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Abstract— The ability to handle contact makes robots qualified
for many complicated tasks, such as welding, hammering, and
wiping. Robot cameras facilitate position planning and control
without the geometric knowledge of contact surfaces since they
can project contact surfaces onto a 2-dimensional image plane.
However, existing hybrid vision-force control (HVFC) methods
still rely on this knowledge to project the force on the constraint
subspace and do not adequately leverage the redundant degrees
of freedom (DoFs) for redundant robots with contact tasks. This
paper proposes an enhanced HVFC solution for redundant robots
equipped with an eye-to-hand camera to unify HVFC in the
Cartesian space and impedance control in the joint nullspace
into one closed-loop dynamics with rigorous stability guarantees.
Any geometric knowledge of contact surfaces is not required by
projecting the force into the redundant space of the visual task
rather than the surface’s normal space. Experiments on a seven-
DoF collaborative robot have verified that the proposed method
is qualified for simultaneous contact tasks in the Cartesian space
and compliant interaction in the joint nullspace.

I. INTRODUCTION

Contact between robot tooltips and environments frequently
occurs during complex operations, flexible object manipulation,
and interactions [1]. The ability to handle robot-environment
contact becomes crucial for versatile robots to assist humans
with repetitive, tedious, and time-consuming tasks in factories,
such as spot-welding, deburring, and assembly [2]. Hybrid
position-force control has been widely studied to tackle robotic
applications with surface contact, e.g., see [3]–[8], where the
essential idea is to control position and force in two separative
subspaces [9]. But many of the existing methods rely on the
geometric knowledge of the surface [3], [4]. Although some of
them get rid of this dependency [5]–[8], challenges remain with
aspect to computational efficiency, rigorous stability analysis
[5], the complex mechanical structure of macro-micro robots
[8], and a stringent condition of persistent excitation for the
accuracy estimation of the surface normal [6], [7]. Moreover,
as the desired signal of the above methods is the Cartesian
coordinate of the contact point, surface-based position planning
requires the extra processes of offline teaching without the
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surface geometry, degrading their practicability for real-time
operations and teleoperations.

Cameras (i.e., vision sensors) can project 3-dimensional
objects onto a 2-dimensional image plane. Thereby, position
planning and control can be directly operated on the image
plane through image-based visual servoing without any prior
geometric knowledge of the surface. Besides, cameras facilitate
teleoperation, enabling robots to work in tough and dangerous
environments. Therefore, hybrid vision-force control (HVFC),
as a natural evolution of hybrid position-force control, has
attracted much attention, where the vision feedback from a
monocular camera with the eye-in-hand [10], [11] or eye-to-
hand (ETH) [12]–[15] configuration can be applied to control
the position on the surface for various robots, e.g., unmanned
aerial manipulators [10], rigid robot manipulators [11]–[14],
and soft robots [15]. Regarding the HVFC methods for rigid
robot manipulators, there exist several limitations: 1) The
exact surface geometric knowledge is required in [12]; 2) an
approximate surface normal instead of the exact one is used in
[14]; 3) the tooltip orientation or contact force is assumed to
be along the surface normal, which are then used to estimate
the surface normal in [11], [13]; 4) none of them fully exploit
the redundant property of multi-DoF robot manipulators.

Motivated by the above investigation, this paper presents a
novel HVFC framework for redundant robot manipulators with
a monocular ETH camera to perform contact tasks on rigid
surfaces. Specifically, two translational degrees of freedom
(DoFs) of the tooltip are allocated for precise position control
on contact surfaces, while an additional DoF is dedicated to
force control so that it does not require any prior geometric
knowledge or the extra model estimation of contact surfaces.
The desired target is expressed in image coordinates, which
eliminates the need for geometric knowledge in position plan-
ning. Moreover, the remaining DoFs are effectively employed
for nullspace impedance control to ensure safe interactions
to some extent by sufficiently exploiting the redundancy of
multi-DoF robot manipulators. Hence, the proposed method
unifies visual servoing, force control, and impedance control
in a stable closed-loop system, which distinguishes it from
existing HVFC methods. Experiments are conducted on a
seven-DoF collaborative robot to validate the qualification
of the proposed HVFC for contact tasks on rigid surfaces and
compliant interactions in the joint nullspace.

Notation: R, R+, Rn, and Rm×n represent the spaces of
real numbers, positive real numbers, real n-vectors, and real
m × n-matrices, respectively, N denotes the set of natural
numbers, 0 denotes a zero matrix or vector, max{·} denotes
the maximum operator, ∥x∥ denotes the Euclidean norm of
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x, diag(x1, x2, · · · , xn) is a diagonal matrix with diagonal
elements xi to xn, and rank(B) is the rank of B, where n, m
∈ N, x ∈ Rn, xi ∈ R, Ai ∈ Rm×n, and B ∈ Rm×n.

II. CAMERA PROJECTION MODEL

Consider a redundant robotic system in Fig. 1 where an ETH
camera is fixed on the world frame {B}, and a feature point
Q is rigidly attached to the robot end-effector. Without loss of
generality, we assume that Q is the tooltip. Then, the projection
model of a pin-hole camera is built in this section.

Let x(t) ∈ R3 denote the coordinate of Q in {B}, p(t) =
[u, v, 1]T ∈ R3 be its homogeneous pixel coordinate on the
image plane, u(t), v(t) ∈ R be the coordinates at the u and v-
axes, respectively, K ∈ R3×3 be an intrinsic camera parameter,
and cTb ∈ R3×4 be an extrinsic camera parameter given by

cTb =
[
cRb

ctb
]

(1)

with cRb ∈ R3×3 and ctb ∈ R3 denoting the rotation matrix
and the translation vector from the world frame {B} to the
camera frame {C}, respectively. Then, the projection model
of a pinhole camera can be represented by [16]

p =
1

z
(Rx+ t) (2)

in which R := KcRb ∈ R3×3 and t := Kctb ∈ R3 are two
constant parameters of the ETH camera, and z(t) ∈ R+ is the
depth of Q in {C} calculated by

z(t) = rT3 x+ t3 (3)

in which rT3 ∈ R3 is the 3rd row of R, and t3 ∈ R is the 3rd
element of t. Taking the time derivation of (2) and (3), one
gets the following velocity relationships:

ṗ(t) =
1

z
Aẋ ∈ R3, (4)

ż(t) = rT3 ẋ ∈ R (5)

where A(t) := R − prT3 ∈ R3×3 is an depth-independent
image Jacobian matrix .

𝑥𝑏

World frame {𝐵}

𝑧𝑏

𝑥𝑐

𝑧𝑐

𝑐𝑇𝑏

Force sensor

Fig. 1. An illustration of a redundant robot with vision and force feedback,
where the robot has more DoFs than tasks in the Cartesian space.

III. A UNIFIED CONTROL FRAMEWORK

In the redundant robotic system shown in Fig. 1, the position
x of the tooltip (i.e., Q) is observed by an ETH camera, and
a force sensor mounted on the wrist is used to measure the
contact force Fe ∈ R3. Fig. 2 shows the block diagram of the
overall system, where impedance control is implemented in the
joint nullspace to fully use robot redundancy, and an HVFC
method is developed in the Cartesian space to perform surface
contact tasks with 3 DoFs.

A. Joint Nullspace Impedance Control

The dynamics of an n-DoF redundant robotic manipulator
can be described by an Euler-Lagrange formulation

M(q)q̈ + C(q, q̇)q̇ + g(q) = τc + τe (6)

where q(t), q̇(t) and q̈(t) ∈ Rn are vectors of joint positions,
velocities, and accelerations, respectively, M(q) ∈ Rn×n is
an inertial matrix, C(q, q̇) ∈ Rn×n is a centripetal-Coriolis
matrix, and g(q), τc(t), τe(t) ∈ Rn are vectors of gravity,
control, and external torques, respectively. Note that τe can
be measured by torque sensors or estimated as in [17]. The
velocity ẋ ∈ R3 and acceleration ẍ ∈ R3 of the feature point
Q in the Cartesian space are generated by

ẋ = J(q)q̇, ẍ = J(q)q̈ + J̇(q)q̇ (7)

where J(q) ∈ R3×n is the translational part of a robot Jacobian
of Q. As only the nonsingular case is considered here, one has
rank(J(q)) = 3. Let the nullspace projection matrix be N :=

I − JNJ ∈ Rn×n with JN := M−1JT (JM−1JT )
−1 ∈

Rn×n [18]. Then, N has the following properties: 1) JN = 0;
2) NM−1JT = 0; 3) NN = N ; 4) MN = NTM [19].

Applying an overall control torque

τc = JT (q)Fc +MNτn + C(q, q̇)q̇ + g(q) (8)

to (6) with Fc ∈ R3 and τn ∈ Rn being the input forces in the
Cartesian space and joint nullspace, respectively, one gets

q̈ = M−1JTFc +Nτn +M−1τe. (9)

+

Nullspace imepdance 
control   in (10)

Visual control 

Force Control
 

+

+

Cartesian space hybrid
control  in (13)

Extrenal torque  and joint state  

Feature point  

Contact force   

+ Robot
dynamics (6)

Robotic system

   
Torque sensor
Force sensor

Camera

Perception 
system

Fig. 2. A block diagram of the proposed HVFC framework. Note that this
framework does not depend on any geometric knowledge of the contact surface,
and the control torque τc and the hybrid control force Fc also include other
items that are used for nonlinear compensation.
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Design a control torque τn in the joint nullspace

τn = q̈d −M−1
d (Bd

˙̃q +Kdq̃), (10)

where q̃(t) := qd(t) − q(t) ∈ Rn is a tracking error with
qd(t) ∈ Rn being the desired joint position, and Md, Bd, and
Kd ∈ Rn×n are the positive-definite desired inertia, damping,
and stiffness matrices, respectively.

B. Cartesian Space Hybrid Control

Let p̃ := p−pd ∈ R3 be a pixel error and F̃e := Fe−Fd ∈
R3 be a contact force error, where pd ∈ R3 and Fd ∈ R3

are the desired pixel position and the desired contact force,
respectively. Then, the objective is expressed by

p̃ → 0, F̃e → 0.

First, left-multiplying both sides of (9) by J and using the
property JN= 0, one obtains

J q̈ = JM−1JTFc + JM−1τe. (11)

Then, combining (11) with (7) leads to

Λẍ− ΛJ̇(q)q̇ = Fc + ΛJM−1τe (12)

with Λ := (JM−1JT )−1 ∈ R3×3. Before giving the hybrid
control force Fc, we present the following property.

Property 1: Let D := AT + 1
2r3p̃

T ∈ R3×3 and Z :=
[d1,d2, r3] ∈ R3×3 with di ∈ R3 being the ith column of D.
If rank(R) = 3, one has rank(D) = 2 and rank(Z) = 3. Besides,
denoting ζT ∈ R3 as a normalized vector of the 3rd row of
Z−1, one has ζT ζ = 1, ζTD = 0, and DT ζ = 0.

Proof: 1) Using the definition of A in (4), one gets

D = AT +
1

2
r3p̃

T = RT − r3p
T +

1

2
r3p̃

T

= RT − 1

2
r3(p+ pd)

T =
(
RT − r3η

T
)

with η = [η1, η2, η3]
T := 1

2 (p+ pd) ∈ R3 and η3 = 1, so

D =
[
r1 − η1r3 r2 − η2r3 0

]
,

Zn =
[
r1 − η1r3 r2 − η2r3 r3

]
.

If rank(D) < 2, there must exist two real numbers k1, k2 ∈ R
that are not all 0, such that k1(r1−η1r3) + k2(r2−η2r3) = 0
that can be rearranged to k1r1+k2r2+(−k1η1−k2η2)r3 = 0.
As this equation collides with rank(R) = 3 even when −k1η1−
k2η2 = 0, there must have rank(D) = 2. We can get rank(Z)
= 3 by a similar way. Additionally, as ζT is the normalized
vector of the 3rd row of Z−1 and Z−1Z = I , we have ζTZ =
[0, 0, ζTr3], i.e., ζT (r1 − η1r3) = 0, ζT (r2 − η2r3) = 0,
which implies ζTD = 0 and DT ζ = 0.

The hybrid control force Fc is given by

Fc = −ΛJ̇(q)q̇ − ΛJM−1τe − (Kv +Ω(q, q̇))ẋ

− kfζζ
T F̃e −DKsp̃− D̄+D̄TKIẋ, (13)

with D̄ := [d1,d2] ∈ R3×2 being a full-rank submatrix of D,
D̄+ := D̄(D̄T D̄)−1 ∈ R3×2, and Ω(q, q̇) := −ΛJM−1J̇TΛ
+ΛJM−1CM−1JΛ ∈ R3×3, in which Ks ∈ R3×3, KI ∈
R3×3, Kv ∈ R3×3 and kf ∈ R are positive-definite control

gains, and Ω satisfies the skew-symmetry of Λ̇−2Ω [20]. Then,
substituting (13) into (12) leads to the following closed-loop
dynamics in the Cartesian space

Λẍ+(Kv+ D̄+D̄TKI+Ω)ẋ = −kfζζ
T F̃e−DKsp̃. (14)

Note that the 3rd column of D is 0, and one has ζT D̄ = 0 and
D̄T D̄+D̄T = D̄T from Property 1.

C. Theoretical Results With Stability Analysis

The following theorem concludes the theoretical results of
the proposed HVFC method.

Theorem 1: Consider a redundant robotic system (6) driven
by the control law composed of (8), (10) and (13). The closed-
loop dynamics has global stability in the sense that:

1) The robot manipulator has a compliance behavior in the
nullspace (i.e., the projection space of N );

2) The projected contact force error ζT F̃e exponentially
converges to 0;

3) The pixel error p̃ asymptotically converges to 0 such that
the tooltip (i.e. the feature point Q) reaches the desired
contact point on the surface.

Proof: 1) Left-multiplying both sides of (9) by N and
using the property NM−1JT = 0, one obtains the closed-loop
dynamics in the nullspace as follows:

N(q̈ − τn −M−1τe) = 0. (15)

Substituting (10) into (15) yields

N
(
¨̃q +M−1

d (Bd
˙̃q +Kdq̃)−M−1τe

)
= 0 (16)

which shows the compliance feature in the nullspace. Particu-
larly, if the desired inertia is chosen to be the same as the robot
inertia, i.e., Md = M , one has

NM−1(M ¨̃q + (Bd
˙̃q +Kdq̃)− τe) = 0.

As MN = NTM , the above equation can be rewritten to

NT (M ¨̃q +Bd
˙̃q +Kdq̃ − τe) = 0. (17)

Thus, the robot has a compliance behavior as M ¨̃q + Bd
˙̃q +

Kdq̃ − τe = 0 with the user-specified desired damping Bd

and desired stiffness Kd in nullspace.
2) Left-multiplying both sides of (14) by ζT and using the

properties ζT ζ = 1, ζTD = 0 and ζT D̄ = 0̄ yields

ζT
(
Λẍ+ (Kv +Ω)ẋ+ kf F̃e

)
= 0. (18)

Hence, one obtains the subspace closed-loop dynamics

Λẍ+ (Kv +Ω)ẋ = −kf F̃e. (19)

The contact model of a rigid surface can be expressed by

Fe(t) = Ko(x(t)− xo)

where Ko ∈ R3×3 is a positive-definite stiffness matrix, and
xo ∈ R3 is a constant equilibrium position of the contact point.
Thus, for a constant Fd, one has ˙̃Fe(t) = Ḟe(t) = Koẋ. Select
a Lyapunov candidate function

Vf = ẋTΛẋ+ kf F̃
T
e K−1

o F̃e.
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Taking the time derivation of Vf leads to

V̇f = 2ẋTΛẍ+ ẋT Λ̇ẋ+ 2kf F̃
T
e K−1

o
˙̃Fe.

Applying the above equation, (19) and the skew-symmetry of
Λ̇−2Ω, one gets V̇f = −2ẋTKvẋ ≤ 0. From the Invariant Set
Theorem [21], ẋ eventually reaches an invariant set M1 :=
{ẋ|V̇f ≡ 0} with ẋ ≡ 0, which implies by (19) that ẍ ≡ 0 and
F̃e ≡ 0 in the projection space of ζT . Therefore, one obtains
the convergence of ζT F̃e → 0 exponentially.

3) Left-multiplying (14) by D̄T and applying the properties
D̄T ζ = 0 and D̄T D̄+D̄T = D̄T yields

D̄T (Λẍ+ (Kv +KI +Ω)ẋ+DKsp̃) = 0.

Thus, one gets another subspace closed-loop dynamics

Λẍ+ (Kv +KI +Ω)ẋ = −DKsp̃. (20)

Select a Lyapunov candidate function

V =
1

2
ẋTΛẋ+

1

2
zp̃TKsp̃.

Calculating V̇ and using Λ̇− 2Ω = 0 yield

V̇ = ẋTΛẍ+
1

2
ẋT Λ̇ẋ+ zp̃TKs

˙̃p+
1

2
żp̃TKsp̃

= zp̃TKs
˙̃p+

1

2
żp̃TKsp̃− ẋT (Kv +KI)ẋ− ẋTDKsp̃.

Applying (4) and (5) results in

zp̃TKs
˙̃p+

1

2
żp̃TKsp̃ = ẋTATKsp̃+

1

2
ẋTr3p̃

TKsp̃

= ẋT (AT +
1

2
r3p̃)Ksp̃ = ẋTDKsp̃.

Combining the above two results leads to

V̇ = −ẋT (Kv +KI)ẋ ≤ 0.

Therefore, ẋ ultimately converges to a set M2 := {ẋ|V̇ ≡ 0}
with ẋ ≡ 0 from the Invariant Set Theorem [21], which in
turn implies DKsp̃ = 0 from (14). As rank(R) = 3, one has
rank(D) = rank(D̄) = 2 from Property 1. Hence, one gets
p̃ = 0, as rank(Ks) = 3 and the available dimension of p̃ is 2
excluding the 3rd element with a constant value of 0.

Remark 1: In the hybrid control force Fc (13), Ks and kf
are the gains of the pixel error p̃ and the projected force error
ζT F̃e, respectively. The dynamics in (19) and (20) indicate
that Kv is the damping for both vision and force control, while
KI is only used to adjust the damping for vision control.

Remark 2: If Fd = fdFe/∥Fe∥ with fd ∈ R+ being the
desired value along the contact force Fe and ζT F̃e = 0, one
has (f − fd)ζ

TFe/∥Fe∥ = 0, which implies f − fd = 0
when Fe is not in the direction of ζ. Since the normal of a
friction-free surface can be denoted by n = Fe/∥Fe∥, the
proposed HVFC method can control the contact force Fe along
the surface normal by setting Fd = fdFe/∥Fe∥.

IV. EXPERIMENTAL VALIDATION

This section verifies the proposed approach on a seven-DoF
redundant collaborative robot named Franka Emika Panda. The
experimental setup is shown in Fig. 3, where an ATI Gamma
force/torque sensor is installed on the robot end-effector to
measure the contact force Fe, torque sensors in each actuator
are used to measure the external torque τe, a gripper is mounted
on the F/T sensor, a red rectangle marker acting as a feature
point Q is attached to its tip, and a monocular ETH camera
named RealSense D435i (from Intel Inc.) with 30 frames per
second is fixed towards the robot to guarantee that Q is in the
view of the camera. The control law (8) with (10) and (13) is
implemented on a personal computer with the Robot Operating
System and the Ubuntu System. The image feature is extracted

Panda robot

Force sensor

Contact tip

Contact surface

ETH camera

𝑃

Control box

Fig. 3. An experimental setup, where a red rectangle marker is used for
position control, and P denotes a contact point on the surface.
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position q. (c) The interaction torque τh. (d) The contact force Fz at the z-axis. (e) The pixel position u at the u-axis. (f) The pixel position v at the v-axis.

by color and shape using OpenCV.
The initial joint configuration is q(0) = [105, 35, −95,

−130, 80, 140, 10]T degrees. Unless otherwise specified, the
control parameters in (13) are set as Ks = 0.00012I , Kv =
10I , KI = 34I , and kf = 1. The desired impedance param-
eters in (8) are set as Md = M , Bd = diag(8, 8, 8, 8, 8, 5, 5)
and Kd = diag(4, 4, 4, 4, 2, 2, 2). Two experimental cases are
considered to validate hybrid control and nullspace compliance,
respectively, where in Case 1, the proposed HVFC is compared
to a parallel vision-force control (PVFC) method with a parallel
scheme in [9] and the control law (8) with (10) and

Fc = −ΛJ̇(q)q̇ − ΛJM−1τe − (Kv +Ω(q, q̇))ẋ

− kf F̃e −DKsp̃+ D̄+D̄TKIẋ.

The proposed HVFC has a framework that can decouple the
force and vision subspaces, while the PVFC does not control
the force in the orthogonal subspace of the vision task space.
The parameters of the two controllers are set the same for fair

comparisons. Unlike the HVFC, the force control of the PVFC
is not achieved in the individual projection space.

Case 1: A slow tracking task is designed as a repeating
polishing or wiping task on a planar surface with an unknown
slope (i.e., the unknown surface normal). The desired trajectory
pd := [ud, vd, 1]

T is an ellipse that can be expressed by

a = (p1 − p2)/2, b = (p1 + p2)/2,

u = b1 + a1 cos(0.5t) +
50a2
∥a∥

sin(0.5t),

v = b2 + a2 cos(0.5t)−
50a1
∥a∥

sin(0.5t)

with ai and bi being the ith element of a and b, respectively,
where p1 and p2 are two-pixel positions that are manually
selected on the image plane. The desired contact force is set to
Fd = 8 Fe

∥Fe∥ N. Although high-accuracy tracking is not shown
by both methods as they are designed for position regulation,
the path of the tooltip Q by the proposed HVFC is much closer
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to the desired path pd [see Fig. 4(a)], despite of their similar
force control performance with a maximum error of 1.5 N
between the norms ∥Fe∥ and ∥Fd∥ [see Fig. 4(b)].

Case 2: An experiment is designed to show the nullspace
compliance of the robot. As the planar surface has a normal
close to the z-axis of the world frame {B} in this experiment,
only the contact force Fz along z−axis is considered with its
desired value Fzd = 8 N. The desired pixel position pd is
manually selected to match the pixel position of P . A human
operator exerts an interaction tore τh ∈ R7 (calculated by
τh = τe − JTFe) on the robot by pulling and dragging the 5th
link [see Fig. 5(a)]. Experimental results show that the joint
position q varies with τh, resulting in a mild interaction torque
with ||τh|| < 8 N/m [see Fig. 5(b)-(c)]. Note that q would
not recover after τh = 0 due to the small stiffness Kd and
friction. On the other hand, the pixel positions u and v of Q
deviate from their desired values ud and vd within 5 pixels,
respectively, and the contact force Fz deviates from its desired
value Fdz within 2 N [see Figs. (c)-(f)], which indicates that
the nullspace compliant interaction has tiny influences on the
contact task in the Cartesian space.

V. CONCLUSION

This paper has proposed a unified framework of HVFC
and nullspace compliance for redundant robots with contact
tasks, where vision feedback from an ETH monocular camera
is applied for position control on contact surfaces, and force
feedback from a force sensor is utilized for direct contact
force control. The proposed method achieves position and
force control on the surface without prior geometric knowledge
and impedance control in the joint nullspace, which prevents
harmful contact forces. Experiments on a seven-DoF redundant
robot have validated the above distinctive features. Future work
would focus on improving tracking performance and compliant
visual control in contact tasks.
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