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Abstract— The CoM-ZMP model represents the dominant
behaviour of bipedal locomotion with surface contact. However,
once the centre of mass (CoM) position goes out of a prede-
fined spatial plane, the horizontal dynamics of the model can
couple with its vertical dynamics to be nonlinear. This study
theoretically investigates the properties of the 3-dimensional
zero moment point (ZMP), lying apart from the actual ground
to resolve the coupling. The presented discussion includes the
compatibility of the 3D ZMP with ZMPs used in preceding
research, such as the linear inverted pendulum mode, the
existence of a virtual repellent point considering the arbitrary
vertical CoM motion, the parameter invariance of the CoM-
ZMP model, and feasible regions of the ZMP.

I. INTRODUCTION

Vertical motion of the centre of mass (CoM) is one of the
fundamental components of bipedal locomotion. It naturally
appears in everyday behaviour, including walking on slopes
and stairs, running, and jumping. Even on flat ground, we
can observe that walking with stretched knees and large steps
accompanies vertical pelvic motions for both humans [1]
and bipedal robots [2], [3], [4]. This observation implies
that the vertical CoM motion is not only a characteristic of
high-level mobility but also a universal property of bipedal
locomotion. Therefore, analysing the vertical CoM motion
is a significant milestone in understanding the dynamics of
human locomotion and creating advanced bipedal robots.
Nevertheless, it is difficult to utilise the vertical CoM motion
for bipedal locomotion because of the tight coupling of
vertical and horizontal motions. In fact, the CoM dynamics
are sometimes modelled as nonlinear forms: e.g., time-
variant forms [5], [6], [7] and pure centroidal dynamics [8].

Restricting the vertical motion has strongly supported us
deal with the coupling in reduced robot models. Kajita
and Tani [9] derived an exactly-linearised reduced system
for a planar walking robot by constraining its CoM to lie
on a spatial line. The derived system allows us to choose
an arbitrary non-vertical line for the CoM path, so their
robot succeeded in walking on rugged terrains by switching
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constraint lines. This model was later extended to a 3-
dimensional model [10] and is now widely known as the
linear inverted pendulum mode (LIPM), which describes the
dominant behaviours of bipedal locomotion with a point
mass and a point foot. Pratt and Drakunov [11] extended
the LIPM such that the CoM can follow a polynomial curve
in the sagittal (x-z) plane. They focused on the concept of or-
bital energy [12] to design a controller for stable continuous
stair walking. Koolen et al. [13] also discussed the orbital
energy to achieve bipedal balancing with the vertical CoM
motion. They derived a condition for spatially cubic CoM
paths such that the orbital energy becomes zero at the origin
of a planar LIPM-like model. Their controller automatically
lowered the CoM height if the robot lacked its orbital
energy, whereas it raised the height in a contrastive case.
Ramos and Hauser [14] proposed an algorithm to calculate
a capture point [15], [16], a foot position desirable for a
robot to balance, for 3-dimensional CoM paths. These studies
demonstrated that the vertical CoM motion can improve the
balancing ability of biped robots, i.e., capturability [16].
On the other hand, such methods constraining the CoM
position still have several issues to apply to a real robot.
One of the remarkable issues is the consideration of vertical
acceleration limits. While the unilateral condition of contact
forces and the CoM height limits were considered in [13]
and [14] respectively, a real robot also has joint torque
limits that define the feasibility of the CoM acceleration.
To investigate this point, Hofslot et al. [17] showed how a
capture point changes by vertical motion with acceleration
limits. Predefining the CoM paths narrows the class of CoM
motions and may limit the performance that can be achieved.
Frictional constraints also present another issue.

Instead of the spatial constraints of the CoM, recent results
provide another way to resolve the complexity in the CoM
dynamics. This direction requires us to reconsider a zero
moment point (ZMP): what and where it is. Although the
ZMP was originally defined as a point on the flat ground [18],
it can exist on an certain axis in the 3-dimensional space
from its definition, i.e., the ZMP still has one extra degree of
freedom [19]. From this perspective, the original ZMP is just
an intersection of the axis and flat ground, and it is a special
case in which the ZMP is completely equivalent to the centre
of pressure (CoP) [20]. The rest degree of freedom enables
us to define the ZMP on non-flat ground, e.g., on stairs
and rugged terrains [20], [21], [22], [23] (Section II will
discuss this topic in detail). Besides, Englsberger et al. [24]
pointed out that there exists the enhanced centroidal moment
pivot (eCMP), a generalisation of the ZMP accepting tilting
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moments around the CoM. The eCMP is defined such that
the CoM dynamics are represented by a linear system.
Inheriting these mathematical results, Sugihara et al. [25]
recently proposed the concept of a 3-dimensional ZMP.
They considered a ZMP apart from the ground to represent
arbitrary CoM motions, including jumping and running, as a
linear system in a unified manner. Such a representation has
the potential to develop a new theory of bipedal locomotion
with exact linearity, but the effects of ZMP height variation
are still unclear.

The contribution of this paper is to reveal how the 3-
dimensional ZMP encodes the interference of the vertical
CoM motion in the horizontal dynamics while conserving
the model linearity. Furthermore, this paper also shows some
properties of the 3-dimensional ZMP through reviews and
generalisation of preceding research.

II. PRELIMINARIES

A. Zero Moment Point

This subsection briefly reviews the definition of the
ZMP, following the discussion in [19]. Let pG =
[xG, yG, zG]

T ∈ R3 and hG ∈ R3 be the CoM position
and angular momentum around the CoM of the biped robot,
respectively. We can then describe the equations of motion
(EoMs) of the CoM, also known as centroidal dynamics:

mp̈G = f −mg, (1a)

ḣG = − (pG − pX)× f + τX . (1b)

Here, m > 0 is the total mass, and g = [0, 0, g] T ∈ R3 is
the gravitational vector with the gravitational acceleration
constant g. The former equation (1a) is Newton’s EoM
representing the translational motion of the CoM, whereas
the latter (1b) is Euler’s EoM for rotational motion around a
certain point pX ∈ R3. The two vectors f , τX ∈ R3 denote
the total external force and torque around pX acting from
the environment to the robot, respectively.

The point pX becomes a zero moment point (ZMP) when
the horizontal momenta around the point pX balance. For-
mally, the ZMP is a point satisfying the following equation:

g × τX = 0
(
⇔ τX =

[
0 0 ∗

]T)
. (2)

From the EoMs (1), we can rewrite (2) into

g ×
{
(pG − pX)×m (p̈G + g) + ḣG

}
= 0. (3)

Let us define a ZMP with this equation.
Definition 1 (ZMP): A point pX is a ZMP if and only if

pX satisfies (3).
Transforming (3) with elemental expressions pX =

[xX , yX , zX ] T and hG = [hG,x, hG,y, hG,z]
T, we obtain

(xG − xX) (z̈G + g) = ẍG (zG − zX) +
ḣG,y

m

(yG − yX) (z̈G + g) = ÿG (zG − zX)− ḣG,x

m

. (4)

While the ZMP is defined in a 3-dimensional space, the
definition has only two scalar equations. For this reason, the

ZMP has a 1-dimensional expanse (one degree of freedom),
despite the “point” in the name. We will discuss this property
with a specified model in the upcoming subsection II-C.

B. From Centroidal Dynamics to the CoM-ZMP Model

Given a ZMP pZ = [xZ , yZ , zZ ]
T

∈ R3, we can rewrite
the centroidal dynamics of a biped robot (1) as

mp̈G = f −mg, (5a)

ḣG = − (pG − pZ)× f + τZ . (5b)

Suppose that g × ḣG ≃ 0, namely, the momentum rates
around the horizontal (x- and y-) axes are sufficiently small.
Then, we can derive the following equation using both the
centroidal EoMs (5) and the ZMP condition g × τZ = 0:

g × ḣG = g × {− (pG − pZ)× f}
= g × {− (pG − pZ)×m (p̈G + g)} = 0

(6)

⇔ g × {(pG − pZ)× (p̈G + g)} = 0. (7)

The third-elemental equation of (7) is an identity, thus it
provides no information. Since the first and second elements
of the vector g are zero, (7) holds regardless of the third
(z-) element of the cross product (pG − pZ) × (p̈G + g).
In contrast, the first and second elements of (pG − pZ) ×
(p̈G + g) must be zero to satisfy (7) since the third element
of g is the constant g. For these reasons, the condition (7)
is essentially equivalent to{

(yG − yZ) (z̈G + g) = ÿG (zG − zZ)

(xG − xZ) (z̈G + g) = ẍG (zG − zZ)
. (8)

Assume a situation in which the total external force applies
to the robot at a point lower than the CoM position, then
an inequality gT (pG − pZ) > 0 (⇒ zG − zZ > 0) holds.
This is because the ZMP pZ acts as an equivalent point of
application of the total external force f . Now introducing a
system parameter ω as

ω =

√
z̈G + g

zG − zZ
, (9)

we can obtain one EoM of the CoM that satisfies (8):

p̈G + g = ω2 (pG − pZ) . (10)

This EoM is called the CoM-ZMP model if we regard the
ZMP pZ as a control input [26]. Note that the third row of
this vector equation is identical and that ω is not limited to
a constant at this time.

C. The extra degree of freedom of ZMP

As we found in II-A, the definition of the ZMP constrains
only two degrees of freedom, whereas the ZMP is a point
in the 3-dimensional space. Thus, points satisfying the ZMP
definition (3) distribute with a 1-dimensional expanse in the
3-dimensional space. This fact was pointed out by Sardain
and Bessonnet [19] and Popovic et al. [20]. Originally,
Vukobratović and Stepanenko [18] introduced the ZMP as a
point on the flat ground where horizontal (tilting) momenta
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balance. However, later analysis clarified that the point is just
an intersection of the flat ground and the set of points. It was
also shown that the original ZMP and centre of pressure
(CoP) [27] coincide only on the flat ground [19]. We can
find pioneering challenges in treating a ZMP apart from
the ground before those theoretical advancement: Kagami
et al. [21] considered a ZMP for a humanoid robot with
non-coplanar contacts, and Sugihara et al. [22] did it for
a biped locomotion on uneven terrains. Caron et al. [23]
provided detailed summary of these results and generalised
formulation of the ZMP, including consideration of frictional
constraints.

In the CoM-ZMP model, the ZMP lies on a line passing
through the CoM position, and the following lemma holds.

Lemma 1: Consider the CoM-ZMP model (10). When a
point pZ satisfying (3) is given, any point on a line through
the CoM position pG and pZ also satisfies (3).

Proof: We can describe any point on a line through pG

and pZ as p′
Z = αpG + (1 − α)pZ with a scalar α ∈ R.

Under the assumption g × ḣG = 0, a substitution pX = p′
Z

in the left side of the ZMP condition (3) yields

g × {(1− α) (pG − pZ)×m (p̈G + g)}
= (1− α) · g × {(pG − pZ)×m (p̈G + g)} = 0,

(11)

as pZ satisfies (3).

III. 3-DIMENSIONAL ZMP

The tight coupling of the horizontal and vertical CoM
motion lies in the CoM-ZMP model (10) via the variable
parameter ω. This section resolves the coupling with a choice
of the ZMP.

A. ZMP Height Variation for the Vertical CoM Motion

The system parameter ω depends on the CoM height zG,
the vertical CoM acceleration z̈G, and the ZMP height zZ ,
as defined in (9). Using the methods proposed by Kajita et
al. [9], [10], we can make ω constant by constraining the
CoM position on a spatial plane. However, such a constraint
determines not only the CoM height zG but also the vertical
CoM acceleration z̈G because of the geometrical relationship.

In contrast, Sugihara et al. [25] proposed to vary the ZMP
height zZ . If we allow a ZMP to exist apart from the actual
ground, nothing constrains its height. As discussed in II-C,
candidates of the ZMP are found on a spatial line, so we
can choose one from the line as we desire. Let us choose a
ZMP suitable for treating the vertical CoM motion so that
its height satisfies the following relationship with a nominal
constant parameter ω0 > 0:

zZ = zG − 1

ω2
0

(z̈G + g) . (12)

To distinguish it from conventional ZMPs fixed on the
ground, we call a ZMP with this height a 3-dimensional
ZMP.

Definition 2 (3-dimensional ZMP): A ZMP is called 3-
dimensional ZMP (3D ZMP) if and only if its height is
determined by (12).

The 3D ZMP completely decouples the horizontal and
vertical CoM dynamics of the CoM-ZMP model. Substituting
the ZMP height (12) into the definition of ω (9), we can make
the parameter ω constant, namely, ω = ω0.

Theorem 1 ([25]): With the 3D ZMP, the CoM dynamics
(10) become exactly affine:

p̈G + g = ω2
0 (pG − pZ) . (13)

The 3D ZMP height (12) superficially absorbs the effects
from vertical motion to horizontal motion; thus, (13) can
describe the arbitrary motion of the CoM with an affine
expression. On the other hand, the effects actually work: this
is why the word “superficially” is used here. Sction IV-B
explains how these effects appear in the model.

The transformation of the CoM dynamics (13) yields a
generalised form of the ZMP equation [28], which calculates
the ZMP from the CoM position and acceleration.

pZ = pG − 1

ω2
0

(p̈G + g) . (14)

Note that a ZMP provided by the ZMP equation (14) can
differ from an actual 3D ZMP under disturbances.

Let h = g/ω2
0

(
⇔ ω0 =

√
g/h

)
be the nominal CoM

height on flat ground. Then, the following situations help us
to understand how the 3D ZMP behaves.

• When the CoM height moves on a horizontal plane with
a nominal height h, the 3D ZMP height becomes 0. If
the ground is flat and is represented by z = 0, the 3D
ZMP lies on the ground.

• When the CoM height moves on a plane with a constant
height h ± δ, the 3D ZMP height becomes ±δ. The
height changes to compensate for the error in the CoM
height from the nominal value.

• When the CoM accelerates upward/downward from the
initial height h, the 3D ZMP sinks/floats, respectively.
Generating the vertical acceleration is momentarily
equivalent to changing the magnitude of gravity. There-
fore, the 3D ZMP moves to build a virtual CoM-ZMP
model that has the same parameter ω0 in a different
gravitational field.

The last case provides the essence of the proposed formula-
tion, i.e., the construction of a virtual CoM-ZMP model. To
conserve the horizontal linearity with the constant ω0, the
model must always cancel the coupling effect of the vertical
motion by modifying the ZMP position. The modification
may construct a different CoM-ZMP model depending on
the vertical CoM position and acceleration at each time, but
all of them hold the dynamical similarity with respect to
the horizontal dynamics. Altogether, the 3D ZMP moves to
exhibit this dynamical similarity.

B. Virtual Repellent Point

While this study treats the vertical CoM motion of a
biped robot in a linear representation, Englsberger et al. [24]
addressed a similar problem with nonzero angular momenta
around the CoM. Although their theory cannot deal with the
arbitrary vertical motion of the CoM, they provided insightful
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: Virtual Ground

: Actual Ground
Measured ZMP

Fig. 1. The geometrical relationship of the 3D ZMP, the VRP, and the
measured ZMP on the flat ground

results and discussions that strongly inspired this research.
One of them is the introduction of a virtual repellent point
(VRP), which works as a repeller of the CoM motion. The
following discussion will show that there also exists a VRP
that can consider the arbitrary vertical motion of the CoM.

Definition 3 (Virtual repellent point): For a 3D ZMP pZ ,
a VRP is defined by

pVRP = pZ +
[
0 0 h

]
T, (15)

where h = g/ω2
0 denotes the nominal height of the CoM.

Theorem 2: Using the VRP, we can write the EoM of the
CoM as a simple representation, where the CoM looks just
repelled by the VRP (see Fig. 1):

p̈G = ω2
0 (pG − pVRP) (16)

Proof: Substituting (15) into the CoM-ZMP model (13)
yields (16). The vertical offset with h in the VRP definition
(15) cancels the gravitational term in (13).

C. Parameter invariance

Both the EoM with the 3D ZMP (13) and the derived
representation (16) include the designable parameter ω0 > 0.
However, even if we choose any parameter ω0 > 0, the
described CoM motion is unique and invariant. Let us check
this fact.

Theorem 3: The EoM of the CoM with the 3D ZMP (13)
is invariant with respect to the nominal parameter ω0 > 0.

Proof: We demonstrate that two EoMs with different
parameters represent the same CoM motion. Consider two
parameters, ω1 and ω2 satisfying ω1 > ω2 > 0. Using the 3D
ZMPs, we obtain two EoMs for the horizontal CoM motion.

p̈G + g = ω2
1 (pG − pZ,1) , (17a)

p̈G + g = ω2
2 (pG − pZ,2) . (17b)

Here, we describe the 3D ZMPs corresponding to ω1 and ω2

with pZ,1 and pZ,2, respectively.
Remind that the nominal parameters are not only the

coefficients of the CoM dynamics but also determine the

Fig. 2. The relationship of two 3D ZMPs and two VRPs with two different
nominal parameters, ω1 and ω2. Here, h1 = g/ω2

1 and h2 = g/ω2
2

ZMP heights through (12):

zZ,1 = zG − 1

ω2
1

(z̈G + g) , (18a)

zZ,2 = zG − 1

ω2
2

(z̈G + g) . (18b)

For these ZMP heights and Lemma 1, the following geo-
metrical relationship holds (Fig. 2).

pG − pZ,1 =
ω2
2

ω2
1

(pG − pZ,2) . (19)

This is the scaling of ZMP relative to the CoM. In other
words, this equation projects the 3D ZMP pZ,2 correspond-
ing to ω2 onto the virtual plane whose height is determined
by ω1, satisfying the dynamical constraints. A substitution
of this equation into (17a) yields

p̈G + g = ω2
1 ·

ω2
2

ω2
1

(pG − pZ,2) = ω2
2 (pG − pZ,2) , (20)

namely, the other EoM (17b). Two EoMs with different
parameters (17a) and (17b) completely matches by the geo-
metrical relationship of the 3D ZMPs.

Some readers may concern that the choice of this parame-
ter is important to describe the CoM motion in system mod-
elling. In fact, many preceding papers think that varying the
nominal parameter ω0 changes the system behaviours with
formulation in which the ZMP lies on the ground: the param-
eter defines the convergence and divergence components of
motion (CCM and DCM) [29] and affects the capturability
analysis [11], [16]. The work by Englsberger et al. [24], in
which we share the basic direction of research, also regarded
a nominal height h, which determines the nominal parameter
ω0 =

√
g/h in the paper, as a designable variable while

considering variable angular momentum. However, Theorem
3 reveals that any nominal parameter derives the same CoM
dynamics in the formulation using the ZMP height (12).
Since the original CoM dynamics are unique, this parameter
invariance would be a natural property.
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          : 
Virtual Horizontal Plane

Actual Ground

: Nominal Ground

2D (Valid) Supporting Region

3D Supporting Region

Fig. 3. The 3D supporting region. It forms a convex cone whose origin
is the CoM. Its boundaries include all the contact points. A section of
this region with any virtual horizontal plane with a given ZMP height
corresponds to the 2D supporting polygon (red line). If the vertical CoM
acceleration is limited, the 3D support region has the bottom (blue line) and
forms a polyhedron.

D. Compatibility of the 3D ZMP with a Measured ZMP

Historically, biped robots have measured the ZMP with
pressure sensors and force/torque (F/T) sensors. The mea-
sured ZMP basically lies on a predefined plane, e.g., the flat
ground. The compatibility of the 3D ZMP with the measured
ZMPs can be explained as follows.

Following the discussion in II-C, a point satisfying the
ZMP definition can exist anywhere on one spatial line
passing through the CoM. Once one point is given, we can
determine the line by connecting the point with the CoM
from Lemma 1. Therefore, when a robot measures a ZMP
on a certain plane with sensors, the 3D ZMP exists on the
line through the CoM and the measured ZMP, and vice versa.
Fig. 1 illustrates this relationship. The line is generally non-
vertical, so the horizontal elements of the 3D ZMP and the
measured ZMP do not match.

IV. THE 3-DIMENSIONAL SUPPORT REGION

We can generalise a support region, also known as a
support polygon, for the 3D ZMP, as pointed out in [25].
The generalised support region forms a convex cone whose
origin is the CoM position:

SZ =

{
pZ

∣∣∣∣∣pZ = pG +

N∑
k=1

αk (pC,k − pG) , ∀αk ≥ 0

}
,

(21)
where pC,k is the k-th contact point between the robot and
environment, and N represents the number of contact points.
Fig. 3 illustrates this region. This region includes the surfaces
of the cone, which correspond to the edges of the 2D support
region. Although we do not consider the line and surface
contact conditions which yield an infinite number of contact
points, sampling representative contact points is expected to
work well.

On the flat ground, this 3-dimensional formulation (21)
completely covers the support polygon [30]. In this case,
the intersection of the 3D support region and flat ground
forms a convex hull of all contact points. In addition, it also
covers the 2D support region on uneven terrains presented in
[22], where the concept of the virtual horizontal plane firstly
appeared.

A. Vertical Acceleration Limits of the CoM

A real robot has limitations in its vertical acceleration of
the CoM. The lower limit of the vertical CoM acceleration
is trivially −g, as observed in a free-fall motion. This is
because of the unilateral conditions of the contact forces.
In this case, from (12), the ZMP height becomes equivalent
to the CoM height zZ = zG, and the support region (21)
degenerates into only one point pG [25].

On the other hand, the upper limit is determined by joint
effort limits and kinematic structures. Simply given the upper
limit z̈G,max, we can calculate the lower limit of the ZMP
height as

zZ = zG − 1

ω2
0

(z̈G,max + g) . (22)

Consequently, in real applications, the 3D support region has
the lower bound and forms a polyhedron as shown in Fig. 3.

B. Scaling of 2D Support Region

As the preceding paper [31] pointed out, the stabilisable
region of the CoM-ZMP model with surface contacts, where
a robot can balance without stepping, is determined by the
horizontal ZMP limits and the system parameter ω by (9).
Without loss of generality, let us focus on the dynamics along
the x-axis as one horizontal direction. The state equation of
the x-dynamics using the fixed ZMP height zZ = 0 and the
variable parameter ω is

d

dt

[
xG

ẋG

]
=

[
0 1
ω2 0

] [
xG

ẋG

]
+

[
0

−ω2

]
xZ . (23)

Without CoM vertical motion, the stabilisable region is the
area between the following two straight lines [31]:

xG +
1

ω
ẋG = xZ,min, (24a)

xG +
1

ω
ẋG = xZ,max, (24b)

where xZ,min and xZ,max are the limits of 2D support
region, i.e., xZ ∈ [xZ,min, xZ,max]. Fig. 4 draws these
lines on the phase portrait in blue. With the best CoM-
ZMP regulator [31], which is now also known as the DCM
feedback controller, the CoM asymptotically converges to
the origin (or a reference CoM state) if the initial state lies
inside the stabilisable region.

In (24), the ZMP limits and the parameter ω correspond
to the horizontal intercepts and slope magnitude of the
boundary lines, respectively. As the ZMP limits depend on
the contact states, ω is only one parameter that modifies the
region without stepping. Varying ω yields rotations of the
boundaries around each intercept. If xZ,min < xG < xZ,max,
then increasing ω can be regarded as a local expansion of
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Fig. 4. A phase portrait of the x-directional CoM dynamics applied the best
CoM-ZMP regulator (a.k.a. DCM feedback controller). With the controller,
the stabilisable region bounded by the blue lines (24) matches the stable
region. Thus, all states inside the bounded region converge asymptotically
into the origin (black point) under regulation. The boundaries have the same
slope −ω. The intersection between the stabilisable region and the x axis
corresponds to the 2D support region.

the stable region. Utilising this property, Yamamoto et al. [7]
proposed a time-variant controller that modulates ω with the
vertical CoM motion for bipedal balancing.

Instead of the variation of ω, in the formulation with the
3D ZMP, the 2D support region scales according to the 3D
ZMP height, which encodes the vertical CoM position and
acceleration. Let us check that we can explain the change of
stabilisable boundaries even with the constant parameter ω0

through an example. Once vertical motion occurs with the
initial CoM height h = g/ω2

0 , the ZMP also moves vertically,
and the limits of the 2D support region

[
x′
Z,min, x′

Z,max

]
is

scaled by the following geometrical relationship.

x′
Z =

h− zZ
h

(xZ − xG) + xG

=
h− zZ

h
xZ +

zZ
h
xG =

g + z̈G
g

xZ +
z̈G
g
xG

(25)

Here, we use the initial condition zG = h. The following
state equation represents the horizontal dynamics:

d

dt

[
xG

ẋG

]
=

[
0 1
ω2
0 0

] [
xG

ẋG

]
+

[
0

−ω2
0

]
x′
Z

=

[
0 1

z̈G+g
g · ω2

0 0

] [
xG

ẋG

]
+

[
0

− z̈G+g
g · ω2

0

]
xZ

(26)

Focusing on the coefficient matrix, we find that the eigenval-
ues vary from ±ω0 to ±

√
(z̈G + g) /g · ω0. Therefore, with

the constant parameter ω0, the boundaries are represented by

xG +

√
g

z̈G + g
· 1

ω0
ẋG = xZ,min, (27a)

xG +

√
g

z̈G + g
· 1

ω0
ẋG = xZ,max. (27b)

For the definition of the variable parameter ω (9),

ω =

√
z̈G + g

h
=

√
z̈G + g

g
ω0. (28)

Hence, the boundaries with the constant parameter ω0 (27)
completely match the boundaries with the variable ω (24).
Fig. 5 illustrates this relationship on the phase portrait.

This discussion has no loss of generality, and we can apply
the results to all horizontal directions. While the variation of
ω describes the change of the stabilisable region with ZMPs
on the ground, the scale of the 2D support region explains
the same phenomenon.

V. SUMMARY

This paper investigated how the 3D ZMP behaves for
arbitrary CoM motions. The key points are summarised as
follows:

1) The 3D ZMP varies its height to represent the vertical
CoM motion while keeping the affinity of the CoM-
ZMP model and the linearity of the CoM-VRP model.

2) The 3D support region encodes the interference be-
tween the vertical and horizontal dynamics as local
scaling of 2D support region.

In addition, this paper reveals not only the exact model
linearity but also the invariance of ω0 and the existence
of the virtual repellent point even with arbitrary vertical
CoM motions. Future work includes controller design using
these properties effectively for various types of bipedal
locomotion. The discussed model is expected to reduce
computational costs of planning and control.
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