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Abstract— Robotic-assisted upper limb rehabilitation has
gained significant attention in recent years due to its potential to
enhance the recovery process for individuals with motor impair-
ments resulting from neurological conditions and injuries. The
main rehabilitation treatments rely on the repetitive execution
of a movement of the upper-limb, guided by a therapist to
prevent incorrect movements and to provide the necessary
support. Many of the exercises performed by therapists can
be modeled as a movement in SE(3) space (position and
orientation). This movement itself is one-dimensional, as it can
be modeled by a one-dimensional curve. To solve a similar
problem, some approaches have been proposed in human-robot
interaction (HRI) following virtual guides, but are either limited
to specific types of curves (e.g. without orientation) or rely
on linear control methods with non-intuitive parameters. To
address these limitations and enable the use of these methods in
physical rehabilitation, this paper extends Cartesian impedance
control to splines, which we term path impedance control. It
capitalizes on the intrinsic path geometry of end-effector robotic
rehabilitation systems. The primary objective of this control
algorithm is to emulate the sensation of maneuvering a physical
object along a wire, akin to conventional exercise machines;
and, in conjunction, provide an intuitive parametrization of
rehabilitation exercises. We build on existing virtual guide
control strategies using non-linear control and Lie Groups to
generalize the control law to any one-parameter SE(3) curve.

I. INTRODUCTION

In the developed world, strokes stand as a leading cause
of disability [1], severely limiting physical capabilities in
affected individuals and significantly impacting their quality
of life and that of their families [2]. Research consistently
favors robot-aided rehabilitation over manual methods, show-
casing its ability to enable high-intensity, repetitive, and task-
specific training regimens [3]. Two main types of upper
limb rehabilitation robots have been developed: end-effector
and exoskeleton, with the former demonstrating superior
outcomes in promoting active patient engagement [4], [5].

The main challenge in upper-limb rehabilitation lies in
providing both active and passive repetitive exercise capa-
bilities [6]. Assist-as-needed (AAN) controllers are tailored
to provide support or correction during rehabilitation training
tasks based on the patient’s functional ability [7], [8], [9].
Various approaches, including impedance control, are used
to adaptively assist individuals [10], [11]. Other methods
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Fig. 1.
springs, as the patient moves the robot along during therapy.

Visualization of the path impedance control virtual

involve using the healthy arm to guide the affected arm
or employing learning-based algorithms to model exercise
dynamics [12], [13]. Passive exercise utilizes virtual guides
to maintain the desired path [14].

These control schemes often lack intuitive parameters for
physiotherapists, who commonly describe desired robot be-
haviors geometrically [15]. Our work aims to adapt Cartesian
impedance control to any curve, characterizing stiffness and
damping along and perpendicular to it (see Figure 1).

For this, we use the virtual guides from HRI [16], and
enhance their capabilities by extending Cartesian impedance
control to any virtual guide defined as a Lie Group one
parameter spline. With this approach, the robot is restricted
by a virtual guide that moves along a spline with a given
stiffness and damping, which we will call path impedance.
These parameters are physically meaningful and can be
easily adjusted by the therapist.

The main contributions of the presented work are:

o Extending virtual guides to 6 dimensional rigid body

motion, using Lie Group Bézier curves.

o Generalizing Cartesian impedance to parametric space

with coefficients in parameter and normal space.

o Validation of the theoretical results in a real robotic
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platform, a KUKA LBR 14, under perturbations.

II. DEFINING LIE GROUP CURVES FOR THE
VIRTUAL GUIDES

To define a curve in space, we need a parametric curve.
Many such curves exist, for this work we will use Bézier
curves, as they are easily defined in R® and SO(3), and are
standard in computer graphics and robotics. This also opens
many possibilities in VR and AR assisted rehabilitation [17].
The required properties of said curve are smoothness and the
ability to define a frame along the curve.

A. Defining Bézier curves

Bézier curves are parametric curves defined by a set of
control points. Specifically, cubic Bézier curves are defined
by four control points Py, P1, P2, P3 and allow for control
of the beginning and end points of the curve as well as the
tangent direction of the curve at those points.

From these control points, Bézier curves are defined
via the DeCastejau algorithm. The algorithm consists of
recursively interpolating between the control points using the
parameter t. B! denotes the i-th point in the n-th recursion.

B)=p, peR? (1)
BI'(t) =B} 't+ B} (1 —1t) (2)
B(t) = B} 3)

In R3, Bézier curves can also be computed using Bernstein
polynomials in the form

3
= Z P;B}(t)
1=0

Where B3 (t) are the Bernstein polynomials of degree 3.
In addition, the derivatives of the curve can also be
computed using Bernstein polynomials as

t€0,1] 4)

2
'(t) = SZ(Pi+1 —P)B}(t), tel0,1] (5
1=0
1
B'(t) =6 (Piys—2P;11 + P;)B} (1) (6)
=0
(7

These terms can be precomputed, resulting in a very effi-
cient algorithm for computing the curve and its derivatives.

B. Lie Group Bézier curves

Bézier curves can also be extended to Riemannian man-
ifolds and Lie Groups, as shown in [18]. Since the path of
the rehabilitation motion is defined as a motion in SE(3),
we will use the extension of Bézier curves to Lie Groups,
using an extension of the DeCasteljau algorithm:

BY =g; g¢; € SE(3) (8)
Bi'(t) = By - exp(log((Bf,)) "' Bu-1) 1) (9)
B(t) = B§ (10)

For this, we will use curves in SE(3), which are defined
by a set of control points go, g1, g2, g3 defined as rigid body
positions of the end effector.

Finally, we need a means of obtaining a frame in to define
the Cartesian impedance on. A standard way of doing this is
using the Frenet-Serret formulas. Since we will be tracking
the position of the mechanism in R3, these formulas need
only be applied to the position part of the curve.

C. Frenet-Serret Formulas

Using equations 5 and 6 for the derivatives of the Bézier

curve we can obtain the frame F'(s) = {T'(s), N(s), B(s)}
at any point.
B'(s)
T(e) = ||B/<(s>|| b
B// S)
NE = B (42
B(s) = T(s) x N(s) (13)

The direction of the normal is not stable around at points
where the curvature is zero, but since we only care about the
perpendicular plane, not any specific direction in it, we can
take any perpendicular vector at those points.

ITII. COMPUTING THE VIRTUAL GUIDE POSITION
ON THE CURVE

In HRI, many approaches have been developed over the
years to help human operators to follow a path [19]. One
especially interesting for rehabilitation is the virtual guide
approach [16]. In this approach a mechanical systems dy-
namics are simulated in real-time to constrain the robot to
a desired path. We will now see why this provides us with
two main advantages.

In order to find the point on the curve from which to
compute the frame we could opt to select the closest point to
the robot’s end-effector. But naively searching for the closest
point has two main drawbacks. The first is the analytical
complexity of finding the solution to the optimization prob-
lem:

t, = mtin(||B(t) —P|) te]o,1] (14)

Which for a cubic Bézier results in a polynomial of degree
five, meaning there is no general solution. The second issue
is a geometrical one, suppose we are close to a ”U-turn” in
the curve, as shown in Figure 2.

A small change in the position of the robot’s end-effector
will result in the closest point jumping from one side of the
curve to the other. For multiple reasons (stability, skipping
sections, etc.) this behavior is unacceptable.

Our objective is to simulate the behavior of moving a
physical object along a wire. We can therefore simulate the
object as a particle with mass m and position along the curve
u, as shown in Figure 3.

We can connect the particle to the robot’s end-effector
using a spring with stiffness £ and damping b. Then find the
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Fig. 2. A small movement in the robot’s end-effector (p
to p’) causes the closest point B(u) to jump from one side
of the curve to the other B(u’).

force f to apply to this particle by projecting the distance
between it and the end-effector onto the tangent vector of
the curve.

B(u)

Fig. 3. A virtual particle moves along the curve as it
is pulled tangentially by a virtual spring-damper system
connected to the robot’s end-effector.

This virtual particle will be defined by its state S =
[u,u]T, where u is the position of the particle along the
curve in parameter space and % its velocity. We can iteratively
update its state with the following equation:

s’:s+m<’if)
u

Where 4 is the acceleration of the particle obtained from
the spring force:

15)

i = ker — b (16)
m

Where er is the projection of the distance between the
particle and the end-effector onto the tangent vector of the
curve at u.

This updating of the particle state can be done in tandem
with the control law for the robot’s end-effector.

The details of selecting the parameters m, k& and b and
updating the position of the particle are explained in the
Section IV.

IV. CARTESIAN IMPEDANCE CONTROL
GENERALIZED TO SPLINE

Being now equipped with a robot-following frame free of
discontinuities, we can proceed to implement path impedance
control. Regular Cartesian impedance consist of defining a
control law such that the relation between displacements in
the end-effector and the forces applied to it is given by the
following equation:

F = Aagx + Dgx + Kgx 17

Where F is a six dimensional wrench containing the force
and torque applied to the end-effector, A4 is the desired
perceived inertia matrix of the end-effector Dy is the desired
damping and Kgq is the stiffness. x is the pose of the end-
effector with respect to the equilibrium position.

The manipulator dynamics can be obtained by Lagrangian
mechanics and are of the form:

M(q)d + C(q, q)d + g(q) = 7 + I Fey (18)

Where M(q) is the joint-space inertia matrix, C(q, q) is
the Coriolis and centrifugal forces, g is the gravity forces and
T, 1s the vector of commanded joint torques, all expressed in
joint-space. J is the Jacobian of the end-effector and F.,; is
the external wrench applied to the end-effector.

In [20] a method for obtaining a stable impedance parame-
ters is described. By setting Ag = (J~1)T"MJ !, the control
law will no longer depend on the external forces, since they
will produce the correct accelerations for our desired mass.

Since force rehabilitation movements are made at slow
speeds, we can neglect the Coriolis forces. We can also
negate the gravity forces by adding —g(q) to our control
law.

The desired stiffness matrix is designed to be diagonal,
with the diagonal elements k., ky, k., ko, , ko, , ko, . Finally,
for the design of the damping matrix we use the formulation
in [21], which allows the user to specify a damping ratio
from 0 meaning undamped to 1 meaning critically damped.
For an in depth explanation of the damping matrix design
see [21].

The problem of path impedance can be seen as Cartesian
impedance in a frame that is moving along a path. We can
obtain a change of frame matrix 7' by computing the frame
F(s) at virtual particle position.
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_|F(s) O
T= [ 0 F(s)} (19)
and its inverse:
-1
= o] .

Here 0 is a 3 x 3 zero matrix.
We can then define the desired inertia matrix in the new
frame as:

J =71 (21)
Ad = (T) "TMI ! (22)
In this new frame our desired stiffness matrix is:

kr O 0 0 0 0

0 kxy O 0 0 0

P 0 kx O 0 0
Ka=19 o o0 kr 0 0 (23)

0 0 0 0 kr O

0 0 0 0 0 kg

We are forced to set a single stiffness value for both
perpendicular directions, and a single one for the tangent
direction. This is due to the fact that the frame F'(s) has no
guaranteed normal direction at points where the curvature is
zero, as seen in subsection II-C.

The damping matrix D4’ is obtained in an identical
fashion to the Cartesian impedance case, but using the new
inertia matrix A4’ and the new stiffness matrix Kq'.

The new control law is then:

F = Ad'% +Dg'% + Kq'x (24)

But now, if we simply define x' = T—1x, we will obtain
the distance between the end-effector and the virtual particle
in the new frame. To obtain a geometrically meaningful
control law, we need to define a more useful x’. Figure 4
illustrates the desired behavior. Where B(t) is the reference
point on the path, p is the current position of the end-effector
and B(u) is the position of the virtual particle along the path.

The definition of x’ is then:

+ F(s)""(B(u) — p) (25)

coc oo o~

Here B refers to the position part of the curve, since
the curve is defined as a motion in SE(3). Note that since
(Bp(u) — p) is perpendicular to the first component of the
frame F'(s) (the tangential component), the first component
of F(s)~1(B(u) —p) is 0.

To give some intuition on the behavior of the control law,
imagine holding the end-effector in place. The virtual particle

Fig. 4. Path impedance control behaves as a spring damper
perpendicular to the curve and one along it.

follows the robot’s end-effector along the path, and since the
end-effector is not moving, it remains in place. The wrench
felt by the end-effector is an attraction force towards the
path, at the point of the virtual particle. Only the tangential
component, dependent on L, grows as the reference point
B(t) moves along the path.

We have not given a definition for L. The natural choice
would be the arc-length from B(u) to B(t), but this would
require computing the arc-length of the curve at every time
step. For Bézier curves, this is a very expensive operation,
since it requires computing the derivative of the curve and
then integrating it.

In fact, to obtain a passive controller, we do not need to
explicitly compute the arc-length. We can set the tangential
force to be proportional to the velocity along the curve B(u)
with parameter D;. Thus obtaining a passive viscous friction
force.

With this in mind, we use the parameter distance (u —
t)Lp, multiplied by an approximation of the length of the
curve Lp. This means that L will not grow uniformly as ¢
increases, but we believe this is a design choice to be made
for each specific application and parametric curve type. The
only remaining that of choosing the parameters k, b and m
for the virtual particle we had postponed in Section III.

For Bézier curves, we have found that a mass of m =
0.05kg and a stiffness of ¥k = 2000N/m with a damping

ratio of £&p = 0.7, d = 2pm % works well for all
cases. Any cubic Bézier curve is parametrized by four control
points, and the parameter space is always [0,1], so the
complexity of the curve is limited, and the parameter space
does not change in magnitude.

To simulate the particle movement, each time we com-
mand the robot (500Hz) we also update the position of the
virtual particle. This is fast enough for the dynamics of the
virtual mechanism to be well-behaved.
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V. EXPERIMENTAL SETUP

To validate the stability of our control law, a set of
experiments have been performed in simulation, and then
on the real robot. For validation on the real robot, we have
used a KUKA LBR iiwa 14 R820, as shown in Figure 6.

The curve selected as a reference path for the experiment
is a Bézier curve of degree 3 with control points shown in
Eq. 9. Each control is a 4 x 4 matrix representing an element
of SE(3). These four control points define the curve shown
in Figure 5.

~1.00 —0.00 0.00 0.53
[ =000 100 000 —0.00
9= 000 000 —1.00 031
0.00 0.0 000 0.00

~0.95 —0.00 —0.31 0.53

[ 005 099 —015 0.05
=1 030 —0.16 —094 051
0.00 0.00 0.00 0.00
~0.99 —0.00 —0.16 0.53

| 004 097 -0.23 0.05
92=1 015 —023 —0.96 0.11
0.00 0.00 0.00 0.00
~1.00 —0.00 0.00 0.63

[ -000 1.00 0.0 0.20
93=1-000 0.00 -1.00 0.31
0.00 0.00 0.00 0.00

It defines a path around the user with a rotation of the
wrist to simulate a rehabilitation exercise. We can see the
evolution of both position and orientation. In Figure 6, we
can see a virtual representation of the virtual mechanism
during interaction with the patient. Where the forces acting
on the end-effector are represented as springs.

Fig. 5. Bézier curve of degree 3 with control points g,
g1, g2 and gs. The start and end poses are shown in red and
the control poses in blue.

Fig. 6. The virtual mechanism pulls the user perpendicularly
towards the curve (yellow) and tangentially to the target
(gray). In rotation space, it corrects the orientation to that
of the closest point (yellow).

The performed experiments have been the following:

1) Simulated perturbations to compare the control law
with traditional impedance control.

2) The control law tested on the real robot with human
robot interaction and perturbations.

VI. EXPERIMENTAL RESULTS

In this section, we present the results of the experiments
as described in section V. First, the perturbation analysis in
the simulated environment.

A. Comparison of Cartesian and the presented path
impedance control under simulated perturbations

In the following three-dimensional graph in Figure 7, we
see the effect of two perturbations at two different times.
Three different results from control methods are shown:
traditional Cartesian control at two different stiffness values
(high at 1500N/m, and low at 200N/m), as well as path
impedance control with a tangential stiffness of 200N /m and
a normal stiffness of 1500N/m.

The first perturbation is at a 45° angle to the curve, and
the second is perpendicular to the curve. At first perturba-
tion, and we see that the presented path impedance control
recovers as quick as high impedance control, as its normal
stiffness is the same. Since we have stayed perpendicular to
the curve, the closest point has not changed and the rotation
is not affected as seen in Figure 8.

At the second perturbation, we see that the maximum
distance from the curve is the same for both high impedance
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Fig. 7. Effects of perturbations on position controlled by

the different algorithms. Diedric perspectives of the 3D plot.

and path impedance control. path impedance control however
stretches farther along the tangent direction due to its lower
stiffness in that direction, with a profile more similar to the
low impedance control. In rotation, path impedance control
has a bigger variation as it tracks the rotation at the closest
point, not at the target.
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Fig. 8. Perturbations effects on quaternion components of
rotation, controlled by the different algorithms.

B. Testing on a real robot

We perform a test on a real robot using the spline seen
in Figure 6 forwards and backwards. Since this is a real
interaction with a human, we set the Cartesian impedance

control to a low stiffness of 200N/m. This mimics real
exercises where we have to strictly follow the path, but
we cannot exert excessive force along the path where the
damaged muscles are being activated.

Figure 9 shows the results of the experiment. While low
impedance Cartesian control does not follow the path, path
impedance control follows the path closely. This a more
subjective test as user interaction is not easily repeatable.
But nonetheless it shows the robustness of the control law to
perturbations, while maintaining low stiffness where needed.
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Time [s]
Fig. 9. Performance of the path-based impedance control

on the real robot.

If instead of helping the user reach a target along a path
we wanted to instead oppose the user’s movement to engage
in active rehabilitation, we could simply set the stiffness of
the tangential impedance to zero, and substitute it with a
velocity damping term.

VII. CONCLUSION AND FUTURE WORK

In this work, we have presented a novel control law,
path impedance, for human-robot interaction in rehabilitation
robotics, one that is based on the geometric characteristics
of the path of the rehabilitation motion. By extending it to
generic parametric curves in SE(3) we hope to open the pos-
sibility for other curves (e.g. Pythagorean hodograph curves)
and other applications in VR and AR assisted rehabilitation.

We have shown that our control law is robust to per-
turbations and that it is able to maintain the end effector
on the path as well as high impedance control. As well as
allowing more freedom of movement along the path with
low impedance.

In the future, we would like to further develop more types
of path based control laws. For example, the one required
by isokinetic exercises, where the robot sets a maximum
velocity along the path no matter how much force is exerted
by the user.
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