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Abstract— This paper presents a general refractive camera
model and online co-estimation of odometry and the refractive
index of an unknown media. This enables operation in diverse
and varying refractive fluids, given only the camera calibration
in air. The refractive index is estimated online as a state
variable of a monocular visual-inertial odometry framework
in an iterative formulation using the proposed camera model.
The method was verified on data collected using an underwater
robot traversing inside a pool. The evaluations demonstrate
convergence to the ideal refractive index for water despite sig-
nificant perturbations in the initialization. Simultaneously, the
approach enables on-par visual-inertial odometry performance
in refractive media without prior knowledge of the refractive
index or requirement of medium-specific camera calibration.

I. INTRODUCTION

Underwater robots are used in various fields including
environmental surveillance [1], sea floor mapping [2], and
structural inspection [3]. To operate autonomously, these
systems typically rely on a variety of domain-specific sen-
sors [4], including 3D sonars, acoustics, and Doppler Ve-
locity Log instruments combined with Inertial Measurement
Units (IMUs), while vision cameras are used to observe
areas of interest but playing a secondary role in localiza-
tion [5-8]. This is due to the fact that visual data in open
waters without nearby structures are of limited utility for
odometry estimation. However, the growing need for close-
up underwater inspection in cluttered settings, such as oil
& gas facilities or shipwrecks, has led to a rising interest
in vision-based underwater robots [9—14]. The affordability
of cameras further contributes to this trend. Driven by these
observations, research has focused on Visual-Inertial Odome-
try (VIO) techniques underwater [10, 11, 15, 16]. Among the
efforts in the domain, it is customary to calibrate the camera
model set-up underwater in the area of interest, a choice
driven by phenomena such as light refraction in the water
and the dependency of refractive index on factors such as
temperature, salinity , pressure, wavelength, and more [17].

Motivated by the above and with the goal of eliminating
the need for the laborious task of underwater calibration for
any camera system with a flat-port, this work contributes
a) online estimation of a medium’s refractive index n as
a state variable in a visual-inertial odometry framework
for a general camera-and-IMU system thus enabling ver-
satile underwater VIO, b) online rectification of observed

This material was supported by the Research Council of Norway Award
NO-327292.

The authors are with the Norwegian University of Science and Tech-
nology (NTNU), O. S. Bragstads Plass 2D, 7034, Trondheim, Norway
mohit.singh@ntnu.no

979-8-3503-7769-9/24/$31.00 ©2024 IEEE

ime-synced camera/IMU system

Alphasense Core Reséarch
camera/IMU unit ™

-— T

;?\‘%» :

fffff n Water (Ideal)

4 0.0 100.0 200.0 300.0
Time (s)

Fig. 1. Instance of the conducted experimental studies employing a
Remotely Operated Vehicle integrating a time-synchronized camera/IMU
system navigating in a pool subject to diverse light conditions. The proposed
approach enables online estimation of the medium’s refractive index and
thus adjusts the camera model employed within visual-inertial odometry.

landmarks using the estimated refractive index and camera
parameters obtained from conventional calibration in air, ¢)
formulation of a sensitivity heuristic for robustness against
degenerate motions and noisy image conditions, as well as d)
verified convergence of refractive index given a large range
of perturbation, highlighting the ability to adapt to a wide
range of fluids accessible for robotics and computer vision
applications.

Furthermore, compared to our relevant prior work [18],
this contribution i) presents a formulation for a monocular
camera and IMU which highlights its generalizability com-
pared to the stereo-only formulation in [18], ii) enables the
co-estimation of the refractive index embedded into VIO
instead of a 2-step approach where VIO used a rectified
image from a separate refractive module, and iii) formulates
a sensitivity heuristic as a function of the essential matrix
and bearing vector instead of a stereo-specific formulation.

The presented approach was extensively verified in exper-
imental studies to assess its performance both in terms of
real-time refractive index estimation, as well as overall VIO
accuracy and robustness against ground truth. To support
this research, an extensive dataset featuring a Remotely
Operated Vehicle (ROV) equipped with a time-synchronized
5-camera/IMU setup in a laboratory pool (Figure 1) in-
volving diverse light conditions was collected and made
publicly available. The collected data are openly released
augmenting our previous release in https://github.
com/ntnu-arl/underwater—-datasets.

In the remainder of this paper, Section II presents related
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work, while the proposed camera model is detailed in Sec-
tion III and the visual-inertial co-estimation is presented in
Section IV. Experimental studies are shown in Section V,
while conclusions are drawn in Section VI.

II. RELATED WORK

This contribution relates to the body of work on adaptive
camera modeling, refractive index estimation and visual
odometry across water and other media, alongside the under-
lying concepts in camera modeling and motion estimation
(e.g., [19-22]). A formulation of the fundamental matrix
augmented to account for refractive effects has been detailed
in [23]. The study in [24] derives a plate refractive camera
model as a pixel-wise variable viewpoint pinhole model, a
caustic surface, a calibration methodology, and a refraction-
based triangulation. The work in [25] concentrates on cam-
eras deviating from the single viewpoint (non-SVP) archi-
tecture proposing a physics-grounded model. The authors
in [26] address both perspective and non-perspective camera
models and discuss the limitations of the traditional pinhole
model underwater. The work in [27] introduces modeling for
multiple layer flat refractive geometry and enables refractive
index calculation of media with known scene geometry. The
contribution in [28] presents a method for 3D reconstruction
from underwater images and a bundle-adjustment technique
for autocalibration contingent upon a precise initial estimate.
The authors in [29] approach handling refraction through a
pixel-wise varifocal model and use linear extrinsic camera
calibration based on a calibrating target.

Our work also relates to efforts that advanced the applica-
tion of multiple view geometry in underwater environments.
In [30] the authors introduce a camera model to enable under-
water scene mapping and compute the medium’s refractive
index while removing geometric refraction effects based on
image point correspondences. The work in [31] focuses on
deriving the absolute pose of a camera viewing through a
known refractive plane, while emphasizing the intricacies
introduced by Snell’s law ambiguities. The studies in [32,
33] further advance pose estimation in refractive media.

Recent work has focused on accounting for refractive
effects in visual-inertial fusion. The study in [11] focuses
on improving underwater VIO by introducing an image
rectification technique correcting distortions caused by both
water-air refraction and camera lens issues. It employs an
approximate SVP model, while calibration is performed un-
derwater. Towards self-calibration, the work in [16] presents
a method that starts from calibration in air and then estimates
environmental indexes in the water under small angle approx-
imations and thus reduced field-of-view cameras. Focusing
on stereo, [34] explicitly considers a refractive camera model
but relies on fiducials to enable localization. Further on
stereo, [35] presents underwater localization and mapping
with a refractive camera model calculated offline using
calibration images and delivering nonlinear epipolar curves
for stereo matching. Considering the application-specific
alternative of localizing a robot inside the water by structures
above the water, [36] utilizes an upward-facing stereo camera

to build a global ceiling map. Outside of this niche set of
works that explicitly consider refractive camera models, most
approaches in underwater VIO tend to calibrate their cameras
underwater with conventional methods, in shallow waters
before being applied in different environments or directly
within the target area [10, 11, 14,15,37]. Approaches may
also be multi-modal (e.g., with the fusion of sonar [38] or
pressure readings [39]).

ITII. REFRACTIVE CAMERA MODEL

Building upon our previous work in [18] this model is
derived to enable co-estimation of the refractive index of
media (e.g. water) in a Visual-Inertial state estimator. The
model applies to general cameras housed in a flat port
waterproof casing. It is assumed that the refractive interface,
i.e. the glass plate is thin (e.g. 2.5 mm) and the camera lens
is negligibly close to the interface (~1 mm).

A. Notations

Below are the notations used in the following sections:

o Boldface letters denote matrices or vectors.

o (.) denotes the unit vector of the given vector.

o (.) denotes the normalized vector to a point, normalized
by the last dimension of the vector.

o C: the camera coordinate frame.

o B: the IMU (body) coordinate frame.

o W: the world (inertial) coordinate frame.

e oc: the optical axis

e (Jo,: 7 in the last subscript denotes that the entity is
related to the refractive distortion.

e ()ou: I in the last subscript denotes that the entity is
related to the lens distortion.
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Fig. 2.  Visualization of a ray from a point p¢ in the refractive media
(e.g. water), undergoing refractive distortion modelled by g, followed by
lens distortion modelled by g;. Lastly, the point is projected onto camera
array, modelled by K, at pixel coordinate u. The thickness of the refractive
interface d,, and the distance of the interface from the camera lens §;,, are
assumed to be small.

B. Refractive distortion

The incidence ray from a point pc = [ps, py,p-]T € R3 in
a medium (with refractive index n), expressed in the camera
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coordinate frame C, makes an angle ¢, from the camera
optical axis oc = [0,0,1]7. This ray undergoes refraction
upon entering the camera case through the flat-port and
is deflected, making an angle 6, from o¢ after refraction
(Figure 2). These angles are related by the Snell’s law as

sinf, = nsind, (D)

We write the projection of the point on a plane at a unit
distance as pc = gp(pc). It relates pc to a projected
coordinate frame such that

T
_ _ Px P
Pe = [P, 0y = [ y] )
Pz Dz
Let r = ,/p2 +p§, then sin 6, can be expressed as
§inf, = —— (3)

V1472

Likewise, we can write for the refracted ray with normalized
coordinates as Pc, = [Pu,r, Py.r]’ expressing sin b,

Ty

sinf, = ——— “4)
V191472
Using equation (1) we can write
Ty r
(&)

=n
V1472 V1+r2

Let m = r,./r then by rearranging Eq. (5) we can write m
in terms of n and 7 as

n
minr) = e ©

and also in terms of n and 7, as

m(n,r.) = /n?r2 +n? —r2 @)

This allows us to derive the forward (distortion) and inverse
(undistortion) maps.

1) Forward Mapping: Accordingly, the forward (distor-
tion) mapping pc — Pc,» takes the form

pe,r = m(n,r)be (8a)
r=.\/P:+D; (8b)

2) Inverse Mapping: Similarly, the inverse (undistortion)
mapping can be written as pc., — Pc

Po= —rts %)
m(n,r.)
Tr = /D%, + D2, (9b)

C. Derivations for Iterative Estimation

For integration into VIO, we first need to model the
projection of a point pc € R? onto the pixel coordinates
u € R? by incorporating both refractive and lens distortions.
A combined model for this can be written as

u = Kgi(g-(n,8,(pc))) (10)

where, K is the camera intrinsics matrix, consisting of focal
lengths (f;, f,) and image center (¢, c,), represented as

fz 0 ¢
K=|0 fy, ¢, (11
0O 0 1

g; is the lens distortion function, g, is the refractive dis-
tortion function, and g, is the function that models the
projection on a plane at a unit distance. For brevity in
the partial derivatives, we drop the function arguments. The
partial derivatives of u (Eq. (10)) w.r.t. (with respect to) p¢
and n are given by:

ou _ g, 08 g Ogp

dpec ' dbe, Obc Opc
ou dg; Og,
an X7 P, On (12)

(12a)

where Ky = diag[f, f,] (diagonal matrix). The terms
of chain-rule (partial derivatives) along with their function
definitions are described below, which are used later in an
Iterated Extended Kalman Filter (IEKF) for VIO as in [40].
1) Projection Function: pc = gp(pc)
The Jacobian w.r.t. pc takes the form

1 —Pa
9gp _ | P 0 ppi
dpc =

13)

2) Refractive Distortion Function: pc ., = g(n, Pc)

Be.r =m (n, (/B2 +73) Pe (14)

The Jacobian w.r.t. n takes the form

P (\/Enzrz—&-\/ﬁg)
g, h?
ﬁﬁy (\/ﬁn2r2+\/ﬁ3)
h2
where h = (1+ 72 — n?r?).
The Jacobian w.r.t. p¢c takes the form
n(VApE (n®—1)+Vh*) npapy(n®-1)
8 . h2 h3

man (1) (At 1))
N hZ
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3) Lens Distortion Function: pc; = gi(Pc,r)
In this work we use the equidistant model [41] which is
defined as

Pc,i = ff)c,r (17a)
0. = 0(1 + k16% + k26" + k36° + ka0°) (17b)
0 =tan™" (r,.) (17¢)

where 7, is same as in Eq. (9), k1, k2, k3, k4 are the equidis-
tant model parameters and 6, = tan~'(6,) in Figure 2.
The Jacobians are then given as

g . opc,i Opc,1 Ory Opc,1 00. 00 Or, (18)
opcr Opc,  Ory Opc,  00. 00 Or, Opc,r
where
Opc,i . Te. o
L = diag |8 2= 19
spes = diog [ %] (19
81_3C l ee —
o ¢ ” 1
o L2be. (19b)
or, 1_
5. = . Plr (19)
Pc,r Tr
Opc, 1 _
0. — Trpc,r (19d)
‘2}% =1+ 3k10% + 5k20" + Thk360° + 9k46° (19)
a0 1
o, gl (150

The above derivations allow us to use an iterative frame-
work for estimation of the refractive index and to project
the points in the world to pixel coordinates and vice-versa.
These derivations are not specific to a particular Visual-
Inertial Odometry framework and can be applied to a suitable
method.

IV. REFRACTIVE VISUAL-INERTIAL ODOMETRY

The novel refractive camera model tailored to online
estimation was integrated into a state-of-the-art VIO system,
namely ROVIO [40], to develop a resilient solution for under-
water localization in diverse media without any assumption
of knowledge of the exact refractive index or need to
laboriously calibrate the camera/IMU set-up underwater. The
choice of ROVIO was motivated by its robust formulation,
delay-free initialization, and good low-light performance as
evaluated in [42—44]. It uses multi-level image patches as a
frontend and provides the constraints based on photometric
error. Its backend is an Iterated Extended Kalman Filter
(IEKF). ROVIO uses patchwise QR-decomposition, reducing
the error dimensionality and ensuring computational effi-
ciency in the IEKF update step.

We incorporate the estimation of refractive index n in
the direct image intensity errors and accordingly re-derive
the filter innovation term. ROVIO employs a robocentric
formulation thus estimating landmarks relative to the pose
of the camera. Estimated landmarks are decomposed and
expressed in terms of a bearing vector and an inverse depth
parametrization. For the filter formulation, we consider 5 as

the IMU-fixed coordinate frame, C as the camera-fixed frame,
and W as the world (inertial) frame, while the resulting
state vector and associated covariance are denoted as s
and 3, respectively. The method can support multi-camera
systems, but analogous to the original work, here we focus
on the general formulation for the monocular case. Note that
Pc denotes the unit vector to the point pc, following the
representation of 3D unit vectors in [40]. The state vector
augmented with the refractive index n is then given by

s = [I' qvVv bf bw Cz |n| f’C,O)"'?f’C,J va"'va] (20)

where r, v denote the robocentric position and velocity of the
IMU expressed in B, q is the IMU attitude (map from B —
W), by, b, are the bias of accelerometer and gyroscope
expressed in B, ¢,z denote the translational and rotational
components of the camera extrinsics against the IMU (maps
from B — C), n is modeled as n = M,,, where M,
is the process noise, pc,; is the bearing vector to the j-th
feature (out of maximum J features) expressed in C and p;
is the associated depth parameter under the parametrization
d(pj) = 1/p; for the feature distance d;. Although ROVIO
can support extrinsic estimation, in the results presented in
this work the extrinsics c,z are constant and set to the
values estimated offline through Camera-IMU calibration in
air. The interested reader may refer to ROVIO [40] for a
more detailed formulation of it.

A. Projection model and linear Warping

Given known camera calibration in air, p¢ can be mapped
to u for some n using Eq. (10), denoted as u = 7(n, pc).
Also, given the inverse of refractive distortion Eq. (9) and
lens distortion, the inverse projection can be written as pc =
7~1(n,u). A linear warping matrix D then accounts for the
change in perspective of the patch, while also undergoing
distortion in consecutive frames. For two image frames (1, 2)
this can be given by stacking the Jacobians of the following
functions: inverse projection pe; = m !(n,uy), process
model pc 2 = f(Pc,1), and projection us = w(n, pe,2).

Then, the linear warping can be written as

_ 9m(n,Pec.2) 9f (Pe,1) On " (n,m1)

Z - c R2><2
Opc,2 Opc,1 Ouy

D @n

B. Photometric error

The photometric error of patch j at image pyramid level
[ (e1,;) takes the same form as in ROVIO:

el,j(u7P,],D) IH(UJ‘) —all(ulcl—i—Duj)—b (22)

where P is the multi-level image patch centered at u, [
is the input image, a and b are the scalars to account for
illumination variation in consecutive images, [ € {0,--- , L}
is the patch level and entities with [ in subscript denote the
computation at that level of the image pyramid, while ¢; =
0.5! is the factor to scale the error based on the pyramid level.
The linearized error equation at patch location estimate G can
be written as
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e(i+6u,P,I,D)=J(a,I,D)su+e(d,P,I,D) (23)

where e is the stacked errors from Eq. (22), J denotes
the corresponding Jacobian and du is the correction term.
Further, the normal equation can be given by

J(a,I,D)"J(4,I, D)du=—J(a,I,D)" e(a, P,I,D) (24)

To employ dimensionality reduction of the error and its
Jacobian, QR decomposition is conducted

J(u;,1,D;) = [@i(u;,1,D)  Qa(u, 1, D)] [Rl(“-‘fO’I’D)] 25)

where R;(uj, I, D) corresponds to the upper triangular
matrix that has full row-rank 2 for distinct corner features,
row-rank 1 for line features and @ and Q- have orthogonal
columns.

C. Innovation Term

The innovation term y;; with the projection function
incorporating the refractive camera model at iy, iteration and

Jin patch, &= 7(n*, pg; ;) can be written as

yi,j = Ql(ﬂ-(n+7pcz_j)a Ia Dj)Te(ﬂ-(n+v pC:’:J)a Pj7I7 D])

(26)
where (-)" is the a-posteriori estimate. Then H, ; can be
written as Jacobian of the decomposed innovation term w.r.t
Pc and n respectively as

o

H; j(pc) = Rl(ﬂ(n+,pcf,j),faDj)apC (n".pef;) @D
0
Hy;(n) = Ri(n(n* pel,), 1,Dy) 5 (' pely)  28)

D. Sensitivity Heuristic

Refractive index estimation is vulnerable to sub-pixel
errors and noisy tracking of landmarks. Two conditions
where the signal-to-noise ratio deteriorates are if the points
move along the radial or tangential direction from the image
center. Motivated by this, we develop a heuristic map to
scale Jacobians which reduces the effect of points near the
degraded regions.

Let, Tp, , 5, € SE(3) be the rigid transformation ma-
trix from B at time t to B at time ¢t + 1. Then, the
rigid transformation from C at t to t + 1 is T¢, ¢, =
Tc, 1,8t+1TBt+1;BtTBt7Ct € SE<3)’ where Tct+1«,Bt+1
Ty, ¢, denotes the camera-IMU extrinsics.

Further, assuming a small rotation in frame-to-frame mo-
tion, the Epipolar line can approximate the motion of the
landmark in image coordinates in consecutive frames. The
essential matrix [19] is E = [t]*R where R € SO(3)
is the rotation matrix and t € R3 is the translation from
the homogeneous transformation T¢,,, ¢, and the epipolar
line in normalized coordinates is A = ETpc ; € R3. Let
X € R? be the unit vector along the epipolar line in image
coordinates, and T be the unit vector of the line joining the

image center and pixel u. Then # = cos™!(X-F) is the angle
between the epipolar line and the radial line. The heuristic
v can then be given by

v = |sin(20)]7r"

(29)

where 0 < ¢ < 1 and 0 < k£ < 1 are tunable scalars. We then
apply this heuristic patch and level-wise in the VIO estimator
by using the scaled Jacobian v; ; H; j(n) in place of the non-
weighted form in Eq. (28). In the following results we use
qg=0.5 and k = 0.8.

V. EVALUATION STUDIES

A host of experiments were conducted to assess the
performance of the proposed general refractive camera model
and online co-estimation of refractive index and odometry.
During the presented studies, we investigate convergence of
the estimated refractive index and accompanying odometry
results. We initialize the augmented VIO with refractive
index values that represent significant changes of media
versus the water in which the tests took place. For a general
perspective, for liquids at 20°C, water has a refractive index
of 1.33 (wavelength of 587.6nm) [45], acetone’s value is
1.36, 60% glucose solution in water has 1.44 [46] and
benzene has 1.5. Saline water also assumes values higher
than 1.33, e.g. 1.35 for NaCl mass fraction wt% of 10,
wavelength of 589nm and under certain temperatures. Water
approaching 100°C reaches a refractive index of almost 1.31.

A. Robot Experimental Set-up

To verify the proposed contributions, we use an underwater
robot (Figure 1) described in [18] that is based on the
BlueROV remotely operated vehicle and integrates an Al-
phasense Core Research Development kit and NVIDIA Orin
AGX. The results employ its left forward facing camera with
a Field of View (FOV) D x H x V = 165.4° x 126° x 92.4°
and a focal length of 2.4mm measured in air, alongside the
time-synchronized BMIO85 IMU. The camera is mounted on
the top of the robot and is inclined down by 16°.

B. Dataset for Refractive Visual-Inertial Odometry

The aforementioned robotic system was deployed inside
the Marine Cybernetics laboratory (MC-lab) of NTNU which
offers a water tank (dimensions: L x B x D = 40m x 6.45m x
1.5m) that is partially supported with Motion Capture (Mo-
Cap). Specifically, we utilize the MoCap capabilities above
the water by installing a pole and markers on the robot that
allow it to be tracked. The MoCap is based on a Qualisys
solution and offers partial coverage due to structural occlu-
sions. During the conducted trajectories, all the 5 cameras
and IMU of the Alphasense Core Research Development
kit are recorded, but as described only the left forward-
facing camera is employed for this work. Nevertheless, the
complete dataset is released to the community by augmenting
our previous release found at https://github.com/
ntnu-arl/underwater—datasets.

In further detail, a total of 6 trajectories were first con-
ducted and organized based on 3 motion patterns and 2
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Fig. 3. Detailed evaluation on a rectangular trajectory with good ambient light conditions (Trajectory 1). Top Left: The first lap of the estimated trajectory,
given refractive index n initialization of 1.35, with path colorized based on the refractive index absolute error from the ideal value of the refractive index
of water n = 1.33. The bottom left plot shows the full trajectory for 370 sec along with the ground truth (dashed blue). Top right: the plot showing
refractive index n vs. time with initialization of n varying from 1.31 to 1.35. Bottom right: The comparison of odometry against ground truth vs. time
for online estimation with initialization from n equal to 1.35, fixed value of n at 1.33, and calibration of the camera directly inside the water of the same
pool using an equidistant model is water. The map from the accumulated point cloud is generated using [47] for visualization.

ambient light condition, namely either with ceiling lights
on or off. Additionally, one more trajectory was collected
to demonstrate the convergence of refractive index is tested
under “wild” initial guess. Every mission begins with the
robot being approximately at the center of the tank (along
the length) and covers of three laps, while the camera always
points in the direction of motion. In the trajectories of the
first motion pattern, the robot follows a rectangular shape.
In the trajectories of the second motion pattern, the robot
is piloted in a figure-8 pattern. In the third motion pattern,
the robot moves along the length of the path while primarily
keeping close the center width-wise. The motivation behind
the motion patterns is driven by: ¢) gradually increasing
the distance to visual surfaces seen by the robot, and i7)
gradually introducing more variations in the motion. Thus,
the rectangular motion patterns allow close proximity to
walls, and more reliable visual features are tracked. The
figure 8 and the last motion patterns further increase the av-
erage distance to visual features and introduce more varying
motions.

C. Detailed Evaluation on Single Trajectory

We present the trajectory 1, meaning a rectangular pattern
in good ambient light conditions, in detail to highlight
the convergence of the refractive index estimated by the
proposed method. The results in Figure 3 show the trajectory
with a colorized path. We compare it against the odometry
estimated with the same camera model initialized and kept
fixed at n = 1.33, alongside the odometry results using
an equidistant camera model calibrated inside the water of
this exact pool. As shown, our method enables refractive
index estimation and robust odometry without the need of
calibration inside the water and despite the initialization from
significantly different refractive index value.

D. Collective Evaluation Studies

In this evaluation, we plot the refractive index vs. time
plots for all collected trajectories to highlight the conver-
gence of the refractive index given perturbed initial condi-
tions that range from 1.31 to 1.35. Figure 4 presents the
associated results of odometry for the first loop of the motion
(given initial n of 1.35) alongside the mission-complete plots
of n convergence for multiple initial conditions. Figure 5
presents odometry for each mission in full (given initial n
of 1.35). The choice of perturbation for the refractive index
aims to assess the convergence of refractive index values
that cover the range of what water exhibits in very different
environmental conditions, thus demonstrating the ability to
use the method with no specific knowledge of the medium’s
refractive index. For trajectories 1 — 3, good visibility al-
lows the refractive index to converge within £0.005 within
150 sec (approximately one loop of the conducted paths).
For the low-light trajectories, the convergence is delayed due
to a lack of abundant visual features. The lack of visual
texture is also highlighted by the sparseness in the point
cloud when compared to trajectories with good visibility.
Table I summarizes the Absolute Position Error (APE) for
the proposed method against ground truth considering a set
of significant changes in the refractive index n, alongside
the APE for a fixed model where the refractive terms are all
calculated for n = 1.33 as expected in such waters. Naturally,
trajectories with good visibility lead to faster convergence,
yet equally importantly the method converges even at low
visibility conditions.

E. Refractive Index Converge and Odometry “in the Wild”

Last but not least, we perform an experiment aiming to
verify the ability of the proposed estimation solution to
converge to the correct refractive index even after extremely
wrong initialization. Two tests are conducted, namely with
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Fig. 4. The top-down plots of trajectory on left show the colorized path 0.0 100.0 200.0 300.0
based on the absolute difference from the ideal value of the refractive index Time (s)
for water n = 1.33 when initialized with 1.35 (purple line in the right plot
starting from 1.35). The path is colored according to the error bar shown  Fjg 6. Refractive index estimation convergence subject to “wild” initial-

at the bottom. The blue circle is the starting point of the robot. For clarity
of visualization, only the first lap of motion is shown. The refractive index
vs. time plots on the right show, for the complete mission, the convergence
of refractive index n from perturbations ranging from 1.31 to 1.35. The
lack of visual texture results in the sparseness of the point cloud generated
using [47] for low-light conditions.

refractive index initially set to 1 (air in Standard Temperature
and Pressure (STP)) and 1.6 (a value that for example is
assumed by carbon disulfide at 20°C). The robot performs
a trajectory involving a figure-8 maneuver. The results re-
garding the convergence of the refractive index are shown in
Figure 6 and demonstrate the resilience of n estimation.

— Estimated Trajectory

x (m) {---- Ground Truth J x (m)

Fig. 5. Collective plots for trajectories comparing against ground truth for
an initial n of 1.35. On the left, odometry estimates for trajectories 1-3
(good visibility). Similarly, the plots on the right show the estimates in the
low-light trajectories 4-6.

ization from n equal to 1 (i.e., that of air at STP) and n equal to 1.6 (e.g.,
value of carbon disulfide at 20°C).

VI. CONCLUSIONS

This work presented a new general refractive camera
model combined with an augmented visual-inertial fusion
framework enabling co-estimation of refractive index and
odometry. Verified through extensive experimental results,
the method allows robust convergence of the refractive index
even without a good initialization. Accordingly, it facilitates
reliable visual-inertial odometry by only requiring conven-
tional camera/IMU calibration in the air thus eliminating the
need for the laborious task of medium-specific calibration or
advanced knowledge of a medium’s refractive index.
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