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Abstract— Modeling the energy consumption of a quadrotor
involves complex electrical and physical dynamics, making it
difficult to optimize. To address this challenge, this paper
presents a multi-fidelity Gaussian process (MFGP) method
that efficiently learns an accurate energy prediction model
by combining many low-fidelity samples from a simple motor
model with a few computationally expensive samples from a
numerical battery simulation. We present extensive sample-
efficiency experiments, demonstrating that a single-fidelity
model often needs 10 times more high-fidelity data to match
the accuracy achieved by the MFGP. The energy prediction
model is then applied to a reinforcement learning (RL) agent,
providing a reward signal to a minimum energy planning policy.
The RL policy generates more energy efficient trajectories than
those found by the minimum snap baseline method, achieving
an average 3.6% energy reduction.

I. INTRODUCTION

Energy-efficient trajectory planning is a critical component
in autonomous vehicles and mobile robots because it ensures
the most effective use of the limited energy budget. In
numerous mobile robotics applications, energy efficiency is
closely linked to the speed profile. Energy is defined as the
product of power and operation time. As such, one way to
reduce energy consumption is to shorten the total trajectory
time. However, such trajectories can be risky and demand a
higher actuator utilization, leading to increased power use.
Conversely, slow trajectories can consume more energy due
to the static power required for operating—UAVs need power
for hovering, and cars consume energy to keep the engine
running. The balance between minimizing average power and
total operating time is illustrated in Figure 1. This paper aims
to identify the optimal balance between speed extremes, with
a specific focus on quadrotor vehicles.

To generate energy-efficient trajectories, several works in-
corporate an energy model, either aerodynamic or electrical,
as an objective function of non-linear trajectory optimiza-
tion. [1] employs an aerodynamics-based energy model to
evaluate the energy of elementary quadrotor maneuvers. [2],
[3] model both the aerodynamics and electrical systems to
generate a series of trajectory primitives through nonlin-
ear optimization. [4] instead studies different polynomial
trajectory classes to find the most energy efficient choice
for a set of one dimensional trajectories. It concludes that
minimum snap trajectories, which produce a smooth fourth-
order polynomial, are the most energy efficient compared to
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Fig. 1: The main challenge in minimum energy trajectory planning
involves balancing minimizing operating time with average power
consumption. The proposed method provides an accurate power
consumption model to precisely identify the optimal balance be-
tween these two objectives.

lower order polynomials. [5] conducts more extensive studies
over a polynomial trajectory class connecting randomly
generated trajectories in 3-D, which shows that the minimum
acceleration trajectories are more energy efficient than snap
and jerk minimization under a fixed time allocation.

Existing approaches often simplify energy modeling to
manage a trade-off between computational efficiency and
optimization complexity. Such simplified models cannot fully
account for critical aspects of battery usage—like voltage
drops, changes in internal resistance, and degradation—all of
which are crucial in practical applications. Moreover, these
approaches often necessitate predetermining the final trajec-
tory time, focusing solely on optimizing collocation points
to reduce the complexity of the optimization process. How-
ever, these approaches overlook the fact that operating time
significantly influences energy optimization. Furthermore,
the non-linear relationship between energy consumption and
speed implies that a trajectory considered optimal at a given
operating time might not remain optimal if the time varies.

Our main contribution is a multi-fidelity technique to train
an energy prediction model efficiently, as well as a rein-
forcement learning (RL) framework to develop a planning
policy based on this prediction model. The key approach
is to efficiently leverage complex and realistic simulations
to train the energy prediction model, thereby avoiding the
need to oversimplify battery models. It’s noteworthy that
the multi-fidelity method has been applied to achieve time-
optimal trajectories in our previous work [6]. Building upon
this approach, this paper studies the modeling of quadrotor
energy consumption ahead of time, which could provide
additional insights for mission planning while also enabling
efficient trajectory optimization.
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• Energy prediction model: We train the energy model
with data from a realistic battery simulation to accu-
rately capture complex battery performance. The num-
ber of training data points is minimized by integrating
a simple power simulation (low-fidelity model) using
a multi-fidelity Gaussian process (MFGP) model. This
approach enables the energy prediction model to achieve
a low estimation error with just a few high-fidelity
samples, significantly outperforming a single-fidelity
model trained without this low-fidelity augmentation.

• Training planning policy: The planning policy is
trained to maximize the energy savings estimated by
the energy prediction model. By employing the energy
prediction model as a reward function, we circumvent
the need for numerous expensive evaluations for RL
training. The trained policy model generates trajectories
that consume 3.6 % less energy compared to baseline
minimum-snap trajectories, which were previously con-
sidered highly energy-efficient. In contrast, when the
policy is trained for minimum time, it produces faster
trajectories but at the cost of a 60 % increase in battery
consumption.

II. PRELIMINARIES

A. Min-snap Trajectory Optimization

Minimum snap trajectory planning is a popular choice for
quadrotors [7]. The method produces a fourth-order polyno-
mial in position and a second order polynomial for yaw an-
gle. As the fourth-order derivative of position represents the
rate of change of the vehicle’s state, minimizing it produces
trajectories that require less rapid motor adjustments, often
regarded as energy-efficient flight paths for quadrotors [4].
For a sequence of m-waypoints p̃i, each consisting of a
prescribed position p̃ir ∈ R3 and yaw angle p̃iψ ∈ S1
(p̃ =

[
p̃0 · · · p̃m

]
), this approach models the trajectory using

piecewise continuous polynomials. These polynomials map
time to position and yaw, i.e. , p(t) =

[
pr(t)

⊺
pψ(t)

]⊺
(pr(t) ∈ C4, pψ(t) ∈ C2), and each polynomial segment
connects two adjacent waypoints. S1 denotes the circular
angle space, and Cn is the differentiability class where its
n-th order derivatives exist and are continuous.

The coefficients of the polynomial trajectory are deter-
mined by solving the following optimization problem:

minimize
p=[pr,pψ],x∈Rm≥0

σ (x, p)

subject to p(0) = p̃0, p
(∑i

j=1xj

)
= p̃i, i = 1, . . . , m,

p ∈ P
(1)

where

σ(x, p) =

∫ ∑m

i=1
xi

0

∥∥∥∥d4prd4t

∥∥∥∥2 + (d2pψ
d2t

)2

dt. (2)

P represents the set of dynamically feasible trajectories, i.e.,
trajectories that require admissible motor speed commands.
xi, the pivotal optimization variable, denotes the time al-
location between two consecutive waypoints p̃i−1 and p̃i

(x =
[
x1 · · ·xm

]
), and is exclusively determined through

non-linear optimization.
This method consists of three components to efficiently

solve the optimization problem: 1) Inner-loop spatial opti-
mization that uses quadratic programming to derive poly-
nomial coefficients based on the time allocation between
waypoints:

χ(x, p̃) = argmin
p=[pr,pψ ]

σ (x, p)

subject to p(0) = p̃0, p
(∑i

j=1xj

)
= p̃i, i = 1, . . . , m,

(3)
2) Outer-loop temporal optimization via non-linear program-
ming that minimizes the output of the inner-loop quadratic
programming and determines the time allocation ratio, x̃:

minimize
x̃∈Rm≥0

σ (χ(x̃, p̃), x̃) subject to
∑m

i=1
x̃i = 1, (4)

3) Line search optimizing over a scalar α to generate the
feasible trajectory with the lowest energy, given an energy
evaluation function fe:

minimize
α∈R>0

fe(αx̃, p̃), subject to χ(αx̃, p̃) ∈ P. (5)

Here, the actual time allocation is defined as the product of
α and the time allocation ratio: x = αx̃.

When a vehicle starts and ends in a stationary state,
with zero velocity and acceleration, uniformly scaling time
allocations does not alter the trajectory’s shape but shifts
control commands away from the default stationary control
commands [7]. This method can be computationally expen-
sive, depending on the fe. This optimization method serves
as the baseline for comparing the energy consumption against
our resulting trained policy.

B. Multi-fidelity Gaussian Process

In this paper, we employ the Multi-fidelity Gaussian
Process (MFGP) to efficiently model the energy function
based on sparse multi-fidelity evaluations. Given a collec-
tion of data points Z = {z1, · · · , zN} with their associ-
ated evaluation outcomes from the l-th fidelity level yl =
{yl,1, · · · , yl,N}, the prior Gaussian distribution is modeled
using a multi-fidelity covariance kernel. The key idea of the
multi-fidelity covariance kernel Kl(Z,Z) is utilizing cheap
low-fidelity evaluations to efficiently model the high-fidelity
measurements. The relationship between the distributions of
different fidelity levels is represented by the nonlinear space-
dependent transformation proposed in [8]. An element of the
l-th covariance kernel kl(z, z′) is estimated as

kl(z, z
′) = kl,corr(z, z

′)(σ2
l,linear fl−1(z)

T fl−1(z
′)

+kl,prev(fl−1(z), fl−1(z
′))) + kl,bias(z, z

′),
(6)

where fl−1 is the Gaussian process estimation from the
preceding fidelity level, σl,linear is a constant scaling the
linear covariance kernel, and kl,prev, kl,corr and kl,bias
represent the covariance with the preceding fidelity, the
space-dependent correlation function and the bias function,
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Fig. 2: Overview of the proposed algorithm: The approach begins by modeling quadrotor energy dynamics based on battery characteristics.
A multi-fidelity Gaussian process model approximates this battery simulation, improving computational efficiency. This energy model then
provides the reward signal for a reinforcement learning policy, generating minimum energy trajectories.

respectively. Based on the covariance matrix with the multi-
fidelity kernel, the likelihood is modeled as

P (yl|Z) = N (yl|0,Kl(Z,Z)), (7)

and the prediction on the l-th fidelity level over the new data
points is obtained by marginalizing the training data points
as follows:

P (y∗|z∗,Zl,yl) =
∫

P (y∗|z∗,Zl,yl)P (yl|Zl)dyl. (8)

MFGP is further accelerated with the inducing points
method [9], [10], [11], which approximates the distribution
P (yl|Z) by introducing a variational distribution q(u) =
N (m,S). The hyperparameters m,S represent the mean and
covariance of the inducing points u. The method minimizes
the following variational lower bound as a loss function to
determine the inducing points and maximize the marginal
likelihood P (yl|Zl):

LM(y,Z) = −Eq(u) [logP (y|u)] +DKL [q(u)∥P (u|Z)] .
(9)

M := (θ,m,S) is the set of all hyperparameters, and θ is
the hyperparameters of the Gaussian process kernel. These
hyperparameters of the MFGP are determined by minimizing
the sum of the variational lower bounds across all fidelity
levels:

LMFGP =

L∑
l=1

LMl
(yl,Zl). (10)

The MFGP is implemented with GPyTorch [12] based on
the work presented in [13].

III. METHODS

The objective of the proposed method is to develop
planning policy that generates minimum-energy trajectory.
For a given waypoint sequence p̃, we formulate the trajectory
optimization problem as follows:

minimize
x

fe(x, p̃), subject to χ(x, p̃) ∈ P. (11)

Our optimization variables are the time allocations between
waypoints, representing the traversal times. A piecewise
polynomial trajectory is derived from the time allocation
through the quadratic programming of the minimum snap
method. fe(x, p̃) in (11) refers to the energy estimate of the

polynomial trajectory obtained from a time allocation x and
sequence of waypoints p̃.

We introduce a multi-fidelity reinforcement learning
(MFRL) approach for training a planning policy that de-
termines energy optimal time allocations for a given se-
quence of waypoints. Accurate energy consumption estima-
tion necessitates complex simulations, leading to extended
evaluation times. To reduce the number of necessary energy
consumption estimations for training, we create a proxy
model for energy estimation, denoted f̂e, using a Gaus-
sian process. We employ a multi-fidelity kernel within the
Gaussian process, complemented by a hierarchical evaluation
method, to enhance the efficiency of model construction.
Subsequently, the planning policy is trained with RL, aiming
to minimize energy consumption estimates obtained from the
Gaussian process model.

A. Estimation of Energy Consumption

We use two methods, differing in accuracy and computa-
tional demand, to estimate energy consumption for planned
trajectories. For given sets of time allocations and waypoint
sequences, both models calculate the energy consumption of
the piecewise polynomial trajectory derived from (3). Due
to differences in fidelity, the optimal trajectories identified
by each model may vary. By leveraging both models, our
objective is to efficiently determine optimal minimum-energy
trajectories for high-fidelity evaluation, balancing accuracy
with computational cost.

The low-fidelity method estimates energy consumption by
applying a differential flatness transformation to sparsely
sampled points along the piecewise polynomial trajectory.
This transformation converts position, yaw, and their deriva-
tives at each point into motor speeds based on the ideal
quadrotor dynamics model. Energy consumption is estimated
using the model from [5], which maps rotor speed ωi to
power Pi for each i-th motor.

Fi = τω2
i (12)

Pi = ηF 1.5
i (13)

τ in (12), is a predefined coefficient relating the motor thrust
Fi to a rotor angular speed. η > 0 in (13) is a coefficient that
depends on air density and motor parameters [5]. A realistic
value for coefficient η is determined from real-world flight
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experiments, involving 50 random trajectories flown by our
reference quadcopter, which is equipped with rotor speed
sensors and an inline battery voltage and current sensor, as
depicted in Figure 3a.
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Fig. 3: (a) The drone utilized for data collection, with the inline
current and voltage sensor highlighted in the red box. (b) A real-
world flight example using the reference quadcopter, illustrating the
comparison between noisy sensor data and our fitted model.

The high-fidelity model uses the same motor speed to
power mapping but with more accurate dynamics simulation
and Lithium Polymer (LiPo) battery simulation. The motor
speeds are obtained from the closed-loop dynamics simula-
tion in [14], which includes a simplified spherical drag force.
The LiPo battery simulation incorporates the model from
[15], which estimates the open circuit voltage VOC based
on the state of charge (SOC), indicating the percentage of
remaining battery capacity. Minimizing energy consumption
is equivalent to reducing the SOC drop during a flight. As
depicted in Figure 4a, the open circuit voltage decreases with
battery usage, or as the SOC declines, which is a common
characteristic of batteries. In addition to the nonlinear map of
VOC, our LiPo simulation accounts for the battery’s internal
resistance, Rint, a function of SOC and temperature, follow-
ing the methodology outlined in [16]. Figure 4b illustrates
how the battery’s internal resistance varies with SOC at
different temperatures. For our implementation, we assume
a constant temperature of 23◦C. The output voltage Vout of
the high-fidelity model is then given as follows:

Vout = VOC − i ·Rint. (14)

For the low-fidelity model, we assume that the output voltage
is the nominal at Vnom = 3.7V without simulating the battery.

The current draw is estimated from the output voltage; for
high-fidelity models using Vout, and for low-fidelity models
using Vnom. The battery on the reference drone is a 4-cell
LiPo with a capacity of Qbatt = 2Ah, so the single cell
voltage is multiplied by 4.

ilf =

4∑
i=1

Pi
4 · Vnom

, ihf =

4∑
i=1

Pi
4 · Vout

(15)

The final SOC for the trajectory is determined by integrating
the current draw across the total flight duration.

SOChf = 100

∫ tf

t0

ihf/Qbatt (16)
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Fig. 4: (a) The voltage model across different fidelity levels. (b)
The internal resistance, which varies with temperature and state of
charge (SOC). The ambient temperature for our simulations is set
to 23◦C.

SOClf = 100

∫ tf

t0

ilf/Qbatt (17)

In the high-fidelity simulation, it is assumed that each trajec-
tory begins with a fully charged battery at 100 % capacity,
with the SOC representing the decrease in battery state over
the flight.

B. Energy Prediction Model

We introduce an MFGP-based energy prediction model as
a surrogate for the two forward-loop simulations discussed
in the previous section. Integrating these simulations directly
into trajectory optimization presents significant challenges
due to the high computational demands and difficulty in
optimization formulation. To address this, we develop an
MFGP-based model capable of predicting the high-fidelity
SOC (SOChf) for trajectories derived from sequences of
waypoints and time allocations. This model serves as a re-
ward estimator within the reinforcement learning framework
for developing the planning policy. This approach adeptly
manages the trade-off between accuracy and computational
efficiency across various fidelity levels while enabling active
adaptation of the prediction model during reinforcement
learning.

The training data consists of waypoint sequences, where
waypoint positions are randomly sampled in a unit cube
[−0.5, 0.5]3 and then scaled by the desired space scale Lspace.
The yaw component for each waypoint is set tangential to
the local velocity of the minimum-snap trajectory, which
is obtained by solving (4) without considering yaw values.
Energy labels, defined as minimum-snap time allocations that
minimize energy, are created through a two-step process:
Initially, we perform nonlinear optimization as detailed in
(4) to generate a normalized time allocation x̃MS. Following
this, a line search procedure in (5) identifies a minimum-
energy time allocation xMS. By scaling the time allocation
with a grid of α ∈ [0.2, 2.0], we augment the dataset
with more SOC simulations near the minimum energy time
allocation. We generate a multi-fidelity dataset by deriving
SOC estimates for the entire dataset using low-fidelity sim-
ulation, while estimating a smaller subset with high-fidelity
simulation to reduce overall computation time.

The energy prediction model, illustrated in the center of
Figure 2, predicts the SOChf of a trajectory obtained from a
given waypoint sequence and time allocations. A recurrent
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neural network (RNN) architecture with gated recurrent units
(GRU) encodes the variable length input sequence into a
latent embedding vector. The input waypoint sequence is a
vector sinput

energy normalized by being divided by the dimension
of the space and the time allocation by average trajectory
time Tavg. The ith element is:

sinput
energy,i = [p̃ir/(Lspace/2) cos(p̃iψ) sin(p̃iψ) fEOS xi/Tavg].

(18)
fEOS represents the end-of-sequence flag, being one at the last
waypoints and zero elsewhere. Tavg is calculated by dividing
the distance between waypoints by the average speed of the
training trajectories. The latent embedding vector is obtained
from the last hidden state of recurrent network through fully
connected layers.

The multi-fidelity Gaussian process (MFGP) estimates
energy consumption based on the embedding vector. The
high-fidelity model’s GP prior kernel leverages estimates
from the low-fidelity kernel, as in (6). Energy consumption
is typically linearly proportional to flight time. To capture
more complex patterns beyond this simple relationship, our
proposed model is trained to output normalized energy as
follows:

ylabel = (
SOC∑
i xi

− µSOC)/σSOC. (19)∑
i xi represents the total flight time of the trajectory. µSOC

and σSOC represent the mean and standard deviation of the
average SOC across all trajectories in the dataset. The output
of the energy estimate function f̂e, is a Gaussian distribution
defined by mean µ̂e and variance σ̂e. The energy prediction
models are trained using the variational loss function in (10).

C. Planning Policy

By employing our multi-fidelity energy prediction model,
we develop the planning policy via reinforcement learning.
The policy is trained to output the minimum time allocation
x̃ given a variable-length waypoint sequence p̃. The policy
model’s input is the normalized waypoint sequence, differing
from the energy prediction model’s input by excluding time
allocation:

sinput
policy,i = [p̃ir/(Lspace/2) cos(p̃iψ) sin(p̃iψ) fEOS]. (20)

Shown on the right side of Figure 2, it utilizes a model
inspired by [17], replacing the energy prediction model’s GP
decoder with a GRU and an attention module for generating
time allocation sequences. Additionally, a variational autoen-
coder (VAE) connects the encoder and decoder to prevent
memorization. The decoder output at each recurrent step
is transformed into the normalized time allocation xi/Tavg
using a multilayer perceptron (MLP).

The policy is initially pretrained to replicate the xMS
min-snap time allocations from the baseline method by
minimizing the following loss function:

LPretrain = LRecon + LVAE + LMinSnap. (21)

LVAE is the evidence lower bound (ELBO) loss from the
VAE, as in [18], and LMinSnap is the mean squared error

(MSE) loss between the output time allocations and the
minimum snap time allocations. To further enhance training
stability, the policy reproduces input waypoints p̃ as outputs
and minimizes the MSE between reconstructed and original
waypoints (LRecon), alongside other losses.

The policy undergoes reinforcement learning training to
optimize time allocations for minimal energy consumption.
To improve convergence and mitigate training instabilities,
we initialize the reinforcement learning process using a
pretrained model. A reward signal of RL is designed to
minimize the energy estimate while ensuring the trajectory
remains feasible. To approximately enforce the feasibility,
we apply a velocity constraint to the trajectory derived
from the policy’s time allocations. This involves setting a
maximum speed, vmax, derived from the equilibrium point
at which the maximum thrust force and aerodynamic drag
force are balanced. For the time allocation output by the
policy, we generate the polynomial p(t) via (3) and find
the norm of the maximum velocity vtraj = maxt(||ṗ(t)||).
A scaling factor ϕ ≥ 1 is applied to the time allocation to
reduce the maximum velocity of the polynomial trajectory if
vtraj > vmax.

ϕ = max(1,
vtraj

vmax
) (22)

The minimum energy reward signal renergy derived from the
output of the energy prediction function f̂e and ϕ as:

µ̂e, σ̂e = f̂e(ϕx, p̃) (23)

renergy(x, p̃, ϕ) = −µ̂e − (ϕ− 1). (24)

The policy is updated with a clipping loss function from
Proximal Policy Optimization (PPO) [19] called LPolicy. The
time allocation generation is modeled as a Markov Decision
Process (MDP), where each time allocation xi is an action
that transitions the hidden state of the decoder RNN model.

The policy loss is combined with the waypoint reconstruc-
tion loss and VAE loss to get the RL loss:

LRL = LRecon + LVAE + LPolicy. (25)

To enhance the accuracy of the energy prediction model
further, we update the energy estimator f̂e throughout the
RL process. For each training batch, we select nhf samples
with the highest variance σ̂e and estimate their actual en-
ergy labels, SOChf, using high-fidelity simulation. We also
independently select nlf samples with highest variance for
low-fidelity labeling, SOClf. These simulation results are
combined into the training dataset for the energy prediction
model, which is updated at the end of each RL step with the
new labels.

IV. EXPERIMENTS

We present analysis to validate each component of our
minimum energy planning algorithm. We specifically demon-
strate the proposed method is efficient in the number of
simulated data required, accurate in its energy estimate,
and performant with respect to the minimum snap baseline
method.
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A. Data generation and model parameters

1) Energy simulation: The training dataset consists of
randomly sampled waypoint sequences of lengths 5 to 14.
Table I summarizes the number of generated sequences as
well as the range of computation times. The testing dataset
consists of 2×105 waypoint sequences generated in the same
way. The waypoint sequences in the dataset are scaled to fit
the target room dimensions of Lspace = [100m, 100m, 10m],
simulating an outdoor environment suitable for longer flight
times and more significant energy savings. The number of
total samples generated for each fidelity and the approximate
computation time is summarized in Table I. A single low-
fidelity simulation requires a few milliseconds to complete,
whereas a high-fidelity simulation takes a few seconds, each
increasing with the number of waypoints and total path
length. This results in a 1,000-fold increase in computation
time from low- to high-fidelity evaluations.

Number of
training samples

Number of
training samples

Simulation time
per sample

Low-fidelity 2× 106 1× 105 1−3.5ms

High-fidelity 100−1× 106 1× 105 3−7s

TABLE I: The size of the training data and the simulation time on
each fidelity level.

The difference in energy prediction between the low- and
high-fidelity model is 11% on average. In the following
sections, we show that the multi-fidelity framework can
incorporate the lower accuracy samples in a high-fidelity
energy estimator.

2) Network parameters: The energy prediction encoder
uses hidden layers of size 1024 for both GRUs and MLPs.
The VAE module compresses the encoder’s last hidden
state into a 512-dimensional vector via a 4-layer MLP,
which serves as the feature vector for the MFGP model.
The policy network, designed for potential real-time mobile
applications, has a smaller architecture. It uses hidden layers
of size 256 for both encoder and decoder GRUs, as well as
3-layer MLPs with hidden size 256 for the fully connected
portions.

B. Energy Estimator Sample Efficiency

We demonstrate the sample efficiency of the MFGP model
by training it with different numbers of high-fidelity samples.
SOClf and SOChf evaluations described in III-B are used
to generate the multi-fidelity training data. Additionally, we
compare the MFGP model with the single-fidelity model
which is trained without the low-fidelity augmentation. This
comparison with the single-fidelity model shows the value
of including lower-fidelity data. The number of high-fidelity
samples varies from 100 to 1 × 106, and the entire set of
2× 106 low-fidelity samples are used on training the multi-
fidelity model. Models trained with over 2,000 high-fidelity
samples use 2,000 inducing points, while those with fewer
than 2,000 samples use 500. Each model is trained for 100k
iterations with batch size 200 with the Adam optimizer [20]

Fig. 5: Comparison of the mean absolute percentage error (MAPE)
in SOC estimation when varying the number of high-fidelity sam-
ples. The multi-fidelity models are given approximately 2 × 106

low-fidelity evaluations as a second, lower-fidelity. The best MAPE
from each model is marked with an “x”, while the line indicates the
average error over all samples. The dashed line is the MAPE from
a single-fidelity model trained with only the low-fidelity samples.

Fig. 6: These histograms compare the MAPE between a multi-
fidelity model and a high-fidelity model, each given 100 high-
fidelity (HF) samples. The dashed vertical lines indicate the mean
error for each model.

and a learning rate of 1 × 10−4. The models are compared
via the testing dataset.

We compare the model performance using the mean ab-
solute percentage error (MAPE), which for N samples, is
defined as:

LMAPE =
1

N

N∑∣∣∣ f̂e(x, p̃)− SOChf

SOChf

∣∣∣. (26)

As shown in Figure 5, both models achieve better mean
absolute error as more high-fidelity data is supplied. As
we decrease the amount of high-fidelity data, the MAPE of
both models increases, but the multi-fidelity model maintains
a significantly lower error. This implies that the multi-
fidelity model achieves better high-fidelity sample efficiency.
For the same error level, the single-fidelity model needs
at least 10 times more data. For instance, to attain a 7%
average error, the multi-fidelity framework only needs 1k
HF samples, while the single-fidelity framework requires
more than 10k. This performance difference underscores
the potential importance of the multi-fidelity approach in
applications with a higher evaluation cost.

Figure 6 illustrates a histogram of the MAPE for the single
and multi-fidelity models trained with 100 high-fidelity (HF)
samples. With such little data, both models report significant
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Fig. 7: Power profile and energy estimates for one 9-waypoint
trajectory (left). Different power profiles and energy estimates are
generated by linearly scaling a fixed time allocation to change
the total trajectory time, and thus the total energy consumed. The
energy estimates are done with the HF=100 models, where we see
the single-fidelity model fail to estimate the energy curve correctly.

maximum error, but the multi-fidelity model performs much
better, cutting the average error in half from about 20% to
10%.

An example trajectory energy estimate is shown in Figure
7. By linearly scaling a time allocation from the minimum
snap baseline method, we can visualize the change in power
usage and total energy consumption. The energy estimator
should match the groundtruth SOChf calculated by (16). In
this fixed time ratio example, the policy would ideally find
the minimum energy time of about 250s. With only 100
high-fidelity samples, the single-fidelity GP model fails to
correctly capture the single minimum energy point, and a
policy optimization may not even converge. The low-fidelity
samples still capture the simplest dynamics of the energy
model, such as the asymptotes at very low and very high
trajectory times. The multi-fidelity GP model incorporates
this information and correctly captures the existence of a
single minimum point, which would provide a better gradient
to the policy optimization.

C. RL Policy Optimization

We evaluate the proposed RL framework by training a
minimum energy planning policy with the energy prediction
model. For the RL procedure, we select a pretrained reward
model with 1k high-fidelity samples to showcase the sample
efficiency of the method. The policy model is initialized
through pretraining to replicate minimum snap time allo-
cations xms with (21). From the variance estimate of the
MFGP output, we re-label nlf = 16 low-fidelity and nhf = 1
high-fidelity sequences with the policy’s time allocations to
further train the reward estimator after each policy update.
We run each of the RL experiments with a batch size of
Nbatch = 600, 50 batches per training step. The model is
trained with the RMSProp optimizer [21] with a learning
rate of 1× 10−6.

Table II contains the high level results comparing the mini-
mum energy policy to the minimum snap baseline (MinSnap)
labels. The minimum energy RL (MinSnap MFGP) improves
on the baseline energy by 3.6% on average while reducing

Energy
reduction

Time
reduction

Dynamics
feasiblity

Energy
feasiblity

MinSnap 0.0 % 0.0 % 100 % 97.6 %
MinTime +60.1 % -39.5 % 99.3 % 66.6 %
MinEnergy Sim -4.67 % -3.67 % 100 % 100 %
MinEnergy MFGP -3.59 % -12.3 % 100 % 98.9 %

TABLE II: Comparison of the planning policy trained with the
proposed minimum energy (MinEnergy MFGP) framework, a min-
imum time objective (MinTime), and a minimum energy reward
based only on the simulator (MinEnergy Sim). The policies are
evaluated against the baseline model (MinSnap) in terms of en-
ergy improvement (Energy reduction) and time improvement (Time
reduction). (Dynamics feasibility) and (Energy feasibility) indicate
the percentage of trajectories with admissible motor commands and
battery consumption, respectively.

the total time by 12.3%. We further compare our results with
an RL policy trained to minimize flight time (MinTime) and
a policy trained using exclusively simulated evaluations from
SOChf (MinEnergy Sim). For the MinTime model, we train
an additional model with a minimum time reward signal,
defined as

rtime(x̃, ϕ) = −
∑
i

ϕx̃i − (ϕ− 1) (27)

This reward signal minimizes time subject to the maximum
velocity bound. The minimum time reward doesn’t require
an energy prediction component and can be trained without
any simulated evaluation. Since total energy consumption is
dependent on time, this model serves as another benchmark
for evaluating our minimum energy policy.

The MinTime model completely disregards energy con-
sumption to reduce the time by an average of 40% over the
min-snap baseline. The cost of this approach is extremely
high energy consumption—60% more than the baseline. The
maximum velocity scaling effectively maintains dynamics
feasibility for all three models, which means the motors are
physically able to produce the rotor speeds required for the
trajectories. However, the consequence of the high energy
consumption is a drastic drop in energy feasibility, i.e., the
proportion of trajectories that are flyable on a single battery
charge. The minimum energy models shine in this metric
with 98.9% of test trajectories within the policy’s range,
demonstrating the utility of explicitly optimizing over energy.

We further explore a case study to examine the effec-
tiveness of the trained planning policy in reducing energy
consumption. The trajectory illustrated in Figure 8 shows
how the minimum energy policy closely follows the path of
the minimum time trajectory, but it takes the sharp turn at
waypoints 1 and 2 much slower. This drastically reduces the
power spikes that the minimum time policy ignores. These
2.5kW peaks would strain the high performance battery in
the real quadrotor.

Beyond energy savings, the RL policy reduces the compu-
tation time of the trajectory optimization. Traditional meth-
ods based on non-linear optimization require many iterations
to determine time allocation ratios and total trajectory time.
Conversely, our RL planning policy, on average, identifies
more energy-efficient trajectories in a single neural network
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Fig. 8: Trajectory case study: For this 7-waypoint sequence (left),
our minimum energy policy generates a time allocation that results
in a 41.8% energy reduction and a 84.9% time increase over the
minimum time solution.

inference, which takes only milliseconds to compute. Previ-
ous work on minimum time MFRL policies showed that this
policy model can be applied to real-time trajectory planning
on an embedded platform [6].

The multi-fidelity model also saves computation time
during RL training. With 1000 training steps, fully simulating
rewards to train the MinEnergy Sim model required 3× 107

high-fidelity evaluations to achieve slightly better energy
efficiency than MinEnergy MFGP. Instead, the proposed
algorithm utilizes a proxy model and only evaluates the
samples required to update the prediction model, thus drasti-
cally reducing the number of high-fidelity evaluations to only
5 × 104. This computational efficiency enables the sample-
efficient training of a minimum energy policy that produces
more energy-efficient trajectories with reduced execution
time.

V. CONCLUSION

We introduce a multi-fidelity reinforcement learning ap-
proach for the efficient and accurate estimation of energy
consumption in quadrotor trajectories. To mitigate the ex-
pense of acquiring high-fidelity, complex simulation data,
we employ a multi-fidelity Gaussian process as the surrogate
energy prediction model. This model integrates quick, low-
fidelity evaluations to enhance the precision of high-fidelity
estimates. Our multi-fidelity technique allows for the effi-
cient training of the prediction model, achieving comparable
accuracy with significantly fewer high-fidelity samples. The
resultant energy prediction model is incorporated into an RL
framework, providing a reward signal to a policy aimed at
optimizing planning policy for maximum energy savings.

The experimental validation demonstrates a dramatic im-
provement in sample efficiency over single fidelity methods,
reducing computational requirements for simulations. Future
work could extend this approach to real-world environments,
potentially decreasing physical tests needed in setups like
battery state-of-charge measurement. Furthermore, our model
is not constrained to quadrotors, suggesting that the same
framework could be applied to various vehicle dynamics,
including electric cars and urban air mobility vehicles, or
even to different domains that require managing expensive

evaluations.
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