utilises the normal information.

Firstly, the position vectors and normal vectors are input
into the STN to enhance the geometric invariance of the
point set. Then, a multi-layer perception (MLP) module with
size (6,64,64) is utilised to extract deeper-level features,
followed by applying the STN once again to enhance the
geometric invariance of the output in the feature space.
Finally, an MLP(64, 128, 256,1024) is used to extract the
ultimate deep features. So we can obtain two point features
matrix F, € RNVX1024 and F, € RM*1024 54

Fp = f(@(f(®(Dp))));
Fq = [(2(f(2(DQ)))),

where f(-) represents MLP layer, ®(-) represents STN layer.

2) Correspondence Network: The correspondence net-
work takes in learnt features F,; of Dg using the FEM,
and outputs the correspondence probabilities 'y,g” e R

where Z'J.I:l 'yfnj = 1 for all m. Similarly, using the learnt
features F,, of Dp and another correspondence network, the
correspondence probabilities vﬁj € R are computed where
ijl Yn; = 1 for all n. Each ~ ; or 7}, represents the
latent correspondence probability between the dZ, or d? and
the j-th component of the corresponding latent HMMs.

3) Overlap Score Estimation Network: After obtaining the
point features, we use cosine similarity to calculate the sim-
ilarity between feature pairs to obtain the feature similarity

15)
(16)

matrix, which is then processed with MLP(1024, 512,128, 1)
with a sigmoid function to get overlap score o, € [0,1].
The feature similarity matrix between d? and d¢,, and the
overlap score vector with Dg are formulated as,

FamFr
(MF)mn = o= Po (17)
" |-7:qm| X |}-pn|
o, = MLP,Mz], (18)

where F,, € R1*1924 and F, € R1*1924 represent the n-th
point feature vector in ,, and the m-th point feature vector in
Fq respectively, M L P, represents a MLP(1024, 512,128, 1)
together with a sigmoid function, Mz € RM*N represents
the feature similarity matrix, o, € RMx1 5 the overlap
score vector of Dg. Since the target point set Dp is the
partial subset of the source point set Dg, all points in Dp
are assumed in the overlap region and o, € RV*! is defined
as a vector with all elements 1 (i.e., 0, = 1).

B. Parameter Calculation Module

With the simplified assumptions that all mixture com-
ponents share the common weights, all positional variance
and concentration parameters are the same across the data
points Do, summarised as 7r;? = L forj = 1,...,Jq

7,
(07)? = (09)?.. = (09)2 = 0% and &] = ..iT..
m%q = k. Taking Do as an example, the estimation of the
mean positional/normal vectors /,L? and ﬁ? are similar to
those in Eq. (8) while the other two parameters o2 and  in

®, are estimated with

J M
s it et Yo (Am — 1) T (A — 1)
o2

= (19)
J ° )
3 Zj:l T,
J M ¢ AT
Zj:l Zm:l %Onqu—nﬂ;z (20)
= 7 .
2 =174,
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C. Bi-directional Transformation Module

The Bi-directional Transformation Module is given as
follows. At the beginning, the maximum likelihood objective
is to minimize the sum of KL-divergence between the trans-
formed latent source distribution T(®p) and latent target
distribution ®¢ (i.e., forward), between the transformed
latent target distribution T~!(®¢) and latent source distri-
bution ®p (i.e., backward) as:

T* = arg min KL(T(0p)|00) + KL(T~1(00) ),

backward

forward

(2D
where the forward transformation operation T(e) with ro-
tation R and t is T(p,) = Rp, +t and T(p,) = Rp,
with which T(u}) and T(f}) can computed similarly. On
the other hand, the operation of the inverse transformation
matrix T~ !(e) with the corresponding rotation R' and
translation —R."t is defined as T~1(q,,) = R"q,, — Rt
and T~'(qy) = RTq,, with which T=! () and T~ (5f)
can be computed in the similar manner. After manipulations
that are similar to those in [6], the forward and backward
objective functions Leyrwarda and Lpackward t0 be minimized are
respectively

N,J
) . 1 R R
Eforward = Z ’Vn;‘ (ﬁHT(pm) - H’?‘HQ - K(Rp")TN?)’
n,j=1
(22)
and Lyackward 18
M,J
b ° 1 _ o -~
= Z ’mej (EHT 1(Qm) - /1';;”3 - H(RTqm)T/L?)7
m,j=1
(23)

where from the first to the second line we have adopted
the distance-preserving property of the rigid transformation.
Then the overall objective function is:

Lbidirectional = Lforward + Ebackward- (24)

Translation Vector. In the bi-directional HMM-based
registration scenario, the optimal translation t* is computed
by solving w = 0 which results in

t* = ul‘)}slrectlonal R ubldlrecnonal (2 5)
where gebidirectionl apq g bidirectional gpe
N,J M,J
bi_ D= 1%“; +ZmJ 1 Vot Gm
q N,J q ,
Zn J= 17 + Zm = 17 (26)

N,J
an lryngp”_kzmj 17mJN§

M,J o
Z n,j= 17 nj +Z m,j=1 7r;1j
The Rotation Matrix. The objective function related with

R*, after substituting Eq. (25) into Eq. (24), can be simplified
as

bi __
I“l’p -

R* = arg max Tr (RH) , 27

where H is defined as

H= 0-2 Z (Z"Yn]pn
J N
+ K:Z (Z’}/Zgﬁ”(ﬁg)-r + Z ’Yzfjﬁg(am)T)
j=1 n=1 m=1

(28)

= Z or i (o)) )

where o), = qp — b, ¥ = pf — pfl and pf = pd -
I Py =Pn — Uy .

By conducting the singular value decomposition (SVD) of
H as H=USV', we can get the updated rotation matrix
R* as

R* = Vdiag([1,1,det(VUT)])UT. (29)

D. Loss function

Since correspondence network and overlap score estima-
tion network need to be considered by loss function, the
training loss is the sum of two loss functions, i.e., Lyan =
Eoverlap + ['Reg-

1) Overlap Score Loss: Since the goal of the overlap score
loss is to detect the overlap region between Do and Dp,
we can use the binary cross entropy loss. The ground-truth
overlap lable M7" is first computed as,

M — 1 if q,, lies in the overlap region,
g 0 otherwise.

Therefore, the overlap score loss function is defined as:

(30)

M
Eoverlap = Z M;ﬂ log Oq,, + (1 — M;ﬂ) IOg(]_

m=1

—0gq,,)-

(3D

2) Global Registration Loss: Given the ground-truth

transformation matrix Ty that transforms Dp to Dg, the
mean-squared error is minimized as

Lreg = [|TTy" —I||* + || T T — IJ? (32)

where T is the 4 x 4 transformation matrix that contains
the rotation matrix and translation vector, I € R**4 is the
identity matrix.

VI. EXPERIMENTAL RESULTS

In computer-assisted orthopedic surgery, the image-
to-patient registration that aligns the pre-operative full
model and intra-operative partial data is a challenging
partial-to-full registration task essentially. To demonstrate
the superiority of OBHMR in this scenario, we evaluate
OBHMR against conventional methods including ICP [10],
CPD [8], BCPDI[9], deep-learning-based methods including
FMR [11], PointNetLK++ [12], hybrid registration methods
including DeepGMR [6], UGMM [7], and the partial
registration methods including Predator [13], RegTR [14],
OGMM [17] on the human femur and hip models in
MedShapeNet [21].

Evaluation Metrics. We wuse the

rotation error
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TABLE 1
QUANTITATIVE RESULTS ON PARTIAL POINT SETS OF HUMAN HIP MODELS.

Method Overlap Ratio 50% Overlap Ratio 70%
Rot (°) Trans (mm) RMSE (mm) P-value Rot (°) Trans (mm) RMSE (mm) P-value

ICP[10] 2383 + 1257 2500+ 0.00 4320 +2028 3.12x 10792 [ 2122+ 1347 2489 %000 4033 1822 5.11 x 10~ 11°
CPDI8] 2172+ 18.17 4649 + 2433 4724 +£2436  3.22x 1077 1019 562 2236 1257 2300+ 1238  1.75 x 10~ 72
BCPD[9] 2550 +23.05  24.68+ 6.05 4491 £28.13  1.26 x 10755 | 21.76 £ 13.08  24.03 £3.26  37.54 + 1857  4.71 x 1079
FMR[11] 2293 +17.49 3454 +19.68 3530 +20.04  6.84 x 10~°% 8.84 + 5.75 15.31 + 8.60 16.03 + 8.61 1.75 x 10772
PointNetLK++[12] | 24.96 + 1496 4320 + 1526 4630 + 1293  1.27 x 1079 1234 £8.07  19.75+ 1000  20.83 + 9.83 7.60 x 1079
DeepGMR(6] 11.08 + 6.36 1799 £9.74  20.84 + 1020  3.14 x 10774 6.11 + 4.38 11.18 + 5.70 12.54 + 6.22 2.01 x 10768
UGMM][7] 2656 + 1654 2346 +11.92 3461 1647  1.39 x 10795 | 36.08 3257 2681 +20.31 3923 +3136  7.82 x 107°°
Predator[13] 1011 £897 1233 %1137 13221107 6.17 x 107117 7.31 £5.88 9.22 +7.51 1141 £ 1031 9.07 x 107137
RegTR[14] 6.32 591 9.22 + 831 1549 + 1326  7.32 x 107 3.87 + 3.03 4.69 + 4.24 8.64 + 7.73 3.67 x 10797
OGMM][17] 6.71 + 6.67 723 + 6.72 19.83 £2001  2.07 x 10799 432 £ 4.10 479 + 4.48 13.63 + 1299  1.89 x 10713
BHMR (Ours) 532 +2.83 14.57 + 6.74 13.18 + 5.82 5.82 x 10732 351 + 191 9.45 + 4.18 9.36 + 3.70 7.94 x 10748

OBHMR(Ours) 317 £ 2.27 4.94 + 3.36 5.41 + 3.86 1.65 + 1.03 2.68 + 1.85 2.89 + 1.52 -

Original Pose DeepGMR Predator RegTR OGMM OBHMR

Hip

R_err: 41.79° R_err: 7.56° R_err: 2.45°
t_err: 34.46mm t_err: 12.90mm t_err: 6.67mm
RMSE: 49.39mm RMSE: 14.79mm RMSE: 7.85mm

R_err: 31.87° R_err: 12.24° R_err: 10.52°
t_err: 34.79mm t_err: 5.17mm t_err: 5.17mm
RMSE: 48.29mm RMSE: 8.56mm RMSE: 11.02mm

Fig. 3.

R_err: 5.43°

R_err: 1.95° R_err: 0.58°
t_err: 2.43mm t_err: 3.02mm t_err: 0.42mm
RMSE: 5.13mm RMSE: 4.93mm RMSE: 0.74mm

R_err: 8.02° R_err: 3.41° R_err: 0.48°
t_err: 9.91mm t_err: 4.07mm t_err: 0.44mm
RMSE: 9.91mm RMSE: 5.98mm RMSE: 0.66mm

Qualitative results of partial-to-full registrations with a 50% overlap ratio on noisy hip (cf. the first row) and femur (cf. the second row) models.

The preoperative full mesh and partial intraoperative points are shown in blue and red respectively. Each column depicts the registration performance with a
specific method, while the first column denotes the case before registration. The registration error values of each example are labeled below each sub-plot.

tr(RmeRea) =11 180°

Errorgy = arccos [ 5 =-— and the translation

error Errortns = ||tea — tuell2 to evaluate registration
accuracy, which are measured in degree and milimeter
respectively. Following DeepGMR [6], we also assess the
average RMSE. Finally, to verify the statistical significance
of the experimental results, we conduct paired-tests using
the RMSE results and present p-values between OBHMR
and compared methods at a = 0.01 significance level.
Datasets. The MedShapeNet dataset [21] contains more
than 100,000 medical shape models including femur, hip,
skull, and lung, etc. In this study, We utilise 1301 hip and
1457 femur models in MedShapeNet. For the femur dataset,
we sample 1024 points from femur model and normalize
each point set within an unit box [0,1]%. During the training
process, the rigid rotation matrix is randomly sampled in the
range [0,45]° with arbitrarily chosen axes and translation in

the range [0, 50] mm. For the hip dataset, we followed the
similar approach.

Implementation Details. In the correspondence network
introduced in Sect. V-A, PointNet with STN is first utilised
as the backbone to extract high-dimensional features from
the generalised point sets. Taking Dp as an example,
the global high-dimensional features are concatenated with
point-wise local features, together with softmax, the point-
to-distribution correspondence can be estimated. The number
of HMM components J is 16. The Adam optimizer is used
for training the network for 300 epochs with the batch size
being 32. The initial learning rate is set to 0.001. If the
validation loss fails to improve for more than 10 epochs,
the learning rate is halved. All learning-based registration
methods are implemented in Pytorch and trained on one
NVIDIA GeForce RTX 4090 GPU.
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TABLE I
QUANTITATIVE RESULTS ON PARTIAL POINT SETS OF HUMAN FEMUR MODELS.

Method Overlap Ratio 50% Overlap Ratio 70%
Rot (°) Trans (mm) RMSE (mm) P-value Rot (°) Trans (mm) RMSE (mm) P-value
ICP[10] 2161 £15.15 2672 +2070 2508 = 19.11 1.78 x 10~ 1°0 [ 21.15+ 1280  25.00 £ 0.00  36.05 + 1843 3.92 x 10~ 12!
CPDI8] 21.13 £ 1698 2679 + 17.85 2428 + 1679  9.83 x 1074* | 20.14 £ 1292 2699 +20.35 2432+ 1944  5.51 x 107°4
BCPD[9] 2495 + 1686  24.16 +3.86  39.50 2589  1.22x 10770 | 2236 + 1400  24.66 + 437 37322122  6.01 x 107!
FMR[11] 30.09 £25.42 2711 £23.17 2751 £2326  3.44x 10~%* | 11.96 £ 10.04 1272+ 13.81 1327 + 1427  1.91 x 10~%4
PointNetLK++[12] | 38.04 + 2551 3423 +27.36 3475 +2672  2.69 x 10~°° 1234 £ 807 1975+ 1000  20.83 +9.83 3.84 x 10737
DeepGMR[6] 12.44 + 9.29 19.96 + 1290 2192 + 1478  1.05 x 10~ 7.53 £5.13 1324 + 1171 1454 £ 13.16  2.48 x 1043
UGMM([7] 51.87 £3823 3597 £2401 3793 +30.15 1.55x 107°% | 4561 £31.80 3421 2091 3346 +2589  1.68 x 10767
Predator[13] 1273 £ 1061 1513 +13.71  16.87 + 1458  5.50 x 107134 | 871 £ 11.27 1127 £937 1322+ 1214  6.70 x 10~1%°
RegTR[14] 6.98 + 6.09 8.73 + 7.41 1205 + 11.65  4.70 x 107°7 3.97 £ 321 479 * 4.17 7.69 + 6.30 7.78 x 10713
OGMM[17] 5.07 + 4.87 6.85 + 6.87 16.63 + 16.04  3.21 x 107%° 3.43 +3.30 4.06 + 3.97 8.29 + 7.93 5.59 x 10799
BHMR(Ours) 6.32 + 4.39 9.59 + 7.20 8.49 * 6.22 8.59 x 1071 3.73 + 3.02 4.04 + 3.83 4.01 £3.32 7.43 x 10798
OBHMR(Ours) 5.36 + 4.03 5.62 + 4.20 4.88 + 3.04 2.67 +2.21 3.19 + 2.69 291 + 232 -
30 [ DeepGMR £ 60 [ DeepGMR [ DeepGMR
o [ HMR £ [ HMR 60 [ HMR
T 25 ] OHMR T 50 [0 OHMR ~50 1 OHMR
(S == BHMR 40 = BHMR € 40 = BHMR
E 20 B OBHMR u'] B OBHMR E B OBHMR
g 15 c 30 g 30
= '3 20 =20
® 10 [0} -4
° w10 10
€ 5 c
E 0 0 { 1
0
0.3 0.5 0.7 0.3 0.5 0.7 0.3 0.5 0.7

Overlap Ratio

Overlap Ratio

Overlap Ratio

Fig. 4. The three error bar plots represent the mean and standard deviation values of the rotation error (left), translation error (middle), and RMSE (right)
at different overlap ratios in ablation studies(cf. Sect. VI-C), which evaluates the effectiveness of individual components.

A. Evaluation on Partial and Noisy hip dataset

We set two different overlap ratios (i.e., 70%, 50%) to
evaluate OBHMR against compared approaches. To increase
the experiment’s resemblance to real-world scenarios, each
pair of point sets was subject to isotropic Gaussian noise,
with the magnitude of noise varying between 0 mm and 3.81
mm. During the test process, the range of rigid transforma-
tion is same as those in training. Note that 1041 hip models
are used to train, while 260 hip models are used for validation
and test.

Table I shows the quantitative results for the hip dataset
with an overlap ratio of 70% and 50%, which shows that
OBHMR outperforms all other compared methods. All p-
values of the paired t-tests obtained using results of OBHMR
and compared methods were smaller than 0.01 (cf. Table
I), indicating the significant improvements. Note that we
denote our proposed method where the overlap score esti-
mation module in Sect. V-A.3 is removed as BHMR. The
performance of OBHMR is significantly better (p < 0.001)
than BHMR (no less than 40% improvement in all metrics)
thanks to the overlap score estimation network. Fig. 3 shows
the corresponding qualitative results.

B. Evaluation on Partial and Noisy Femur dataset

This sub-experiment evaluates OBHMR against other
methods on the human femur bone. The overlap ratio’s
setting and the range of rigid transformation and injected
Gaussion noise in two point sets are the same as those in

Sect. VI-A. Note that 1166 femur models are used to train,
while 291 femur models are used for validation and test.

Table. II shows the quantitative results on femur dataset
with an overlap ratio of 70% and 50%, for all compared
methods. Fig. 3 shows the qualitative results. Similar ob-
servations with those in Sect. VI-A can be found, i.e., the
proposed OBHMR approach significantly outperforms both
compared methods and BHMR (p < 0.001).

C. Ablation Study

Ablation studies are conducted on the femur dataset
using 30%, 50%, and 70% overlap ratios to evaluate the
effectiveness of different components in OBHMR, where
other experimental settings are the same as Sect. VI-B.
We denote our method where the bi-directional mechanism
in Sect. V-C is removed as OHMR, where both overlap
score prediction and bi-directional mechanism are removed
as HMR. And the proposed registration network without
normal vectors, is actually DeepGMR [6].

Fig. 4 shows the corresponding quantitative results. Again,
we compute p-values of paired t-tests between different
methods to assess the statistical significance of differences
or improvements. The observations can be summarised
as: (1) the improved performance of HMR compared to
DeepGMR (p-value = 7.73 x 10722 < 0.001) validates the
effectiveness of the utilised additional normal information.
(2) the better performance of BHMR compared to HMR
(p-value = 1.58 x 1074 < 0.01) demonstrates the benefit of
leveraging the bi-directional mechanism. (3) By comparing
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DeepGMR

Original Pose

OHMR BHMR OBHMR

R_err: 42.54° R_err: 17.01° R_err: 12.77°
t_err: 33.97mm t_err: 14.65mm t_err: 9.21mm
RMSE: 44.03mm RMSE: 10.44mm RMSE: 8.01mm

Fig. 5.

R_err: 6.20° R_err: 5.18° R_err: 0.38°
t_err: 6.20mm t_err: 5.94mm t_err: 0.27mm
RMSE: 4.11lmm RMSE: 5.41mm RMSE: 0.57mm

The qualitative results of different methods under a 50% overlap ratio, where the preoperative full mesh and partial intraoperative points are

shown in blue and red respectively. The registration error values of each example are labeled below each sub-plot.

OHMR with HMR (p-value = 6.34 x 10712 < 0.001), and
OBHMR with BHMR (p-value = 2.17 x 1071% < 0.001),
the significance of the overlap score estimation module is
validated. Fig. 5 shows qualitative results under the 50%
overlap ratio, which verifies the findings.

VII. CONCLUSIONS

This paper proposes OBHMR, a novel and accurate
learning-based generalized point set registration approach
for computer-assisted orthopedic surgery, where normal vec-
tors and an additional overlap score estimation module are
utilised while a bidirectional registration mechanism is lever-
aged to consider noise in both point sets. Extensive results
on the human bone dataset across a range of overlap ratios
demonstrate the remarkable registration accuracy and great
capability to deal with partial-to-full registration problems.
The effectiveness of each module, i.e., the overlap estimation
module, the incorporated additional geometric information
and the bidirectional registration mechanism, has been con-
firmed through ablation studies. In the future, we will explore
deeper geometric features to address the registration problem
with lower overlap ratios.
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