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Abstract—This article proposes a Learning-from-Demonstra-
tion (LfD) method using probability densities on the workspaces
of robot manipulators. The method, named PRobabilistically-
Informed Motion Primitives (PRIMP), learns the probability dis-
tribution of the end effector trajectories in the 6-D workspace that
includes both positions and orientations. It is able to adapt to new
situations such as novel via points with uncertainty and a change
of viewing frame. The method itself is robot-agnostic, in that the
learned distribution can be transferred to another robot with the
adaptation to its workspace density. Workspace-STOMP, a new
version of the existing STOMP motion planner, is also introduced,
which can be used as a postprocess to improve the performance of
PRIMP and any other reachability-based LfD method. The com-
bination of PRIMP and Workspace-STOMP can further help the
robot avoid novel obstacles that are not present during the demon-
stration process. The proposed methods are evaluated with several
sets of benchmark experiments. PRIMP runs more than five times
faster than existing state-of-the-art methods while generalizing
trajectories more than twice as close to both the demonstrations and
novel desired poses. They are then combined with our lab’s robot
imagination method that learns object affordances, illustrating the
applicability to learn tool use through physical experiments.

Index Terms—Learning from demonstration (LfD), motion and
path planning, probability and statistical methods, service robots.

I. INTRODUCTION

FOR a robot to be truly intelligent, it needs the ability to learn
from prior knowledge while adapting to previously unseen
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Fig. 1. Illustration for the general idea of this work. The robot is asked to use
a spoon to scoop from a bowl in a household environment. With the help of
human demonstrations, imagination of object affordance, learning skills from
the demonstrations, and motion planning, the robot is able to fulfill the task in a
novel scene with previously unseen obstacles.

scenarios. The prior knowledge can be previously feasible tra-
jectories that are hard-coded, like in a structured factory environ-
ment. Prior knowledge can also be from human-demonstrated
motions, which are difficult to preprogram but are ubiquitous in
household environments, such as scooping powder (as in Fig. 1).
The latter case is much more challenging and related to a popular
field in robot learning, namely Learning-from-Demonstration
(LfD) [1] or Programming-by-Demonstration [2]. Many works
on LfD encode demonstrations as trajectories in Euclidean
space [3], [4]. For example, the angles and velocities of all
joints are considered as a multidimensional state vector; or
only the positions of the end effector are modeled. However,
the models in the full workspace (including both position and
orientation) of a robot manipulator have not been considered
until recently [5], [6], [7], [8], [9]. Our work focuses on the
robot workspace and proposes a novel method using probability
densities on Lie groups, denoted as PRobabilistically-Informed
Motion Primitives (PRIMP). The mathematical model is in-
spired by a concept initially introduced in our group more than
25 years ago and more recent works on loop entropy [10],

© 2024 The Authors. This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License. For more information, see
https://creativecommons.org/licenses/by-nc-nd/4.0/

IEEE Transactions on Robotics (T-RO) paper presented at
2024 IEEE/RSJ International Conference on Intelligent Robots and Systems (IROS)
October 14-18, 2024. Abu Dhabi, UAE

Copyright ©2024 IEEE



RUAN et al.: PRIMP: PROBABILISTICALLY-INFORMED MOTION PRIMITIVES FOR EFFICIENT AFFORDANCE LFD 2869

[11] and inverse reachability mapping [12], [13]. It is further
extended here to LfD with via-point conditioning as compared
to only subjecting to end constraints. The learned knowledge is
robot-agnostic but can be adapted to the workspace of a specific
robot. It is also able to deal with extrapolation cases and model
with a few or even a single demonstration.

Demonstrations are typically conducted in a scene with only
the robot and the object with which it interacts. However, when
there are new obstacles that are not present during the demon-
strations, only using LfD methods is not enough to generate
feasible trajectories. Here is where the motion planning process
fits in. It is able to guarantee safe and optimal motions for
a task, which is formulated as motion constraints. For most
motion planners, either sampling-based or optimization-based,
constraints are added as a function with specific expressions.
For example, to hold a cup that is filled with water upright, one
usually needs to define the vector that is perpendicular to the cup
opening to be parallel with the global z-axis. Such an expression
is, however, not trivial to define for more complex tasks, e.g.,
scooping powders and writing letters. For such tasks, LfD can
play the role of guiding the motion planners via a trajectory-wise
cost function.

Guided motion planning, which combines LfD and motion
planning, has become popular in the recent decade [14], [15],
[16], [17]. The goal is to make the motion collision-free while
keeping as many critical features from the learned trajectory as
possible. In this work, an optimization-based planner, Stochastic
Trajectory Optimization for Motion Planning (STOMP) [18],
is applied as the base framework. The learned trajectory dis-
tribution via PRIMP is used as a reference. It is first treated
as the initial condition for the planner. Then, a novel cost
function with respect to this reference distribution is proposed
to guide the planning process. Instead of joint space, the cost
function is based on the workspace of the robot end effector.
Therefore, the planner is named as Workspace-STOMP. This
planner can be used as a postprocess of both PRIMP and any
other reachability-based LfD method.

Apart from novel obstacles, the object that the robot interacts
with might also be previously unseen. For example, the robot
has been taught how to pour powders from a particular cup into
a particular bowl. In this case, the cup is treated as a tool for
pouring and the bowl has the affordance of containing. In a new
scenario, the tool for pouring might be changed into a spoon and
the object might become a vase, which has the same affordance
of containing. The learned trajectory distribution should be able
to adapt to this new situation with the same set of demonstrations,
even when the appearances and categories of the tool and object
are totally different. In order to fulfill similar tasks intelligently,
the understanding of object functionality and affordance is a
key aspect [19]. Recent works proposed methods to learn object
affordance, such as pouring, via physics-based simulation [20],
[21]. Our work applies this idea to learn the key points of a task,
i.e., the pouring pose, which is used as a new goal or via point for
reproduction. A new task that learns the affordance of scooping
is proposed and implemented in the simulation environment.
The affordance learning of an object using simulation is then

combined into a robotic system with PRIMP and Workspace-
STOMP in physical experiments.

The contributions of our work are listed as follows.1

1) An LfD method, PRIMP, is proposed to generate a ref-
erence workspace trajectory distribution for basic motion
primitives.

2) By proposing a novel cost function related to the reference
distribution, Workspace-STOMP is proposed to keep the
shape of the trajectory similar while maintaining the fea-
sibility of the plan.

3) A novel robotic system that combines LfD, motion plan-
ning, and affordance-based simulation is proposed and
physically demonstrated in a robot manipulator platform.

The rest of this article is organized as follows. Section II
reviews related literature on LfD and guided motion planning.
Section III introduces the proposed PRIMP method. Section IV
proposes the Workspace-STOMP motion planning algorithm.
Then, Section V evaluates PRIMP and Workspace-STOMP
through benchmarks with existing probabilistic methods for
solving LfD and planning problems. Section VI proposes a
robotic system that combines PRIMP and Workspace-STOMP
with affordance-based simulation and demonstrates via several
physical experiments. The proposed method is discussed in
Section VII. Finally, Section VIII concludes this article.

II. LITERATURE REVIEW

LfD is a fast-growing field in robot learning. It aims for robots
to imitate human experts while adapting to new situations. A
growing literature has shown that the combination of LfD and
motion planning is able to adapt to a broader field of scenarios
where previously unseen obstacles appear. The following re-
views related work on LfD methods and guided motion planning
algorithms.

A. Learning From Demonstration

Over the past decade, many LfD methods have been pro-
posed to encode trajectory models and generalize them to new
situations, most of which stay in Euclidean space. Dynamical
movement primitives (DMP) [22] learns a damped spring model
to obtain a mapping between acceleration and position–speed
pair. It is able to represent and encode goal-directed or periodic
trajectories given any start and goal points but cannot generalize
to pass via points. By combining DMP with Gaussian pro-
cesses, uncertainty information can be exploited during repro-
duction [23]. The parameters, i.e., the global time scale, weights
of the forcing term, etc., can be learned using reinforcement
learning (RL) techniques [24]. To further solve the violation
of joint limits caused by exploration noise, constrained DMP
is proposed [25]. Recently, the DMP-based methods have been
comprehensively reviewed in [26]. Methods based on the RL
framework are also popular in learning primitive skills. A natural
actor–critic framework is used to learn robot motor primitives
in [27], demonstrating an order of magnitude improvements

1The code is available at https://github.com/ChirikjianLab/primp-matlab.
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in both accuracy and speed of skill learning to the compared
counterparts. It is applied in learning a high-speed motion such
as hitting a ball. Further extensions to episodic policy search have
been proposed to learn more complex skills such as swing-up
motions [28].

Another class of LfD methods is based on probabilistic mod-
els, which is the category that our proposed method falls in.The
task-parameterized Gaussian mixture model (TP-GMM) [29],
[30] encodes the demonstrations using virtual spring–damper
systems in multiple reference frames. It learns the parameters in
an expectation–maximization fashion and is able to reproduce
in new situations, such as adaptation to via points. DMP can
also be reformulated in a probabilistic setting. For example, by
combining with Gaussian mixture regressions (GMR), the pa-
rameters of DMP can be estimated with projection into different
coordinate system to learn from different sets of demonstrations
for a humanoid robot [31]. Using probabilistic linear dynam-
ical system models, DMP can be formulated probabilistically,
enabling Kalman filtering and smoothing to infer from sensor
measurement during executions [32]. Probabilistic movement
primitives (ProMP) [33] learns the distribution given a set of
demonstrated trajectories and uses conditioning to generalize
to novel situations such as via-points and temporal variances.
The learning phase is based on a hierarchical Bayesian model,
which requires the definition of basis such as radial and Fourier
basis functions. Several variants have been proposed to estimate
parameters using fewer training instances [34], unify adaptation
of the trajectory using constrained optimization [35], adapt to
external contextual information such as object mass using active
learning technique [36], etc. However, when the data dimension
is large, ProMP might require more basis functions to encode
the demonstrations well. To deal with the extrapolation issue,
via-point movement primitives (VMP) [37] combines ProMP
with ideas from DMP by splitting the trajectory model into
elementary trajectories and shape modulation terms. Kernel-
ized movement primitives (KMP) [38] uses the kernel trick to
deal with high dimensional input data without defining basis
functions and can also cope with extrapolation issues. In our
work, ProMP is selected in the benchmark studies to only handle
the data in Euclidean space, i.e., the position information of
trajectories.

Recently, more investigations have been conducted on encod-
ing trajectories and generalizing them to new situations within
a manifold, i.e., to precisely describe the orientation of the
end effector [6], [39]. DMP is extended to encode orientation
information, which uses quaternions to provide singularity-free
representation [40]. A more general formulation working in
Riemannian manifolds is proposed to encode and learn compos-
ite manifolds such as unit quaternions and symmetric positive-
definite matrices [41]. Several probabilistic methods on Rieman-
nian manifolds are also proposed. An extension for the Gaussian
mixture model (GMM) with inference using GMR or TP-GMM
has been proposed to work on Riemannian manifolds [5]. The
operations such as Gaussian product and conditioning are de-
fined using Riemannian statistics and exponential mapping.
It also has applications for bimanual manipulation [42] and
grasping [8] tasks. Operations in ProMP can also work on Rie-
mannian manifolds, including trajectory modulation, blending,

task parameterization, etc. [43]. It uses geodesic regression to
estimate the weight distribution, which acts as a generalized
technique for linear regression in Euclidean space. Probabilistic
learning of quaternions is applied in the KMP framework for
modeling orientation and angular velocity [7]. The trajectory
after adaptation is then optimized with angular and acceleration
constraints. Orientation-KMP is used in the benchmark studies.
Our proposed LfD method differs in that no basis function or
kernel is required. Also, the distribution is defined by the relative
poses between adjacent time steps compared to the absolute
poses in the trajectory.

B. Guided Motion Planning

Guided motion planning can be viewed as a special type of
constrained motion planning. The constraints are mostly treated
as measures of how close a trajectory is to the guiding reference.
A demonstration-guided motion planning framework has been
proposed to combine LfD and a sampling-based planner [15]. It
encodes the reference in joint space with a probabilistic model
and records surrounding landmarks for correspondence match-
ing among different scenarios. The reference path is extended
around new obstacles by sampling configurations from the prob-
abilistic model and formulating a local graph to search for a
new safe and optimal path. Combined LfD and motion planning
carry out probabilistic inference to search optimal trajectories
for a certain skill that is feasible in novel scenes [44]. The
trajectory prior is generated by the Gaussian process, which is
the solution to a linear time-varying stochastic differential equa-
tion. To reproduce trajectories, the algorithm uses maximum a
posteriori (MAP) inference. The method is extended to conduct
demonstrations in a cluttered environment with weighted skill
learning [45]. Defining cost functions using learned trajectory
from the LfD method is popular in guiding optimization-based
motion planners. For example, the cost functional of covariant
Hamiltonian optimization for motion planning (CHOMP) [46] is
proposed to measure deviations from the probability distribution
of the demonstrations [47]. Alternatively, results from ProMP
have been used as initial conditions for CHOMP [48]. For a par-
tially observable environment, the inverse RL technique is uti-
lized to derive motion level guidance, the reward of which is used
to guide the TrajOpt algorithm [49]. STOMP is another popular
planner that uses rollouts sampled from probabilistic distribution
to avoid gradient computations. Cost functions based on DMP
working on joint space (namely GSTOMP) [16] and Cartesian
constraints that deal with both position and orientation of end
effector (i.e., Cartesian-STOMP) [17] have been proposed. This
work uses Cartesian-STOMP for benchmarks, but the planning
part of our method differs significantly. Instead of using only
one trajectory as guidance, ours utilizes the information on the
probabilistic distribution of the trajectories.

III. PROBABILISTICALLY-INFORMED MOTION PRIMITIVES

This section introduces the proposed LfD method, namely
PRIMP. This is a probabilistic method to encode the trajectory
that involves both position and orientation of the robot end
effector. The trajectory is represented discretely by a number



RUAN et al.: PRIMP: PROBABILISTICALLY-INFORMED MOTION PRIMITIVES FOR EFFICIENT AFFORDANCE LFD 2871

of time steps (i.e., Nstep). Each pose is modeled as an ele-
ment in Lie group G. Therefore, the full state is considered
in a product space G× . . .×G, resulting in a state vector of
dimension 6Nstep. Consider a set of demonstrated trajectories

{g(k)0 , g
(k)
1 , . . ., .g

(k)
n }, where g

(k)
i ∈ SE(3) is the ith step in

the kth demonstration2. The goal is to compute a probability
distribution of the given demonstrations as a reference to guide
the future executions of the robot for a similar task.

In this work, the widely-recognized group in robotics, i.e.,
SE(3), is used to derive the proposed method. The extension
to another Lie group, i.e., pose change group (PCG(3)) [50], is
also introduced. Without loss of generality and special mentions,
SE(3) is used in the following introductions of the proposed
method.

A. General Framework of PRIMP

First, all the demonstrated trajectories are temporally aligned
into the same time scale, via globally-optimal reparameteriza-
tion algorithm (GORA) [51] (see Section III-B). After align-
ment, the probability distribution of the (i+ 1)th pose with
respect to the ith pose is approximated using a Lie-theoretic
method (see Section III-C). The computed initial mean and
covariance are then encoded into the joint distribution of the
whole trajectory (see Section III-D). Several types of adaptations
to novel scenarios are then introduced (see Section III-E), which
are as follows.

1) When an intermediate pose is different from the given
mean and has uncertainties, a posterior distribution is com-
puted to adapt to this new situation (see Section III-E1).

2) When there is a change in the viewing frame, the encoded
distribution can be adapted in the sense of equivariance
(see Section III-E2).

3) When another robot is operated for the same task, the
learned distribution can be further conditioned to the high-
density region of the new workspace (see Section III-E3).

All the aforementioned computations can be extended to
PCG(3), which is discussed in Section III-F.

B. Temporal Alignment for Demonstrations Using GORA

Different demonstrations might have different speeds of exe-
cution, even when the trajectories have the same shape [3]. Speed
differences among demonstrations may cause the same feature
to be parameterized at different time steps. This misalignment in
the temporal axis makes probabilistic modeling difficult. There-
fore, a temporal reparameterization to align all the demonstrated
trajectories into the same time scale is necessary and essential.
Existing works often used the Dynamic Time Warping (DTW)
method to temporally align different demonstrations [4], [52],
which choose one base trajectory and warp others into it. In
principle, different choices of the base trajectory might give
different alignment results. Alternatively, in our work, the varia-
tional calculus technique is applied to align multiple trajectories

2For compactness of notation, n is used instead of Nstep in mathematical
expressions.

with global optimality in the temporal axis, which is named as
GORA [51].

1) Problem Formulation: Suppose an SE(3) sequence g(τ)
is parameterized by τ ∈ [0, 1]. Here, τ(t) : [0, 1] → [0, 1] is
a 1-D monotonic function that parameterizes time. The total
variation of the whole sequence can be computed as the sum of
the squared derivative with respect to time t, i.e.,

J =

∫ 1

0

f(τ, τ̇) dt
.
=

∫ 1

0

g(τ) τ̇2 dt (1)

where τ̇ = dτ/dt. The first half of (1) is a general form of the
functional that defines the variational problem. The second half
is a specially designed structure, so as to achieve a global opti-
mality of the solution. The expression of g(τ) in the integrand is
defined based on the body velocity of an SE(3) trajectory, i.e.,

g(τ)
.
=

∥∥∥∥g−1 ∂g

∂τ

∥∥∥∥2
W

(2)

where ‖ · ‖W denotes the weighted Frobenius norm defined
such that for any A ∈ R4×4, ‖A‖W =

√
tr(ATWA), for a

symmetric matrix

W
.
=

(
1
2 tr(I)I3 − I 0

0T 1

)
∈ R4×4

where I is the 3× 3 diagonal inertia tensor corresponding to a
solid sphere of unit mass and I3 is the 3× 3 identity matrix. The
structure of the function f(τ, τ̇) is specifically chosen using (2)
as the weighted norm of body velocity with respect to a temporal
parameterized variable τ . After solving (1) with this design, the
global optimality of the solution can be obtained.

2) Globally Optimal Solution and GORA: To extremize (1),
the Euler–Lagrange equation is used, which has the form

∂f

∂τ
− d

dt

(
∂f

∂τ̇

)
= 0 . (3)

With a special structure of (2), the solution of (3) can be proved
to be globally minimal, resulting in the following theorem.

Theorem III.1: The Euler–Lagrange (3) globally minimizes
(1) if the following statements hold.

1) The integrand is of the form as (2).
2) τ : [0, 1] → [0, 1] is monotonically increasing with

boundary conditions τ(0) = 0 and τ(1) = 1.
The minimizer is τ ∗(t) = F−1(t), whereF−1(·) is the inverse

function of

F (τ ∗) =

∫ τ ∗

0 g
1
2 (σ) dσ∫ 1

0 g
1
2 (σ) dσ

= t . (4)

The proof of Theorem III.1 can be referred to the work in [51]
and [53]. Algorithm 1 summarizes the workflow of GORA for
SE(3) sequences. Line 1 initializes the temporal parameter τ and
the original time scale t uniformly within [0,1]. The numbers of
time steps of t and τ equal the length of the input sequence and a
user-defined number (Nstep) for the reparameterized sequence,
respectively. Line 2 computes g(τ) using (2). Both Lines 4
and 6 are the core computations of the algorithm, i.e., (4).
Here, the trapezoidal rule is applied for numerical integration
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Algorithm 1: GORA for SE(3) Sequence.

because of its simplicity. F (τ) is then normalized by dividing
the last element, i.e., F (1). Line 7 obtains the global minimizer
τ ∗(t) by inverting F (τ ∗), which is numerically conducted by
interpolating t with respect to F (τ ∗). Finally, the input data
sequence is reparameterized by τ ∗ by numerical interpolation in
SE(3) in Line 8.

C. Computation of Relative Pose Distribution

For a set of poses {g(k)i } in SE(3) at each step i, the sample
mean μi ∈ SE(3), by definition, satisfies

m∑
k=1

log(μ−1
i g

(k)
i ) = O (5)

which can be iteratively solved [54]. Here juxtaposition of two
elements of SE(3) implies multiplication as homogeous trans-
formation matrices and log(·) is the matrix logarithm. The mean
trajectory can be directly computed from the demonstration set.

The initial covariance Σi,i+1 encodes the uncertainty of (i+
1)th step given the ith step. It is estimated by the set of relative
poses, i.e., {Δ(k)

i,i+1 = (g
(k)
i )−1g

(k)
i+1}. With this set, the sample

covariance can be computed as

Σi,i+1 =
1

m

m∑
k=1

log∨
(
μ−1
i,i+1Δ

(k)
i,i+1

)
log∨T

(
μ−1
i,i+1Δ

(k)
i,i+1

)
(6)

where μi,i+1 can be computed using (5) but with the relative

poses Δ
(k)
i,i+1 as inputs, and the ∨ operator extracts the Lie

algebra coefficients into a vector (as defined in [55]).

D. Probabilistic Encoding of Joint Distribution on SE(3)
Trajectories

After computing the trajectory distribution with mean
{μ0, μ1, . . ., μn}, μi ∈ SE(3) and covariance between adjacent
steps {Σ0,1,Σ1,2, . . .,Σn−1,n}, Σi,i+1 ∈ R6×6 from Section II-
I-C, the joint distributions of the whole trajectory can be com-
puted. The idea is to learn the distribution locally with end
constraints. The solution is inspired by the concept of loop
entropy [11], in which the probabilistic description of ensembles
of end-constrained SE(3) paths was formulated. Assuming the

variation of ith pose only depends on its two neighboring
poses and g0 = μ0 is fixed, the joint probability density can
be expressed as

ρ(g1, g2, . . ., gn) =

n−1∏
i=0

ρ(gi+1|gi) (7)

where n = Nstep, and ρ(gi+1|gi) is the conditional probability
of the (i+ 1)th pose given the ith pose.

If the intermediate steps along the trajectory are subject to
Gaussian distributions with small variations, explicit results can
be shown as

ρ(g1, g2, . . ., gn) = η exp

(
−1

2
xT
1,...,nΣ

−1
1,...,nx1,...,n

)
(8)

where exp(·) here is the scalar exponential, η =

(2π)−3(n−1)| detΣ1,...,n|−
1
2 is the normalizing constant and

x1,...,n
.
= [xT

1 , . . .,x
T
i , . . .,x

T
n ]

T ∈ R6n

where xi = log∨(μ−1
i gi). Σ1,...,n is a block matrix, with each

block being in size 6× 6. The (i, i)th block is expressed as
Σ1,...,n(i, i) (the same representation for its inverse matrix
Σ−1

1,...,n). The nonzero blocks of Σ−1
1,...,n are

Σ−1
1,...,n(i, i) =

{
Σ−1

i−1,i + Σ̃−1
i,i+1 (i �= n)

Σ−1
i−1,i (i = n)

Σ−1
1,...,n(i, i+ 1) = −Ad−T

i,i+1Σ
−1
i,i+1 (i �= n)

Σ−1
1,...,n(i+ 1, i) = −Σ−1

i,i+1Ad−1
i,i+1 (i �= n) (9)

where Σ1,...,n ∈ R6n×6n. Ad is explained as follows. Let Ad(g)
denote the adjoint operator for g in a Lie group, which is defined
as

Ad(g)x̂
.
=

d

dt

(
getx̂g−1

)∣∣∣
t=0

= gx̂g−1

where ·̂ is the hat map, which is the inverse operation of ∨
that maps from a vector space into the Lie algebra. The adjoint
operator maps from the Lie group to the set of all invertible linear
transformations of the Lie algebra onto itself [55]. Note that
Ad(g) is an operator, but can be expressed as a matrix, denoted
as Adg . By direct calculations, Adgx = (gx̂g−1)∨. Specifically
for SE(3), the adjoint matrix can be computed as

Adg
.
=

(
R O3×3

t̂R R

)
∈ R6×6 (10)

where R and t are the rotation and translation parts of g,
respectively. Here, ·̂ is the hat operator in so(3), which converts
the vector t into a skew-symmetric matrix [55]. For the sake of
simplicity, the adjoint matrix for the relative mean poses between
the adjacent time steps in (9), i.e., μi and μi+1, is defined as

Adi,i+1
.
= Adμ−1

i μi+1
.

The covariance between the relative time steps can then be
computed as

Σ̃i,i+1 = Adi,i+1Σi,i+1AdT
i,i+1 . (11)
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Fig. 2. Examples of the adaptation to new via points with uncertainties. The
solid blue and magenta curves are the means of the encoded joint prior (9) and
posterior (14) distribution, respectively. Dashed magenta curves are the random
trajectory samples from the probability distribution. (a) Original trajectory mean
and samples. (b) Adaptation to a new goal pose. (c) Adaptation to new via points.

The inverse operations in (9) are simply matrix inverses. In this
formulation, the variable x1,...,n ∼ N (0,Σ1,...,n) is subject to a
Gaussian distribution with zero mean. Detailed derivations can
be referred to Appendix A1.

E. Adaptation to Novel Situations

One of the most essential abilities of an LfD method is its
adaptability to novel situations. The adaptation to via points is
first discussed. Then, its equivariant property is studied when
there is a change of viewing frame. Finally, the learned distribu-
tion is fused with the robot-specific workspace density.

1) Adaptation to Via Points With Uncertainties: Suppose that
the robot is asked to pass a via point g∗i ∈ SE(3)with uncertainty,
which is described by covariance matrix Σ∗

i . The posterior
distribution can be computed as follows. Using an observation
model, the new via point be defined as a function of the variable
xi, i.e.,

g∗i
.
= μi exp (x̂i) exp

(
ξ̂
)
= μi exp

(̂
Cix1,...,n

)
exp

(
ξ̂
)
(12)

where exp(̂·) here is the matrix exponential that maps from Lie
algebra to Lie group, and exp(ξ̂) ∼ N (I,Σ∗

i ) is subject to the
desired covariance. Here

Ci = eTi ⊗ I6 ∈ R6×6n

selects the block of variables for the ith step, ⊗ denotes the
Kronecker product, ei ∈ Rn is the n-dimensional basis vector
and I6 is a 6-D identity matrix. Defining a new variable, i.e.,
y

.
= log∨(μ−1

i g∗i ), gives

y = log∨
(
exp

(̂
Cix1,...,n

)
exp

(
ξ̂
))

≈ Cix1,...,n + ξ .

(13)
Using (13), the mean and covariance of the posterior distribution
can be computed as

Ki
.
= Σ1,...,nC

T
i

(
CiΣ1,...,nC

T
i +Σ∗

i

)−1 ∈ R6n×6

x̄1,...,n = Ki log
∨ (μ−1

i g∗i
)

Σ̄1,...,n = (I6n −KiCi)Σ1,...,n (14)

where x̄1,...,n and Σ̄1,...,n are the posterior estimations of the
mean variable and covariance, respectively. Fig. 2 shows the
adaptation to novel uncertain via points.

2) Equivariant Adaptation to the Change of View: To change
the viewing frame, a group action is applied. Supposeh ∈ SE(3)
is the relative transformation from the current frame (O) to a new
frame (A), then the pose g viewed in frame O can be switched
to be viewed in frame A as go = h−1gh [50].

The conditional probability between two adjacent frames after
the change of view can be computed as

xo
i = log∨(h−1μ−1

i gih) = Ad−1
h xi . (15)

The same expression can be obtained for xo
i+1. Then, the

joint variable xi,i+1 = [xT
i ,x

T
i+1]

T ∈ R12 has the expression
after the change of view as

xo
i,i+1 =

(
Ad−1

h O6×6

O6×6 Ad−1
h

)
xi,i+1 . (16)

For a Gaussian distribution, explicitly writing down the
quadratic term in the exponent gives

ρ(gi+1|gi) ∝ exp

(
−1

2

∥∥xo
i+1 − Ado

i,i+1x
o
i

∥∥2
Σo−1

i,i+1

)
(17)

where Σo
i,i+1 = Ad−1

h Σi,i+1Ad−T
h , Ado

i,i+1
.
= Adμo−1

i μo
i+1

,

‖x‖2W = xTWx for a vector x ∈ Rn and −T denotes the
inverse of the transpose of a matrix. Detailed derivation can be
found in Appendix A2. From (17), the conditional probability
viewed in frame A is also a Gaussian with zero mean and
covariance Σo

i,i+1. Therefore, for the joint variable xi,i+1, we
can compute the inverse of joint covariance in the new frame as

Σo−1
i,i+1 =

(
Ado−T

i,i+1Σ
o−1
i,i+1Ado−1

i,i+1 −Ado−T
i,i+1Σ

o−1
i,i+1

−Σo−1
i,i+1Ado−1

i,i+1 Σo−1
i,i+1

)
. (18)

From the above derivations we can write

f(h ◦ xi,i+1) = h
 f(xi,i+1) (19)

where h ◦ xi,i+1 has the form in (16) and h
 f(xi,i+1) ∼
N (0,Σo

i,i+1) with the covariance from (18). This shows the
equivariance of the conditional distribution under the change of
view.

Using the same derivation process, the distribution of the
whole trajectory can be obtained. The variable becomes

xo
1,...,n =

(
In ⊗ Ad−1

h

)
x1,...,n (20)

where x1,...,n is defined in (8). The distribution has zero mean
and covariance, which has the same structure as (9). The differ-
ence is for (11), which becomes

Σo
i,i+1 = Ad−1

h Σi,i+1Ad−T
h , and

Σ̃o
i,i+1 = Adoi,i+1Σ

o
i,i+1AdoTi,i+1. (21)

Equations (20) and (21) also satisfy the equivariance property
[as in (19)]. Demonstrations on the equivariance property for the
change of viewing frame are shown in Fig. 3.
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Fig. 3. Equivariance property under the change of viewing frame. The samples
as viewed in the original frame O are shown in magenta, and samples after the
change of view using (21) are shown in cyan (trajectories are sampled as viewed
in the new frameA but transformed back to frameO for each pose for illustration
purpose). (a) Encoded joint distribution. (b) Distribution after conditioning on
a via point.

3) Adaptation to Robot-Specific Workspace Density: PRIMP
learns motions in the workspace of the robot instead of joint
space, which makes skill transfer among different robots easy.
In other words, the demonstrations are conducted using one
robot, and the learned workspace distribution can be used by
another robot with a different kinematic structure. However, an
important issue to consider is the adaptation to robot-specific
workspace limits and reachability. Previous work has exten-
sively investigated the density of the robot workspaces, in which
the more reachable space of the end effector has a higher proba-
bility [10], [56]. The workspace density was initially constructed
by discretizing the workspace and computing the histogram of
the poses at each voxel [57], [58]. To make computations more
efficient, Gaussian distributions were further used to approxi-
mate the workspace density of manipulators [59]. This approach
has been used to efficiently solve the inverse kinematics of
a serial hyperredundant manipulator. In this work, the same
concept is applied but in a different way. The workspace density
is used to inform the learned trajectory distribution, in order
to stay closer to the higher probability region within the robot
workspace. The following introduces how to fuse the learned
distribution with the workspace density of a specific robot, so
as to maximize the mobility when moving along the learned
trajectory.

The mathematical foundation is based on the convolution on
SE(3), i.e.,

(ρ1 ∗ ρ2)(g) .
=

∫
G

ρ1(h)ρ2(h
−1g)dh

where h is an integration variable and dh is the Haar measure on
SE(3) [10]. For a serial manipulator withm joints, the workspace
density is computed as the convolution of Gaussian distributions,
i.e., ρwd(g) = (ρ1 ∗ · · · ∗ ρm)(g) , where ρj(g) , j = 1, . . .,m
is the Gaussian distribution of all possible poses of the distal
end of the jth link. In practice, a discrete set of joint angles
is sampled uniformly. The pose of the distal end is computed
and approximated as a Gaussian defined by sample mean and
covariance using (5) and (6). The resulting workspace density
is also a Gaussian in SE(3), whose mean can be computed as
gwd = μ1 μ2 . . . μm. The covariance Σwd can be approximated

Fig. 4. Fusion with robot-specific workspace density. Thin cyan curves are the
demonstrated trajectories using the Franka robot; solid thick blue and magenta
curves are the mean trajectory without and with the fusion, respectively. The
end effector is placed at a random intermediate step along the fused trajectory
mean. (a) Franka Emika Panda. (b) Kinova Gen3.

by an iterative process of twofold convolution, i.e., Σ1∗2 =
Ad−1

μ2
Σ1 Ad−T

μ2
+Σ2, to the first order [56], [60], [61].

Then, the distribution of each intermediate pose along the
trajectory is conditioned by this density function. The idea is
analogous to that in Section III-E1, in which each intermediate
pose is asked to pass through the desired gwd with uncertainty
Σwd. For each step i, the workspace density can be approximated
as

gwd
.
= μi exp (x̂i) exp

(
ξ̂
)

(22)

where exp(ξ̂) ∼ N (I,Σwd). Let yi
.
= log∨(μ−1

i gwd), then

yi ≈ xi + ξ .

Stacking the variables for all steps together gives y =
[yT

1 , . . .,y
T
n ]

T . Therefore, the trajectory distribution after fusing
with the workspace density can be computed by

K
.
= Σ1,...,n (Σ1,...,n + In ⊗ Σwd)

−1

x̄1,...,n = Ky

Σ̄1,...,n = (I6n −K)Σ1,...,n . (23)

Fig. 4 demonstrates the fusion with robot-specific workspace
density. The demonstrations are conducted using the Franka
Emika Panda robot. Then, PRIMP is fused by the workspace
density of both Panda and Kinova Gen3 robots, followed by
adapting to a via point.

F. Extensions to the PCG

In addition to SE(3), the trajectory can also be represented by
PCG(3), [50]. An element in PCG(3) is represented as a rotation
and translation pair, i.e.,

g
.
= (R, t) ∈ PCG(3) = SO(3)× R3

which is a direct product (as compared with the semidirect
product for SE(3)). The exponential mapping for PCG(3)
is defined as exp(ξ)

.
= (exp(ω̂), t), where ξ

.
= [ωT , tT ]T ∈

R6 and ω̂ = log(R) ∈ so(3). The logarithm mapping is
then defined as log(g)

.
= (log(R), t) ∈ pcg(3) and log∨(g) =

[(log∨(R))T , tT ]T = ξ ∈ R6. Then, the relative pose between
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Fig. 5. PRIMP modeled on SE(3) and PCG(3). Solid blue and magenta curves
are the mean of the demonstrated and conditioned trajectories, respectively. (a)
SE(3). (b) PCG(3).

g1 and g2 becomesΔ1,2
.
= (RT

1 R2, t2 − t1). The adjoint matrix
of PCG(3) can be computed as

Adg
.
=

(
R O3×3

O3×3 I3

)
∈ R6×6 . (24)

To compute the trajectory distribution in (8), the local variable
for each frame becomes xi

.
=
(log∨(QT

i Ri)
ti − si

)
, where Qi and si are

the means of rotation and translation part, respectively. Using
the new local variable and PCG(3) operations, (14), (5), and
(6) are changed accordingly. One of the advantages of using
PCG(3) is that the orientation and position of a pose are de-
coupled, resulting in separate computations when concatenating
adjacent time steps. As for interpolating among discrete poses,
the total translational distance is, in general, shorter than the
SE(3) formulation. A qualitative comparison for the SE(3) and
PCG(3) trajectories is demonstrated in Fig. 5.

IV. MOTION PLANNING GUIDED BY PRIMP

This section introduces Workspace-STOMP, a novel guided
motion planning algorithm using the trajectory distribution com-
puted by PRIMP. A cost function for the end effector trajectory is
proposed to guide the STOMP algorithm. The cost is computed
based on the distance metric in SE(3) between each rollout tra-
jectory at each iteration and the workspace trajectory distribution
learned by PRIMP.

At each iteration, STOMP defines a set of random samples in
joint space, each of which is denoted as a “rollout,” i.e., q. To
compute the distance metric of each rollout with the learned tra-
jectory distribution, the trajectory of the end effector is computed
via forward kinematics, denoted as g(q, t) ∈ SE(3)× T . Then,
a number of mr random samples from the reference trajectory
distribution are generated, denoted as g

(k)
r = (R

(k)
r , t

(k)
r ). The

cost function c(qi, ti) for ith time step is computed as

c(qi, ti) =
1

mr

mr∑
k=1

(
wrot

∥∥∥log∨ (RT (qi, ti)R
(k)
r (ti)

)∥∥∥
+wtran

∥∥∥t(qi, ti)− t(k)r (ti)
∥∥∥) . (25)

The weights wrot and wtran for rotation and translation parts in
the distance function are set by users. In fact, other distances
(e.g., Mahalanobis distance or log-likelihood) can also be ap-
plied here, in order to measure the proximity from the rollout

Fig. 6. Motion planning using Workspace-STOMP to follow the learned
trajectory distribution from PRIMP.

Algorithm 2: Cost Function for Workspace-STOMP based
on Trajectory Distribution.

to the reference trajectory distribution. However, when using
metrics that include a covariance matrix, the cost value will be
hard to scale to balance with other costs defined in STOMP. For
example, if the distribution is concentrated (covariance is very
small), the Mahalanobis distance will be very large even when
the rollout is just a bit far from the mean. On the other hand,
when computing the distance with samples, it is not sensitive
to the magnitudes of the covariance, making it easier to scale
the units of the cost value. In the highly concentrated case, the
distance value will converge to the geodesic distance between
the rollout and the mean reference trajectory. The computational
process is shown in Algorithm 2.

The planner is initialized by the mean trajectory of the learned
distribution. Then, a plug-in package of the proposed cost func-
tion is implemented in MoveIt! platform [62]. Simulations of
writing letters “N,” “U,” and “S” using the proposed Workspace-
STOMP are shown in Fig. 6.

V. EVALUATIONS OF THE PROPOSED METHOD

The evaluations of the proposed PRIMP and Workspace-
STOMP algorithms are conducted in this section: 1) PRIMP on
SE(3) and PCG(3) as well as some popular state-of-the-art LfD
methods (see Section V-B); 2) properties of PRIMP in extrapo-
lation and single-demonstration cases (see Section V-D); and 3)
variants of STOMP for motion planning (see Section V-E).
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Fig. 7. Critical difference diagram for performance ranking for the 26 categories in the LASA handwriting dataset, with α = 0.05. The numbers are the averaged
ranking of the methods, the smaller (further to the right) the better. The methods connected by bold lines do not have significant differences in performance.
Different sets of parameters for ProMP and KMP are labeled after the method name. For ProMP, the format is “ProMP-[number of basis functions]”; and for KMP,
the format is “KMP-[scale factor of regularization]-[width of Gaussian for each kernel].” (a) Ddemo, translation part. (b) Dvia, translation part.

A. Comparison Metrics

1) Similarity With Original Trajectory: The averaged dis-
tance is computed between samples from the learned distribution
and the demonstrated trajectories. Mathematically, the metric is
defined as

Ddemo
.
=

1

ms

m∑
k=1

s∑
j=1

DTW
(
{g(j)learned}, {g

(k)
demo}

)
(26)

where m, s are the numbers of originally demonstrated trajecto-
ries and sampled trajectories, respectively. DTW({·}, {·}) de-
notes the DTW distance between two sequences, where the dis-
tance metric in Lie group is used. In the benchmark experiments,
the metrics for the rotation and translation parts are computed
separately. In particular, drot(R1, R2) = ‖R1 −R2‖F (‖ · ‖F
denotes the Frobenius norm) and dtran(t1, t2) = ‖t1 − t2‖2
(‖ · ‖2 denotes the 2-norm).

2) Adaptability to New Via Point: The distance between the
computed pose at a specific time step i and the designated pose
mean at the same step, i.e., μ∗

i , is computed as

Dvia
.
=

1

s

s∑
j=1

d
(
g
(j)
i , μ∗

i

)
. (27)

3) Similarity With Reference Trajectory: The similarity of
the computed trajectory with the reference is evaluated af-
ter motion planning. Given the mean of the reference end-
effector trajectories {gref,i = (Rref,i, tref,i)} and planned tra-
jectory {gplan,i = (Rplan,i, tplan,i)}, the error metric is defined
as the accumulated distance between each step along the two
trajectories, i.e.,

erot =
n∑

i=1

‖ log∨
(
RT

ref,iRplan,i

)
‖2

etran =

n∑
i=1

‖tref,i − tplan,i‖2 . (28)

B. Benchmarks Among LfD Methods

The data for LfD benchmarks include three types, which are
as follows:

1) LASA hand-writing dataset [63];
2) end effector positions generated in simulation;
3) real-world kinesthetic teaching for several common daily

tasks.
The former two types only include positional trajectories

while the third type involves both position and orientation data.
The existing probabilistic methods to be compared include 1)
ProMP [33], which only deals with the translation part of the
trajectories; and 2) KMP [7], [38], which considers both trans-
lation and orientation parts.

1) Parameters for the Baselines: Different sets of parameters
for the two baseline methods are considered. For ProMP, radial
basis functions are chosen to encode the latent-space representa-
tion, where the number of Gaussian functions is the parameter to
be tuned. For the KMP method, the width of Gaussian for each
kernel and the scale factor of the regularization term play es-
sential roles in encoding and generalizing the learned trajectory
distribution. For both methods, we are using the open-sourced
implementations.3

2) LASA Handwriting Dataset: This dataset involves 2-D
handwriting demonstrations. We then augment by adding a
zero z-coordinate and identity 3-D orientation for each pose
in the trajectory. The 4 sets consisting of multimodal data are
omitted, so the comparisons are conducted in the remaining
26 datasets. The distance metrics in (26) and (27) are used to
evaluate the performance. Since only translation is included in
the demonstration, the evaluations only include the translation
part. All the compared methods are ranked among each of the
26 categories. The averaged rankings are shown in a critical
difference diagram in Fig. 7.

3) Demonstrations in Simulation: The simulations are con-
ducted by virtually dragging the end effector to draw symbols
and letters in MoveIt. The orientation of the end effector is fixed.
Fig. 8 shows the benchmark results for the similarity to the
demonstrated trajectories [see Fig. 8(a)–(c)] and adaptability to
via points [see Fig. 8(d)–(f)].

3Implementations are sourced for ProMP from https://github.com/dfki-
ric/movement_primitives/ and for KMP from https://github.com/yanlongtu/
robInfLib-matlab/.
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Fig. 8. Benchmark results for LfD methods in simulated data. (a) Ddemo, “Letter N.” (b) Ddemo, “letter U.” (c) Ddemo, “Letter S.” (d) Dvia, “Letter N.” (e)
Dvia, “Letter U.” (f) Dvia, “Letter S.”

TABLE I
DAILY OBJECTS AND COMMON TASKS USED IN THE BENCHMARK

Fig. 9. Kinesthetic demonstrations for different tasks.

4) Physical Demonstrations on Real-World Tasks: We con-
sider common tasks in daily household environments, which
are summarized in Table I. At first, for each task, the human
demonstrator drags the end effector of the Panda robot, each
with 5–10 trials (see Fig. 9). Then, with manually defined 50
different pairs of goals and via points, different LfD algorithms
are applied to reproduce the task. Distance metrics as in (26)
and (27) are used for evaluations, which are shown in Tables
II and III, respectively4. The values in the tables are the mean
among all the 50 random trials. The PCG formulation of PRIMP
is shown in the results. The parameters for KMP and ProMP are
selected as the relatively best performance among all the tasks.
Specifically, for KMP, the parameters are selected as λ = 0.1 and
l = 1, where λ and l represent the scale factor of regularization
term and width of Gaussian for each kernel, respectively; and
for ProMP, the number of basis functions is chosen as 30.

4The bold color indicates the best result among all the compared methods.
The bold numbers have the same meaning in all the other tables that follow.

TABLE II
BENCHMARK RESULTS OF SIMILARITY TO DEMONSTRATIONS AMONG LFD

METHODS IN REAL-WORLD TASKS

From the benchmark results in different datasets, PRIMP out-
performs other probabilistic methods being compared in most
cases, in terms of similarity metric for the whole trajectory as
well as the distance to the desired via point. The computational
time for encoding and generalization can achieve the level of
milliseconds, with an average of less than 50 ms, which is more
than five times faster than the compared counterparts. Ours leads
the performance ranking with a critical difference in the LASA
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TABLE III
BENCHMARK RESULTS OF ADAPTATION TO VIA POINTS AMONG LFD

METHODS IN REAL-WORLD TASKS

TABLE IV
ABLATION STUDY FOR GORA PREPROCESS

dataset, as shown in Fig. 7, and outperforms synthetic and real
data for daily tasks. For the cases of SE(3) and PCG(3), PRIMP
performs similarly, with PCG(3) being slightly better. This is
partly because that when translation and orientation parts are
separated, the mutual influence or error accumulation between
different types of motions is mitigated.

C. Ablation Studies

1) GORA Preprocess for Temporal Alignment: The effect
of GORA as a preprocess is evaluated. All the demonstration
trajectories are first preprocessed and encoded by PRIMP. Then,
with the definition of the desired goal and a via point, the
posterior distribution is obtained. The proposed PRIMP method
is compared with its ablated version without GORA and the one
using DTW as preprocessing. Metrics for similarity with the
original trajectory (Ddemo) and adaptability to new via points
(Dvia) are compared. Table IV shows the comparison results,
with metrics for rotation and translation parts being separated.
The values in the table are the averaged distance among all data
categories in each dataset.

From the results, PRIMP with GORA reproduces the motions
with the highest similarity with the demonstrated trajectories and
lowest errors to the desired via points in all the cases. It shows the
effectiveness of using GORA as a preprocess to align multiple
demonstrations in the temporal axis. With the reparameterized
trajectories, PRIMP is able to learn the distribution and gener-
alize to novel situations better than not using any preprocess or
aligned by the DTW method.

2) Workspace Density Adaptation for Skill Transfers Among
Different Robots: The effect of adaptation to robot-specific
workspace density is evaluated. Demonstrations are conducted
in Franka Panda robot and the robots for execution are changed.
Real-world tasks are considered here. The metric is similar to
the adaptability to via points as in (27). But, the distance d(·)

TABLE V
ABLATION STUDY RESULTS FOR ADAPTATION TO ROBOT-SPECIFIC WORKSPACE

DENSITY

inside the summation is computed as the Mahalanobis distance
from each pose along the trajectory to the workspace density of
each robot, i.e.,

d
(
g
(j)
i , μwd; Σwd

)
=
∥∥∥log∨ (μ−1

wd g
(j)
i

)∥∥∥
Σ−1

wd

. (29)

This is because that the Mahalanobis distance measures the
proximity of a data point to a distribution, which is more suitable
here than simply computing the distance to the mean pose.
Table V illustrates the comparisons between PRIMP with and
without the adaptation to workspace density of different robots,
which are denoted as “Original” and “Ablated,” respectively.
The percentage of improvements in the closeness to the high
probability region is also computed for each robot in each task.

In almost all the tasks with different types of robots, being
conditioned by the workspace density pushes the whole learned
trajectory closer to the region where the robot has higher prob-
ability to reach. The improvements is around 10% on average.

D. Properties of PRIMP

1) Extrapolation: One of the most desirable properties of
an LfD method is the ability to adapt to extrapolations when
via points are out of the distributions of the demonstrations. A
qualitative comparison is shown for the case of extrapolation
between PRIMP and KMP methods in Fig. 10 using the LASA
handwriting dataset.

The effectiveness of the proposed PRIMP method in the
extrapolation case is further shown in quantitative comparisons
with KMP in the real-world kinesthetic dataset. The start and
goal poses are randomly generated as two via points to be passed
through, which are far from the demonstrated trajectories. For
PRIMP, the PCG formulation is used; and for KMP, the parame-
ter is chosen as λ = 0.01 and l = 10, which performs relatively
the best as compared with other combinations. The similarity
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Fig. 10. Qualitative comparisons for extrapolation between PRIMP and KMP.
Positions of via points are indicated by black dots. Solid thick blue and magenta
curves are the means of the demonstrated and reproduced trajectories, respec-
tively. For KMP (b), blue ellipsoids indicate the level surface of the GMM. (a)
PRIMP. (b) KMP.

TABLE VI
MEAN VALUES OF SIMILARITY AND ADAPTABILITY METRICS FOR THE

EXTRAPOLATION CASE IN REAL-WORLD TASKS

with demonstrations (Ddemo) and adaptability to novel situa-
tions (Dvia) that are out of distributions are shown in Table VI.
The mean values among 50 random trials are demonstrated, with
rotation and translation parts being separated.

Although in some tasks, KMP reproduces the motions more
similar to the demonstrations (especially for the translation part),
the leads are not significant. On the other hand, ours always has
much lower errors to the desired via points, which are far from
the demonstrated trajectories. It shows that PRIMP is able to
adapt to the novel situations that are extrapolated.

2) Learning From a Single Demonstration: The ability of
PRIMP to learn from a single demonstration is illustrated in
Fig. 11 qualitatively. The real-world tasks are selected, each of
which only consists of one demonstrated trajectory.

Comparisons with learning from the multiple demonstrations
are also conducted. The baseline in this part of experiments is
defined to learn from all the demonstrated trajectories for the
real-world tasks. Tables VII and VIII show the similarity with
the baseline (i.e., (26), but using the mean trajectory from the
baseline instead of the set of demonstrated trajectories) and the
adaptability to via points (27), respectively. The mean values of
the metrics are listed with rotation and translation parts sepa-
rated. In Table VIII, “Single” and “Full” represents the learning
from a single demonstration and the full set of demonstrations,
respectively.

Fig. 11. PRIMP learning from a single demonstration. The blue curve is the
only demonstrated trajectory. Solid and dashed magenta curves are the mean and
samples from the adapted trajectory after conditioning, respectively. (a) Task 1.
(b) Task 4.

TABLE VII
MEAN VALUES OF SIMILARITY TO THE BASELINE FOR LEARNING FROM A

SINGLE DEMONSTRATION IN REAL-WORLD TASKS

TABLE VIII
MEAN VALUES OF ADAPTABILITY METRIC (Dvia) FOR LEARNING FROM A

SINGLE DEMONSTRATION IN REAL-WORLD TASKS

Compared to the baseline that uses the full dataset, using
a single demonstration can still generate trajectories that are
reasonably similar to the demonstration. By manually defining
the initial covariance as a diagonal matrix with small values as
the entries, PRIMP is still able to adapt to novel via points with
small errors. Although the errors are slightly larger than using a
full dataset, they are within the same level of magnitude and the
differences are not large.

3) Equivariant Adaptation to the Change of View: This set
of benchmark experiments demonstrates the ability of PRIMP
to adapt to the change of a viewing frame. By using the equivari-
ance property described in Section III-E2, the learned trajectory
distribution can be switched in the new local reference frame
efficiently. Trajectory samples can be generated locally from
the new mean and covariance. On the other hand, after the change
of viewing frame, a single trajectory can be transformed by the
conjugation. Therefore, the samples in the original frame can
also be expressed from the new frame of view. This way of
generating samples in the new viewing frame is treated as the
baseline of this set of benchmarks.

To evaluate the equivariance property and show its efficiency
in generating trajectory samples, the similarity to the samples
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TABLE IX
MEAN VALUES OF SIMILARITY TO BASELINE FOR EQUIVARIANT ADAPTATION

TO THE CHANGE OF VIEW IN REAL-WORLD TASKS

TABLE X
MEAN VALUES OF ADAPTABILITY (Dvia) FOR EQUIVARIANT ADAPTATION TO

THE CHANGE OF VIEW IN REAL-WORLD TASKS

TABLE XI
MEAN VALUES OF COMPUTATIONAL TIME FOR EQUIVARIANT ADAPTATION TO

THE CHANGE OF VIEW IN REAL-WORLD TASKS

generated by the baseline, adaptability to novel via points in
the new frame and computational time are compared. In the
experiments, 50 random sets of via points are generated, and
for each of these trials, a random SE(3) element is generated
as the new reference frame. Tables IX and X demonstrate the
similarity to the baseline and adaptability to the desired via
point after conditioning, respectively. The computational time
for generating samples after the change of view is also compared
and shown in Table XI.

Using the equivariance property, the trajectory distribution
can be transferred to another viewing frame efficiently, i.e., twice
faster than the baseline in generating samples after switching the
frame. The generated samples are very similar to the baseline
and do not have significant differences in terms of the proximity
to the desired via points in most cases.

E. Comparisons on Guided Motion Planning

Benchmarks for motion planning are conducted, which in-
clude manually defined environments in simulation [as in
Fig. 12(a), (c), and (e)]. The real-world tasks, as defined in
Section V-B4, are applied here. We compare the proposed
Workspace-STOMP planner with (1) STOMP [18] without guid-
ance; and (2) Cartesian-guided STOMP [17]. Note that, the
original implementations for both baselines initiate the planner
with linearly interpolated trajectories between start and goal.
However, to make the comparisons fair, the initial conditions for

TABLE XII
COMPARISONS FOR EXPECTED TASK-SOLVING TIME (Etask, IN SECONDS)

AMONG PLANNERS

all planners are set to be the mean of the learned distribution from
PRIMP and converted to joint space using inverse kinematics.

The planning time (Tplan) and task success rate (ρtask) are
computed. The success of a task is evaluated in either a sim-
ulation or a manually defined metric. Specifically, for pouring,
transporting, and scooping tasks, the planned trajectories are put
into the simulator for execution. For pouring, a cup follows the
planned trajectory to pour a set of particles into a bowl. The
task is succeeded if the percentage of particles inside the bowl
is above 95%. For scooping, a spoon that follows the planned
motion scoops particles from the bowl. If any particle appears in
the spoon, the task is defined as a success. For the transporting
task, a particle is loaded into the spoon. If it is not dropped
after executing the planned motion, the task is considered as a
success. On the other hand, the drawer and door opening tasks are
evaluated by computing the error with the reference trajectories
resulting from PRIMP. Each trial is succeeded when the error
computed by (28) is less than a threshold (e.g., rotational error
is less than 20◦ and translational error is less than 0.2).

The benchmark results for different tasks in different planning
scenes are shown for the planning time in Fig. 12. Each row
demonstrates the planning results for one scene, and each col-
umn shows one task. Table XII shows the expected task-solving
time by considering the task success rate [64], i.e.,

Eplan .
=

T plan

ρtask
(30)

where T plan is the averaged planning time among all the trials.
This metric provides a tradeoff between the planning time and
success rate, i.e., a method for a task is desirable if it can be
solved in a short time with a high success rate. On the other hand,
if a method is able to solve the problem with a slightly higher
success rate but has to spend quite a long time, its expected time
might still be long. When all the trials fail, the expected solving
time is infinity.

In general, our proposed Workspace-STOMP runs much
faster and has less deviations among multiple trials than the other
guided planner Cartesian-STOMP. In some cases, the vanilla
STOMP without guidance runs the fastest since it does not
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Fig. 12. Planning scenes and computational time comparisons for different STOMP variants. Each row shows the results in one planning scene, which is
demonstrated in (a), (c), and (e), respectively. Figures (b), (d), and (f) show the planning time for the compared planners in different tasks as boxplots. Ours
(Workspace-STOMP) is highlighted by bold letters. (a) Sparse scene. (b) Planning time comparisons in a sparse scene. (c) Cluttered scene. (d) Planning time
comparisons in a cluttered scene. (e) Dense scene. (f) Planning time comparisons in dense scene.

include the trajectory similarity cost. When further considering
the task success rate, ours performs much better in terms of the
expected problem-solving time. In many cases, e.g., tasks 1 in
all the scenes, tasks 3 and 5 in the dense scene, ours takes the
lead with a large margin. Also, for task 3 in the dense scene, both
compared baselines fail to complete the task after planning, but
ours is able to solve the problem successfully in several trials.

VI. PHYSICAL EXPERIMENTS

A robotic system is proposed, which includes PRIMP,
Workspace-STOMP, and robot imagination [20]. The tasks and
the corresponding motion primitives are the same in Table I.
Physical experiments using the Franka Emika Panda robot are
conducted.

A. Workflow

The general workflow of the proposed robotic system is
shown in Fig. 13. For each motion primitive, human operators

first conduct several demonstrations by dragging the robot end
effector to fulfill the specific task. The trajectory of the end
effector poses for each demonstration is recorded. For a new
planning request, key poses for the robot are generated from
manual inputs, ArUco tags [65], or robot imagination module
(as in Section VI-D). A set of key pose candidates is then fed into
PRIMP to condition the trajectory probabilistic distribution. The
learned distribution is then used to guide the STOMP planner
with new planning scenes, which include novel obstacles. Once
a feasible trajectory is found by Workspace-STOMP, the robot
executes the planned motion to fulfill the designated task. If there
is no feasible trajectory, more key pose candidates are generated
for replanning.

B. 3-D Reconstruction of the Planning Scene

A new scenario is obtained by 3-D reconstructions using
an RGB+D camera. It is mounted at the robot end effector
and moved to several predefined configurations (the details



2882 IEEE TRANSACTIONS ON ROBOTICS, VOL. 40, 2024

Fig. 13. Workflow of the proposed robotic system including PRIMP, Workspace-STOMP, and robot imagination.

are referred to the work in [20]). The object of interest, i.e.,
container or drawer, is segmented from the planning scene by
placing it within a transparent table whose size is predefined
and pose is indicated by an ArUco tag. After the scanning, the
object of interest and obstacles outside the transparent table are
constructed as mesh models separately. The object of interest is
then loaded into the robot imagination module for tasks such as
pouring and scooping. In the planning module, only the novel
obstacles are loaded into the planning scene.

C. Prior Knowledge for Tasks and Tools

Prior knowledge of each task includes the method to obtain
functional poses, key poses, and transformation from functional
pose to key pose. The functional pose is obtained by 1) robot
imagination, such as the pouring pose and scooping pose; or
2) the tag that indicates the start/goal pose for transporting or
opening. The key pose is defined with respect to the specific
link of the robot arm that is the same as the recorded one during
the demonstrations. One key pose is the start pose, which is
predefined for each task. Other key poses are generated depend-
ing on whether robot imagination is applied. For the tasks that
require robot imagination, i.e., pouring and scooping, only the
time parameter is defined a priori. But for tasks such as opening,
the goal pose is computed as prior knowledge by considering the
dimension of the moving part and the mode of movement. The
prior knowledge for relative transformation from the functional
pose to the key pose is defined for each tool, i.e., through the
geometries of the handle, spoon, and cup and the corresponding
grasping point for the robot gripper. Table XIII summarizes
the prior knowledge for each task, including the process that

TABLE XIII
PRIOR KNOWLEDGE FOR DIFFERENT TASKS

generates key poses and the corresponding time parameter (i.e.,
t ∈ [0, 1]).

D. Robot Imagination

One of the most essential steps to generalize skills in different
situations is to properly define the via points. As is shown in
Table XIII, the via points can be manually defined and retrieved
from visual features for certain tasks such as transporting or door
opening. However, for pouring and scooping, the motions are
more complex, and the poses that afford successful executions
are hard to determine. This refers to the study of object affor-
dance learning. In our previous work, the object affordances
are learned through physics-based simulation with predefined
motions, which is named as robot imagination. The methods pro-
vide improvisational acquisition of the key points to successfully
complete a certain task in unseen situations, with a high success
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Fig. 14. Robot imagination process for scooping. The container is represented
by the white meshed object.

rate [20], [66], [67]. Those key points are named as functional
poses of the tool used to complete such a task. In this work,
the via points for pouring and scooping tasks are determined by
robot imagination trials, which are conducted using the Gazebo
physics simulator. The pouring imagination applies the same
principle as in [20] while the scooping imagination is novel
in this work. The process for simulating the scooping tasks is
described as follows.

The tool for scooping is a common spoon model, whose
center is defined as the center of the rim of its head part.
After the object of interest is loaded into the simulator, particles
are dropped above the object’s bounding box. Once there are
particles contained inside, the one with the minimum height is
recorded, denoted as the bottom particle. Its position is treated
as the potential scooping position. Then, the spoon is placed
on top of this bottom particle with random variations in the
x− y direction. The orientation is sampled as a uniformly
distributed random rotation around the global z-axis. Before
scooping, the spoon is rotated for 90◦ around its longer principle
axis so that the head is facing the side. Then, the spoon is
slowly rotated around the longer principle axis until the head
is facing the top (as shown in Fig. 14). The current pose is a
candidate for the functional (scooping) pose. Then, the spoon is
lifted above the object to count the particles. Once there is any
particle within the spoon head, the functional pose candidate is
recorded.

The obtained functional poses are transformed into key poses
for the robot by prior knowledge defined in Section VI-C and
will be used in PRIMP. The number of attempts (Nattempt) and
the maximum number of functional poses (Npose) are defined
by users. The imagination process is considered a success if
Npose > 0 after Nattempt trials, and failure otherwise.

E. Results

The objects and tools used for each task are shown in Fig. 15.
For the demonstrations and robot executions, different objects
and tools are used. The experimental results for the tasks in
Table I are demonstrated in Fig. 16. One example is shown for
each task.

VII. DISCUSSION AND FUTURE WORK

PRIMP learns the probability distribution and generalizes
to novel situations in the full workspace of the robot manip-
ulator. The learned trajectory distribution can be transferred

to other robots with the conditioning by workspace density.
Afterward, the trajectory can be shifted to the higher probability
region in the robot workspace. When there is a rich set of
demonstrations, the probability density gives more information
for the whole motion where critical parts can be reflected. Even
when there is only one demonstration, an initial covariance
can be manually defined without affecting the generalization
process for novel situations. Another feature of PRIMP is that
the covariance is computed for the relative poses between two
adjacent time steps. This is different from many existing proba-
bilistic methods, which compute covariances for absolute states.
It makes possible to adapt to the extrapolation case, where via
points are out of the range of demonstrations. When there is
a change of the start pose, the whole trajectory will be shifted
accordingly, but the internal connections between poses and the
trajectory shape will remain invariant. When other via points are
far from the learned distribution, PRIMP can still perform well
to both reach the target pose and maintain the trajectory shape.
In terms of parameters, ProMP requires an explicit definition of
the basis function and Orientation-KMP uses kernel tricks with
parameters that affect performance significantly. However, the
proposed PRIMP does not have any parameters to tune.

The proposed Workspace-STOMP uses the learned trajectory
distribution as guidance to plan a feasible path. The covariance
information provided by PRIMP gives more flexibility in varying
the samples and guides the optimization through critical regions.
For example, when the covariance is large, the trajectory can
deviate more from the reference and focuses more on collision
avoidance. In a certain region when the covariance is small, the
planner will maintain the shape much closer to the reference.
This cannot be fulfilled when only the mean trajectory is con-
sidered in the cost.

The robot imagination module aims at generating key poses
for PRIMP, especially for pouring and scooping that involves
more complex motions. When combining with the functionality
of objects such as bowls, spoons, or cups, the definition of
these via points is natural and explainable. By hard-coding
and simulating the pouring and scooping processes, the critical
functional pose is well-defined to assist the whole framework.
Physical experiments demonstrate the feasibility of the imagined
key poses, with the guidance of which the proposed PRIMP
method and Workspace-STOMP planner are able to successfully
transfer the human skills to the robot for the same task in different
unseen scenarios.

The proposed methods still have limitations. For example, the
imagination is still preprogrammed, which might not truly reflect
human behaviors. The mean trajectory learned from PRIMP is
sometimes not smooth enough, which requires STOMP to opti-
mize. Also, when there is an anomaly in the demonstration set,
PRIMP might have undesirable performance. To potentially re-
solve these limitations, future work includes fusing demonstra-
tions into the robot imagination module; adding velocity and/or
acceleration into the state vector; adding force information in the
probabilistic model; combining with other optimization-based
planning and control baselines, such as LQR, CHOMP, or Tra-
jOpt, for guided planning; and investigating ways to detect and
filter data outliers before encoding demonstrations.
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Fig. 15. Objects of interest and tools used for each task. O and T stand for “object of interest” and “tool,” respectively; E and D stand for “robot execution” and
“demonstration,” respectively. The format X/Y means “X used in the Y process.” And the ones without E or D are used in both processes.

Fig. 16. Experiment results using the proposed robotic system including PRIMP, Workspace-STOMP, and robot imagination.

VIII. CONCLUSION

This article presents PRIMP, an LfD method that computes
the probability distribution in the robot workspace with taught
trajectories and simulation-informed actions. It only requires a
few or even a single demonstration and is able to adapt to new
via points (including start, goal, and any point in between), a

change of viewing frame, and robot-specific workspace density.
The learned trajectory distribution is then used to guide the
STOMP motion planner to avoid novel obstacles, resulting in the
Workspace-STOMP planner. Benchmark studies show the supe-
riority among different popular LfD methods and guided motion
planners. The applicability is demonstrated experimentally in a
novel robotic system with the study of object affordance.
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APPENDIX

A. Derivations of Joint Probability That Encodes the
Demonstrations

The absolute mean trajectory is denoted as {μ0, μ1, . . ., μn}
and relative covariance is {Σ0,1,Σ1,2, . . .,Σn−1,n}. From (7),
if all the poses are subject to Gaussian distribution with small
deviations, explicit results can be shown as follows. First

ρ(gi+1|gi)

∝ exp

(
−1

2

∥∥log∨[(μ−1
i μi+1)

−1 (g−1
i gi+1)]

∥∥2
Σi,i+1

)
. (31)

Defining free variables that measure the deviation of the true
poses to their mean as gi = μi ◦ exp(x̂i). Then, the matrix
logarithm term can be approximated as

log∨
[
(μ−1

i μi+1)
−1
(
(μi exp(x̂i))

−1 (μi+1 exp(x̂i+1))
)]

= log∨
[
(μ−1

i μi+1)
−1 exp−1(x̂i) (μ

−1
i μi+1) exp(x̂i+1)

]
≈ xi+1 − Adi,i+1xi . (32)

Then, substituting (32) into (31) and defining a joint variable
xi,i+1

.
= [xT

i ,x
T
i+1]

T gives

ρ(gi+1|gi) ∝ exp

(
−1

2
‖xi,i+1‖2Σ′

i,i+1

)
(33)

where
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(34)
Finally, substituting (33) into (7) gives

ρ(g1, g2, . . ., gn) ∝ exp

(
−1

2

n−1∑
i=1

‖xi,i+1‖2Σ−1
i,i+1

)
. (35)

Stacking the variables into the full state vector gives

ρ(g1, g2, . . ., gn) ∝ exp

(
−1

2
‖x1,...,n‖2Σ−1

1,...,n

)
(36)

where

x1,...,n
.
= [xT

1 , . . .,x
T
i , . . .,x

T
n ]

T

Σ̃i,i+1
.
= Adi,i+1Σi,i+1AdTi,i+1

and (37) shown at the top of this page

B. Derivations of Equivariant Property of the Joint
Distribution of the Whole Trajectory

The conditional probability ρ(gi+1|gi) in (31) under the
change of view is derived as follows. When h ∈ SE(3) is the
transformation from frame O to A, for any g ∈ SE(3) that is
viewed in O, go = h−1gh is the conjugated element that is
viewed in frame A. Then, by direct computations, the matrix
logarithm within the squared weighted norm is derived as

log∨
(
(μ−1

i μi+1)
−1(g−1

i gi+1)
)

= log∨
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i μo
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)

= log∨
(
h(μo−1

i μo
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i μo
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o
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)
.

(38)

With the assumption of small deviations, i.e., ‖xo
i ‖2 � 1, (31)

can be approximated as

ρ(gi+1|gi)

∝ exp
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(39)

which is equivalent to

ρ(gi+1|gi) ∝ exp
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