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Distributed Model Predictive Covariance Steering

Augustinos D. Saravanos', Isin M. Balci?, Efstathios Bakolas? and Evangelos A. Theodorou!

Abstract— This paper proposes Distributed Model Predic-
tive Covariance Steering (DiMPCS) for multi-agent control
under stochastic uncertainty. The scope of our approach is
to blend covariance steering theory, distributed optimization
and model predictive control (MPC) into a single framework
that is safe, scalable and decentralized. Initially, we pose a
problem formulation that uses the Wasserstein distance to
steer the state distributions of a multi-agent system to desired
targets, and probabilistic constraints to ensure safety. We then
transform this problem into a finite-dimensional optimization
one by utilizing a disturbance feedback policy parametrization
for covariance steering and a tractable approximation of the
safety constraints. To solve the latter problem, we derive a
decentralized consensus-based algorithm using the Alternating
Direction Method of Multipliers. This method is then extended
to a receding horizon form, which yields the proposed DiMPCS
algorithm. Simulation experiments on a variety of multi-robot
tasks with up to hundreds of robots demonstrate the effective-
ness of DIMPCS. The superior scalability and performance of
the proposed method is also highlighted through a comparison
against related stochastic MPC approaches. Finally, hardware
results on a multi-robot platform also verify the applicability
of DIMPCS on real systems.

I. INTRODUCTION

Multi-robot control is a domain with a significant vari-
ety of applications such as swarm robotics [1], multi-UAV
navigation [2], motion planning [3], underwater vehicles [4],
and so forth. As the scale and complexity of such systems
continuously increases, some of the most desired attributes
for algorithms designed to control these systems include
safety under uncertainty, scalability and decentralization.

Model predictive control (MPC) has found several suc-
cessful multi-robot applications [5], [6], [7], thanks to its
optimization-based nature and intrinsic feedback capabilities.
In the case where stochastic disturbances are present, several
stochastic MPC (SMPC) approaches have been proposed for
handling them such as [8], [9], [10], [11]. Nevertheless, the
literature in combining MPC with the steering of the state
distribution of a system to exact targets for enhancing safety
remains quite scarce [12], [13], [14].

Covariance steering (CS) theory considers a class of
stochastic optimal control problems, where the main objec-
tive is to steer the state mean and covariance of a system to
desired targets. While initial CS approaches had dealt with
infinite-horizon problems for linear time-invariant systems
[15], [16], finite-horizon CS methods that also address linear
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time-variant dynamics, have recently gained attention such as
[17], [18], [19], [20]. Several successful robotics applications
of CS can be found in motion planning [21], trajectory
optimization [13], [14], multi-agent control [22], [23], etc.

In SMPC based methods, it is typically the feed-forward
control inputs that are treated as optimization variables, while
the feedback gains are fixed to a stabilizing value for the
closed-loop system [9]. However, the state covariance cannot
actively be steered with such methods, while fixed static
feedback gains might perform poorly for time-varying dy-
namics. Thus, control policies resulting from standard SMPC
approaches might be suboptimal and/or overly conservative
against safety criteria. On the contrary, CS methods yield
the optimal feedback gains that steer the state covariance to
the desired targets, thus providing more flexibility to satisfy
optimality and safety guarantees at the same time.

Although CS allows for finding the optimal control poli-
cies to steer the state statistics to desired values in the uncon-
strained case, the latter might be unreachable in the presence
of state and/or input constraints. In MPC applications, espe-
cially, such infeasibilities can occur quite frequently, since
the prediction horizon is usually much smaller than the total
time horizon. Therefore, it would be desirable to penalize
the deviation from the desired state statistics by utilizing a
distance metric between distributions such as the Wasserstein
distance [24], instead of imposing hard constraints [12].

In addition, the main limitation of applying CS meth-
ods to large-scale multi-robot systems lies in the fact that
computational demands increase significantly with respect
to the state/control dimension and time horizon. Neverthe-
less, recent work [22] has shown that this computational
burden can be significantly alleviated by merging CS with
the Alternating Direction Method of Multipliers (ADMM),
an optimization procedure that has found several recent
applications in decentralized control [25], [26], [27], [28].

In this paper, we propose Distributed Model Predictive
Covariance Steering (DiMPCS) for safe and scalable multi-
robot navigation. First, we provide a problem formulation
which utilizes the Wasserstein distance for steering the
robots to prescribed target distributions and probabilistic
constraints for ensuring their safe operation. Subsequently,
by exploiting CS theory, a suitable disturbance feedback
policy parametrization, and an efficient approximation of
the safety constraints, we transform the original problem
into a finite-dimensional optimization one. To solve this, we
propose an ADMM-based method for establishing consensus
between neighboring robots and achieving decentralization.
The latter method is then extended to an MPC scheme, which
yields the final DIMPCS algorithm. Simulation experiments
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on several multi-agent navigation tasks with up to hundreds
of robots illustrate the efficacy and scalability of DiMPCS.
In addition, the advantages of the proposed method in terms
of scalability and safety performance are also underlined
through comparing with related SMPC approaches. Finally,
we provide hardware experiments on a multi-robot platform
which verify the effectiveness of DIMPCS on actual systems.

II. PROBLEM DESCRIPTION
A. Notation

The space of m X n symmetric, positive semi-definite
(definite) matrices is denoted with S} (S;T). The n x n
identity matrix is denoted as I,, whereas O denotes the
zero matrix (or vector) with appropriate dimensions. The
trace operator is denoted with tr(-). The expectation and
covariance of a random variable (r.v.) x € R™ are given
by E[z] € R™ and Cov[z] € S}, respectively. With x ~
N(p, X) € R™, we refer to a Gaussian r.v. z with E[z] = p
and Cov[z] = X. With [a,b], we denote the integer set
[a,b] N Z for any a,b € R. The cardinality of a set X’ is
denoted with |X|. Finally, given a set C, we denote with
Z¢(x) the indicator function such that Z¢(xz) = 0 if x € C
and Z¢(x) = +o0, otherwise.

B. Problem Description

Let us consider a team of N robots given by the set V =
{1,...,N}. Each robot i € V is subject to the following
discrete-time, stochastic, nonlinear dynamics

zi0 ~ Nio, (D

Ti k1 = [i(@i gy Wi k) + Wik,

for k € [0, K], where K is the time horizon, z;, € R™,
ur € R™ and f; : R™*™ — R™ are the state, control
input and transition dynamics of the ¢-th robot, and w; j, ~
N(0,W;) with W € S} . Each robot’s initial state z; o ~
Nio =N (i, Xi0) with p; 0 € R™ and ;0 € S .

The position of the i-th robot in 2D (or 3D) space is
denoted with p;;, € R? with ¢ = 2 (or ¢ = 3) and can
be extracted with p; , = H;z;j, where H, € RI*™ is
defined accordingly. Furthermore, the environment, wherein
the robots operate, includes circle (in 2D) or spherical (in
3D) obstacles given by the set O = {1,...,0}, where each
obstacle o € O has position p, € R? and radius r, € R.

We consider the problem of steering the state distributions
of all robots ¢ € V to the target Gaussian ones ./\/‘iyf =
N (pig, Xif) with ;¢ € R™, 3¢ € ST, To penalize the
deviation of the actual distributions from the target ones, we
utilize the notion of the Wasserstein distance as a metric to
describe similarity between r.v. probability distributions [24].
In particular, we define the following cost:

K K—1
Ji = Z W%(xi,k, JIM) + E[ Z usziui,k} , (2

k=1 k=0
for each robot i € V, where x; ¢ ~ N ¢, Wi (x4, ) is the

squared Wasserstein distance between x, x; and R; € SEL.

The following probabilistic collision avoidance constraints
between the robots and the obstacles are also imposed

IP)(Hp’L,k _po||2 2 di,o + /ro) Z 1-— a,
Vkel[0,K],i€V, o€ O, 3)

where 0 < o < 0.5 and d; , € R is the minimum allowed
distance between the center of robot ¢ and obstacle o. In
addition, we also wish for all robots to avoid collisions with
each other, through the following constraints

P(lpik — Pjklle > dij) > 1—a,
VEke[0,K], icV, jeV\{i}, “)

where d; ; € R is the minimum allowed distance between
the centers of the robots ¢ and j.

Let us also define the sets of admissible control policies
of the robots. A control policy for robot 7 € V) is a sequence
T, = {Ti,OaTi,la---yT'L,K} where each Tik * Rni(k+1) —
R™: is a function of Z;0.x = {®io0,...,%;x} that is the
set of states already visited by robot ¢ at time k. The
set of admissible policies for robot ¢ is denoted as II;.
Finally, any additional control constraints we wish to impose
are represented as u;; € U;. The multi-robot distribution
steering problem can now be formulated as follows.

Problem 1 (Multi-Robot Distribution Steering Problem):
Find the optimal control policies 7}, Vi € V), such that

{m} biey = argmin » _ J;(m;)
Y
st (1),3),@), i =10 (ZF) €y, wip €Uy, i €V.
III. MULTI-AGENT COVARIANCE STEERING WITH
WASSERSTEIN DISTANCE

The scope of this work is to address Problem 1 through
leveraging CS theory, MPC and distributed optimization.
While CS methods have mainly been developed for linear
dynamics, they can be extended for nonlinear ones by
linearizing around the mean of some reference trajectory
[29], [30], [31]. After linearization, we utilize a disturbance
feedback policy parametrization which yields closed form
expressions for the state means and covariances. Finally, we
transform Problem 1 to an approximate finite-dimensional
optimization one over the new policy parameters.

A. Dynamics Linearization

By considering the first-order Taylor expansion of
fi(zi g, u; ) around some nominal trajectories x =
It ) .
[mi’o,...,xi,K], u, = [ui’o,...,ui’Kfl}, we obtain the

discrete-time, stochastic, linear time-variant dynamics
Ti pr1 = A ki g+ Bi kUi g+ gt wik,  Tio ~ Nio, (5)

where A, € R™*™, B;p € R™*™ and r; ), € R™ are
given by

of of
A, = B., = 6a
i,k al’k mk:r; ) i,k aUk mk:r; ) ( )
up=uy’ up=uy’
/ I / I
Tik = fz‘(l”i,kaui,k) - Akai,k — Bi ku; - (6b)
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Therefore, each state trajectory can be expressed as

z; = Gy oxi0 + Giuti + Giww; + Giwri,  (7)

where ®; = [zi0;...;zix] € REFTUR 4 =
. Km; _ .

[uLO?""u@K—ﬂ e RA™i w; = [wi707...,wi7K_1} S

RE™ p; = [r;0;...;7ix-1) € RE™, and the matrices

G0, G;, and G, can be found in Eq. (9), (10) in [32].

B. Controller Parametrization

Let us now consider the following affine disturbance
feedback control policies, introduced in [33],
k—1

=5+ Li k(20 — pio) + Z K (—1.npwii, (8)
=0

Ui,k

where %;;, € R™ are the feed-forward parts of the control
inputs and L; x, K; (1) € R™*" are feedback matrices.
Here, we assume perfect state measurements, such that the
disturbances that have acted upon the system can be obtained.
It follows that w; = @; + L;(x;0 — pi,0) + K;w;, where
€ RE™Mi and L; € RKmixni, K, €

W = [t 055U K—1]
REmixEni are given by L; = [Lio;...; Li x—1] and
0 0 .. 0 0
Ki,(O,U) O .« 0 0
K; = | Ko Kian - 0 0
K (x—2,0 Kix-21) Ki(x—2x-2 0

Thus, the state trajectory of the i-th robot is obtained with

i = Gioxio + Gt + Gy Li(zi0 — fi0)
+(Giw+ G JKiw; + G uri. (9)

Each state x; , can be extracted with z; ;, = T; ,x;, where
Tk = [0, R SR O] e R > (K+Dni jg a block matrix
whose (k+ 1)-th block is equal to the identity matrix and all
the remaining blocks are equal to the zero matrix. Similarly,
we also define S; j, € R™i*Kmi guch that Uik = S pU;.

C. State Mean and Covariance Expressions

Given that each state trajectory x; has been approximated
as an affine expression of the Gaussian vectors x; o and w;,
it follows that x; is also Gaussian, i.e., x; € /\/(m, ).
With similar arguments as in [33, Proposition 1], its mean
w; = m;(@;) and covariance 3; = 6,(L;, K;) are given by

Ni(%;) == Giopio + Giutti + Gy wli,

0,(L;,K;) := (G 0+ G; L)% 0(Gio + Gi,uLi)T
+(Giw + G, K )Wi(Gy o + G Ki) T,
where W; = bdiag(W;,...,W;) € REnmxEni [t fol-

lows that for each x; ~ N(,ui,k,Zi,k), we have ;) =
T, xni(4;) and ;) = Ti,kHZ-(Lh)TEk. It is important to
note that the mean states depend only on the feed-forward
control inputs w,;, while the state covariances depend only
on the feedback matrices L;, K;.

D. Problem Transformation

The fact that the distributions of the states x;j can be
approximated as multivariate Gaussian ones, is of paramount
importance here, since the Wasserstein distance admits a
closed-form expression for Gaussian distributions - which
does not hold for any arbitrary probability distributions
[24]. Therefore, we can rewrite each cost J;(u;, L;, K;) =
JEst (@ Ly, Ky) + Jfont(ay, Ly, K;), where J3t corre-
sponds to the Wasserstein distances part and J°" to the
control effort part. Detailed expressions are provided in
Appendix VIII-A.

Since the control input u; j is a Gaussian r.v. as well, the
control constraint u; ;, € U; cannot be a hard constraint. For
this reason, we use the following chance constraints instead,

P(nS i < vip) > 1- B, Ny,  (10)

which yields the following convex quadratic constraint
through the following proposition.

Proposition 1: The constraint (10) can be equivalently
expressed as

n=1,...,

a; n(w;, L, K;) <0, (11)

with @i = 17,8 ki — Vi + B0, Sk [Li, Ki] ;|2 and
¥; = bdiag(Z} 7, W,).

Proof: The proof is omitted as it follows similar steps
as the one of [34, Theorem 1]. |

These constraints can be written more compactly for all
ke [[O,K — 1]] as ai(ﬁi,Li,Ki) <0.

Finally, we also wish to express the collision avoidance
constraints (3), (4) w.r.t. the new decision variables. Starting
from the obstacle avoidance ones, the chance constraint (3)
will always be satisfied if the following two constraints hold

|E[pik] = Pollz > dio+70, i€V, 0€0, (12)
di,o 2 «a )\max(ii,k)7 1€ V, (XS O, (13)

where % = H;%;  H} is the position covariance, & =
@ 1(a) and ¢~ 1(-) is the inverse of the cumulative density
function of the normal distribution with unit variance. This
is equivalent with enforcing that the (u £+ &o) confidence
ellipsoid of the i-th robot’s position is collision free. In
addition, since we are steering the covariances E_]i,k to be
as close as possible to the target i@f = HiZi,inT through
minimizing J&¢(4;, L;, K;), then assuming that the actual
and target covariances will be close, we replace (13) with

di,o > 0\ / Amax (Si,f)7 1€ v, o€ O. (14)

Therefore, depending on the values of ifi’f and &, we must
choose a value for d; , such that (14) will be satisfied, and
then only the constraint (12) remains part of the optimization.

In a similar manner, the inter-robot collision avoidance
chance constraints can be substituted with

IE[pi k] — Elpjxlllz > diy, i€V, jeV\{i}, (1S5)
2 d\/ max zf +a\/)\max jf) S V ] € V\{ }
(16)
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The constraints (12) and (15) can be written as b;(u;) < 0
and ¢; ;(u;,w;) < 0, respectively, with the exact expressions
provided in Appendix VIII-A. Therefore, we arrive to the
following tranformation of Problem 1.

Problem 2 (Multi-Robot Distribution Steering Problem II):
Find the optimal feed-forward control sequences w; and

feedback matrices L, K, Vi € V), such that

{’l_l,;-k, Lr, K: }iGV = argmin Z Jz (111-, Li, Kz) (17&)

eV
s.t. ai(ﬂi, LZ', Kz) <0, bz(ﬁl) <0, xS V, (17b)
C@j(ﬁi,ﬂj) S O, 7 S V, ] S V\{Z} (17C)

IV. DISTRIBUTED APPROACH WITH ADMM

In this section, we present an ADMM-based methodology
for solving Problem 2 in a decentralized fashion. In this
direction, we first introduce the notions of copy variables
and consensus between neighboring robots, so that we can
reformulate the problem in an equivalent form that is suitable
for ADMM. Subsequently, the derivation of the ADMM
updates is illustrated, yielding a distributed soft-constrained
CS algorithm in a trajectory optimization format.

A. Decentralized Consensus Approach

Problem 1 cannot be solved directly in a distributed
manner due to the inter-robot constraints (17¢). To address
this issue, we first make the relaxation that each robot
¢ € V only considers inter-robot constraints with its closest
neighbors given by the set V; C V - defined such that
i € V; as well. Hence, the constraints (17c) can be replaced
with ¢; j(w;,a;) < 0, j € Vi\{i}, ¢ € V. Subsequently,
we introduce for each robot i € V), the copy variables u
regarding their neighbors j € V;. These copy variables
can be interpreted as “what is safe for robot j from the
perspective of robot ¢”. Thus, the augmented feed-forward
control input @;"® = [{@}};ey,] € R¥™ can be defined
withm; = > jev, My - As a result, the inter-robot constraints
can be rewritten from the perspective of the ¢-th robot as
i j(ug,ut) <0, j € V\{i}, i €V, or more compactly as
e (ai"®) <0, i e V.

Nevertheless, after the introduction of the copy variables,
a requirement for enforcing a consensus between variables
that refer to the same robot emerges. To accommodate this,
let us define the global feed-forward control variable g =

[91;.-.59n] € RE™ where m = Y, ), m;. The necessary
consensus constraints can be formulated as ’;- =gj, J €
Vi\{i}, i € V, or written more compactly as @, ® = g;, i €

V, where g; = [{g,}jev,] € RE™: Consequently, Problem

2 can be rewritten in the following equivalent form.

Problem 3 (Multi-Robot Distribution Steering Problem III):

aug*

Find the optimal feed-forward control sequences ; and

feedback matrices L}, K7, Vi € V, such that:

{u3"®" Ly, K] ey = argmin Y _ Ji(w;, L, K;)  (18a)
i€V

az(alevi)<O (7)<

AUE(EUE) <0, uwiUE =g,

?

s.t. (18b)

ieV.  (18¢)

Remark 1: Since the inter-robot constraints only involve
the feed-forward control inputs u;, then it is sufficient to add
copy variables only for the latter - and not for L;, K; as well.
This is an important advantage of the policy parametrization
we have selected, as in previous work [22] where a state
feedback parametrization was used, there was a requirement
for consensus between both the feed-forward control inputs
and the feedback gains, even in the case of mean inter-agent
state constraints. Therefore, the affine disturbance feedback
parametrization allows to significantly reduce the amount of
optimization variables that each robot contains.

B. Distributed Covariance Steering with Wasserstein Metric

Subsequently, let us proceed with the derivation of a

decentralized ADMM algorithm for solving Problem 3. First,
let us rewrite the problem in a more convenient form as

min Y Ji(w;, Li, K;) + Lo, (w;, Li, K;)
i€V

+Ib (ul) + 7, dug( mug) (19a)

_aug __

st. w; °=g;, 1€V

The augmented Lagrangian (AL) is given by
p = Z Ji(wi, Li, K;) + Lo, (@i, Li, K;) + Zo, (u;)
i€y
+ I aug(

(19b)

) A (@" - g) +

|| a;" — gill3,
where A; are the dual variables for the constraints @;"®
and p > 0 is a penalty parameter.

In the first ADMM block, the AL is minimized w.r.t. @ "®,
L; and K;, which yields the following /N local subproblems
4" L;,K; « argmin J;(a;,L;, K;) + A] (a3 — g;)

@28 L K,

= gi

|| u;" — gill5 (20)

s.t. ai(ﬁi,Li,Ki) S 07 bl(

Note that each one of these subproblems can be solved in
parallel by each robot ¢. Nevertheless, these are still non-
convex problems due to the cost part JidiSt and the constraints
bi(w;) < 0 and ¥ (@i"®) < 0. In particular, as the cost
J&s is a sum of a convex and a concave term, we follow
the same approach as in [33] and solve the local problems
with an iterative convex-concave procedure [35]. In each
such internal iteration, we also linearize the non-convex
constraints around the previous mean trejectories as in [36].

Remark 2: A significant advantage of using the squared
Wasserstein distance as the measure of difference between
actual and target distributions, is that the convexified version
of (20) is a convex quadratically constrained quadratic pro-
gram (QCQP). This is in contrast with other CS approaches
that yield semi-definite programs [33], [19], [18] which are
more computationally demanding to solve.

In the second ADMM block, the AL is minimized w.r.t.
g, which gives the “per-robot” update rules

gi |7>|Z_]+ N,

u;) <0, "8 (ui"®) <O0.

2n
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Algorithm 1 Distributed Model Predictive Covariance Steering (DiMPCS)

1: Set: Ntotalv Npred, NCOIIlp7 P, Emax, ,ui,,f7 Ei,fa Ri; Yis VZ S V

2: &; o ¢ Measure initial robot states, Vi € V.
3. Initialize: ¢ < 0, ﬁ?lgg
4: for £k =0,..., Niota do

5: Z; 1, < Measure current robot states, Vi € V.

if mod(k, Neomp) == 0 then

6
7: Vi, Pijr < Adapt neighborhoods based on current positions pj.
8

— 0, LZ|0 — 0, Kzlg — 0, gzlg — 0, )\1‘0 — 0, /.,L,Llo — [ii,O; .

.;Lﬁiﬁo], Yiey

# In parallel V i€V

{4 x, Bi, ri,k/}kleﬂk7k+Nprcd_1ﬂ < Linearize dynamics using (6a), (6b), around trajectories

{Mz’,kﬂﬂi,k’}k’e[[k,k+Np,.ed—1]]~ # In parallel V i€V
9: G 01k Gi,ulks Giwik < Construct using Eq. (9), (10) from [32]. # In parallel V i€V
10: Mi ke < i’i,ka Eiyk\k +—0,0+0
11: while ¢ < /.« do
12: ﬁj‘lllf, L; |, K;ji + Solve local optimization problem (20). # In parallel V i€V
13: All robots j € Py \{i} send ﬁzlk to each robot i € V.
14: gi|r < Update with (21). #In parallel V i€V
15: All robots j € V;j;,\{i} send g, to each robot i € V.
16: Ak < Update with (22). # In parallel V ieV
17: L+—0+1
18: k< k
19: u; , < Compute with (23) and apply control decision. # In parallel V ieV

where P; = {j € V : i € V;} defines the set that contains
all robots j € V that have i as a neighbor, and A} is the part
of the dual variable A; that corresponds to the constraint
ﬁé- = g;. Finally, the dual variables are updated as follows

Ai = Ai +p(u™® — gi), (22)

by all ¢ € V. The updates (20), (21) and (22) are repeated
in the presented order until we reach to /., iterations.

V. DISTRIBUTED MODEL PREDICTIVE
COVARIANCE STEERING

This section presents Distributed Model Predictive Covari-
ance Steering (DiMPCS) which uses the method proposed in
Section IV at its core, by extending it in a receding horizon
fashion. The full algorithm is presented in Algorithm 1.

Let us denote with Niga1 and Npeq, the total and predic-
tion time horizons, respectively. With Neomp (< Npred), We
set how often a new MPC computation is performed. After
setting all parameters (Line 1) and measuring the initial states
Z;,0 (Line 2), we initialize all decision variables with zeros,
and the mean state trajectories with p1;)o < [Z40;...;%4,0]
(Line 3). With the notation 2., we refer to any quantity 2
that is computed at time k.

Then, the control procedure starts for £k = 0,..., Niotal-
After measuring the current state if £ > 0 (Line 5), a new
MPC computation starts if mod(k, Neomp) = 0. In this case,
the neighborhood sets of all robots ¢ € ) are first found,
by identifying the ones that are in close distance, based on
their current positions (Line 7). Subsequently, the dynamics
linearizaton (Line 8) and the construction of the matrices
G ojk> Gi,ulks Giyw)k (Line 9) take place. The mean p; |
is always initialized being equal with Z; ;, while the initial
covariance is set to X; x = 0 (Line 10) since in this MPC

format, we have perfect information of the initial state x; j
before the optimization starts.

The execution of the proposed ADMM method of Section
IV follows. First, the local decision variables ﬁ?“;f L, Ky
of each robot are obtained (Line 12) through solving the local
CS problems (20) as explained in Section IV-B. Afterwards,
each robot ¢ receives the copy variables ﬁg‘ . from all j €
P \{i} (Line 13), so that it can compute g, |, (Line 14) with
(21). Subsequently, each robot 7 receives the variables g;x
from all j € V;;,\{i} (Line 15), so that g;;, is constructed
and the dual updates (22) take place (Line 16). This iterative
ADMM procedure is terminated after /,,, iterations. Finally,

the control input of each robot is computed (Line 19) through

Uikl = ai,kb{ + Li,k|n(i'i,n - ,U/i,n|n)
k—1
+ Z Ki (k-1 wig  (23)
=0

where x is the last time k£ that an MPC cycle took place.
Note that in the special case where we assign &; , = p; x|x>
the second term in the RHS of (23) becomes zero but this
can change if the assumption of 3; 3, = 0 is relaxed.
Remark 3: All computations in DiMPCS (Lines 7-
9,12,14,16,19) can be performed in parallel by every robot
¢ € V. In addition, all necessary communication steps
(Lines 13,15) take place locally between neighboring robots.
Therefore, the proposed algorithm is fully distributed in
terms of computational and communication requirements.
Remark 4: The neighborhood adaptation, during the be-
ginning of every MPC cycle, is an important advantage
compared to the trajectory optimization approach followed in
[22], as it allows for using smaller adjustable neighborhoods.
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k=40

Fig. 1: A task with 16 robots that must reach a target distribution at a diametrically opposite location while avoiding
collisions. Each snapshot shows their positions and the (u + 30) regions of planned distribution trajectories. The target
distributions are shown as dashed ellipses with “x” at the center.

e N

k=20

Fig. 2: A task with 25 robots required to pass through a narrow bottleneck before reaching their targets.

VI. SIMULATION EXPERIMENTS

This sections presents simulation experiments that demon-
strate the effectiveness and scalability of DiMPCS. In the
main paper, we provide snapshots of the tasks, while we refer
the reader to the supplementary video for a full demonstra-
tion. All robots have unicycle dynamics with states x; , =
(%o k5 Vik 0,3 vie] € R and inputs w; ;. = [a;k;win] €
R?, where (X;k,Yik)s Oik Viks, Wik, ;i) are their 2D
position coordinates, angles, linear and angular velocities
and linear accelerations, respectively. In all experiments,
we use Nprea = 7 and Neomp = 2. The discretization
time step is dt = 0.05. The process noise covariance is
W, = diag(0.02,0.02,7/180,0.2). We set the control cost
matrix R; = diag(1072,1072). We also enforce control
limits dmax = —@min = 5M/s® and Winax = —Wiin = 4 rad/s
through the chance constraints (10) with 5 = 0.997. For
the collision avoidance constraints, we select d; , = 0.75m,
di; = 1.5m and @ = ¢~ 1(0.997) = 3. Finally, we set
p=1072, L. = 30 and |V;| = 6 for all tasks.

A. Small-Scale Tasks

In the first task, 16 robots need to reach to their target
distributions at the diametrically opposite locations, while
avoiding collisions with each other. In Fig. 1, the perfor-
mance of DiIMPCS is demonstrated through five different
snapshots that show the positions and planned distribution
trajectories of the robots. All robots are able to successfully
reach to their targets and avoid collisions throughout the
task. In the next scenario (Fig. 2), 25 robots must reach to
their targets while passing through a narrow “bottleneck”
and avoiding collisions. Despite the difficulty of this task,
all robots are again safely navigated to their targets.

B. Large-Scale Task

Subsequently, we highlight the scalability of DIMPCS to
large-scale multi-robot problems. In particular, we consider a
problem with 256 robots that need to move from one 16 x 16
square grid to another one while avoiding collisions with
each other and the obstacles in between. Figure 3 shows a
snapshot of the task, while the full task is available in the
supplementary video. All robots are successfully driven to
their targets while maintaining their safe operation.

C. Comparison with Other Stochastic MPC Approaches

Next, we illustrate the computational and performance
advantages of DIMPCS against related SMPC approaches.
All comparisons are on the same task as in Fig. 3. Initially,
we compare against an equivalent centralized approach for
solving Problem 2. We observe that as the number of
robots grows (Table I), DIMPCS remains scalable, while the
increasing dimensionality of the multi-robot problem makes
the centralized approach computationally intractable. We
should also highlight that hard-constrained CS approaches
that lead to SDPs are excluded from this comparison, as
their computational demands are much higher, in addition to
their need for a distribution path before performing MPC.

Furthermore, we provide a performance comparison of
DiMPCS against standard SMPC methods in terms of col-
lision percentages and control efforts (Table II). Each al-
gorithm is tested for 5 trials. First, we compare against
solving the MPC problems with LQG control instead. While
the latter method also yields safe solutions, it reduces the
variance of the states more aggressively which requires
excessive control effort. We also compare with standard
SMPC approaches which only optimize for the feed-forward
controls, while selecting a fixed stabilizing gain for the initial
linearized dynamics [9]. Although such approaches involve
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k=40
Fig. 3: A large-scale task with 256 robots.
Method N=4 N=16 N=64 N =256
DIMPCS (Proposed) 321ms 534ms 1.02s 2.05s
Centralized MPCS 1.54s 32s 9m 49s 1h 22s

TABLE I: Computational times per MPC cycle of DiIMPCS
and an equivalent centralized approach.

Method Collisions %  Control effort
DiMPCS (Proposed) 0% 180.55
SMPC with LQG 0% 263.83
SMPC with fixed feedback (I) 547 % 78.49
SMPC with fixed feedback (IT) 033 % 244.73

TABLE II: Performance comparison between DiIMPCS and
other SMPC approaches.

less decision variables, the fact that the covariance is not
actively steered leads to either unsafe solutions (Case I) or
relatively safe solutions that require significant control effort
(Case II). Therefore, the fact that DIMPCS actively steers
the state distributions to match target distributions, while
computing a sequence of feedback gains, provides the most
advantageous combination of safety and control effort.

VII. HARDWARE EXPERIMENTS

Finally, we validate the applicability of the proposed
distributed algorithm on a multi-robot system in the Rob-
otarium platform [37] at Georgia Tech. For the dynamics
of the robots, the reader is referred to [37]. In addition
to collision and obstacle avoidance constraints with d; , =
0.1m, d; ; = 0.2m, all robots are subject to the following
control constraints, —bn.x < Gu; < by, With G =
(1/2R)[2,L;2,—L] and by = [vhX,;vimdx ], where R =
0.016m is the wheel radius, L = 0.11m is the axle length
and v, = 12.5 rad/s is the maximum wheel speed. The
control constraints are handled as chance constraints of the
form (10) with 5 = 0.997. The timestep is d¢t = 330ms,
while we set Npreq = 7 and Nigia = 100.

We first apply the proposed algorithm on a task where
three robots are required to reach to their target distributions
while avoiding the obstacles in the middle of the field.
As illustrated in Fig. 4, the robots are able to successfully
complete the task while avoiding collisions. Next, we demon-
strate in Fig. 5, a task where five robots must reach to
the diametrically opposite positions while avoiding collisions
with the rest of the robots. Again, all robots are safely driven
to their destinations without colliding with each other.

VIII. CONCLUSION

In this work, we propose DiMPCS, a novel distributed
SMPC algorithm for multi-robot control under uncertainty.
Our approach combines CS theory using the Wasserstein
distance and ADMM into an MPC scheme, to ensure safety
while achieving scalability and parallelization. Numerical
simulations verify the effectiveness of DiMPCS in var-
ious multi-robot navigation problems compared to other
approaches. Finally, the applicability of the method on real
robotic systems is verified through hardware experiments.

APPENDIX
A. Cost and Constraints Expressions

Following a similar derivation as in [33, Propositions 4,5],
the terms J35* and J£°"* can be written equivalently as

K
JZ-dISt(/'-_Li7Li7K7;) = Z T xmi(w;) — Mi,f“%
k=1

+ 1o (Li, K) [T+ t0(Si¢) — 2/ Zi66in (L, Ki) ||«
Jicont (’l],’,, Li, Kz) = ’ITI,;FRz’lTl,z =+ tI‘(RzL7E770L;T)
+ tr(RK; WK ),

where R; = bdiag(R;, ..., R;) € RE™>Kmi and
Cin(Li, K;) =T 5 [Gio+ Giuli Giw+ Gi K] .

Futhermore, the constraints (12), (15) can be written as
bi(w;) = d; o + 1o — || H;Ti xmi(;) — poll2 <0,
cij (i, u;) = || H;T ymi(@;) — H;Tjkm;(a;)ll2 < 0.
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