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Abstract— Control barrier functions (CBFs) are powerful
tools for ensuring safety in controlled systems, commonly
employed through the construction of a safety filter using
quadratic programming (QP), known as CBF-QP. However,
synthesizing a CBF specifically for the navigation tasks of
mobile robots, where safety is crucial, poses challenges due
to the complexity of the operating environments. In addition
to that, the CBF synthesis should be repeated for every new
environment, further escalating the computational burden. In
this paper, we introduce Lyapunov-based CBFs, which is a
CBF built solely from a control Lyapunov function (CLF). By
utilizing multiple Lyapunov-based CBFs as building blocks to
create a large control invariant set, we formulate a CBF-QP-
like safety filter to ensure safety in cluttered environments.
The proposed safety filter inherits the favorable characteristics
of CBF-QP such as fast computation and safety guarantee,
and can adapt to diverse environments without the need for
burdensome resynthesis of a new environment-specific CBF. We
demonstrate the effectiveness of the proposed approach through
multiple simulation and real-world experiments, whose results
show that the proposed safety filter was successful in providing
safety for the robot even in complex workspaces with many
obstacles.

I. INTRODUCTION

Safety in autonomous mobile robot systems can be defined
as satisfying the state constraints (e.g., speed limit and
collision avoidance) over an infinite time horizon without
exceeding the control limits. Unfortunately, it is generally
difficult to directly verify safety in mobile robot systems,
mainly due to the difficulty of looking infinitely far ahead
in time, especially in nonlinear systems. To circumvent
direct safety verification, many researchers have proposed
alternative approaches using control invariant sets, such
as control barrier functions (CBFs) [1]. Safety assurance
through CBFs is recently becoming popular, since a valid
CBF, once synthesized, offers a real-time safety filter based
on quadratic programming (QP) named CBF-QP [2].

Despite the advantages offered by CBFs in terms straight-
forward safety verification, the process of synthesizing a
valid CBF is widely recognized as challenging. The require-
ments for a function to qualify as a CBF are expressed in
the form of partial differential inequalities whose analysis
is difficult. Another reason is that the computational burden
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of synthesizing one typically scales exponentially with the
dimension of the state variable, known as the curse of
dimensionality [3]. Moreover, CBFs in the current form are
not suitable for use in navigation tasks of mobile robot
systems. The main reason is that mobile robots are typically
deployed in large and complex environments with many
obstacles, and the burdensome CBF synthesis should be
repeated for every environment the robot is deployed in.

In this paper, we propose a CBF-QP-like safety filter
for nonlinear mobile robot systems which overcomes the
aforementioned shortcomings. For that, we build multiple
CBFs only using a single control Lyapunov function (CLF),
namely Lyapunov-based CBFs, upon the mild assumption
that the system dynamics is invariant under translation in
certain directions, which we call translational symmetry in
this paper. Dimensionality is partially reduced by patching
copies of Lyapunov-based CBFs translated in the symmetric
directions. The system is allowed to switch between multiple
Lyapunov-based CBFs to track the given reference input
without losing safety. The strengths of the proposed method
can be summarized as follows:

o The proposed method can adapt to various environments

without heavy computation.

o It inherits the similar good characteristics from CBF-
QP. It can be run in real-time, and can be used as an
augmentation to an existing motion planner, allowing
the robot to select its control input from a broader range.

o The synthesis of Lyapunov-based CBFs is inexpensive
since it does not require direct analysis of partial
differential inequalities.

e One can make use of any off-the-shelf stabilizing feed-
back control method or a hand-crafted Lyapunov func-
tion to construct a Lyapunov-based CBF. This reduces
the computational burden of dealing with large complex
environments.

The effectiveness of the proposed approach is demonstrated
through simulation and real-world experiments with different
mobile robot models subject to actuation limits. The results
show that the proposed safety filter well filters the reference
input and provides persistent constraint satisfaction to the
system even in a complex environment with many obstacles.

II. RELATED WORK

Recent works on safety assurance for mobile robots can
be roughly categorized into two: one is to find the largest
control invariant set within the set of allowed states, and the
other is to find the smallest invariant set around the robot’s
nominal trajectory, typically called tubes.



In the former one’s case, CBFs have been widely applied
thanks to their straightforward formulation [4]—-[6], and many
variants of CBFs were also presented [7]-[10]. However,
it is widely recognized as challenging to find a valid CBF
for systems with actuation limits. Some recent works based
on sum-of-squares (SOS) programming [11], [12] or neural
networks [13], [14] were successful in synthesizing one, but
they only were able to handle simple environments with a
few obstacles. Their biggest drawback in navigation tasks
is that the barrier certificates are environment-specific and
requires resynthesis for every new environment.

The tube-based methods more easily apply to complex
environments while not being environment-specific. They
typically compute tube certificates in the offline phase and
place them around the nominal trajectory in the online phase
to guarantee safety. In [15], the robot is required to select
from a finite number of funnels, where a funnel is a trajectory
contained inside tube-shaped bound. The work [16] admits a
infinite-sized library of such tube-shaped trajectories, and the
robot solves a nonlinear optimization problem to find the best
safe one during operation. Tube construction using control
contraction metrics also showed to be powerful in obstacle-
cluttered environments [17]. Their advantages compared to
CBFs are less computational burden in the offline phase
and adaptability to various environments. However, they
typically come along with a (possibly aggressive) feedback
controller to constrain the system within the tube, and may
be undesirable in terms of control effort and energy usage.

The proposed method combines the advantages of the two
methods for navigation tasks of mobile robots. While being
a safety filter without the need of an aggressive feedback
controller, it does not require a burdensome environment-
specific barrier function synthesis. Additionally, the proposed
safety filter can be used with any type of CLF, for example,
learning-based [18], reachability-based [19], or even hand-
crafted ones. It can also be used with a handful of existing
feedback control techniques that come along with a Lya-
punov function, such as linear quadratic regulator (LQR),
backstepping control, and sliding mode control.

III. PRELIMINARIES

A. Problem Setup

We start by considering a continuous-time nonlinear time-
invariant control-affine system in the following form:

i = f(&)+ g(@)u, (1)

where x € R"™ is the state variable, u € U C R™ is the
input, and f : R® — R", g : R® — R"*™ are Lipschitz
continuous functions on the domain R"”, so that the state
trajectory never blows up in finite time with bounded input.
In this paper, we view safety in the context of set invariance.
That is, a system can be considered safe within a given set
C C R™, if there exists a feasible control strategy which is
capable of permanently keeping the state trajectory within
C. Therefore, we define safety as follows:

Definition 1 (Safety). The set C' C R™ is (infinite-time)
control invariant for the system (1), if for all ¢ € C, there
exists a (possibly feedback) control strategy k : [0,00) x
R™ — U, such that the solution x(-) (in the Caratheodory
sense [20]) to the following initial value problem (IVP)

@(t) = f(z(t) + g(x(0)k(t, 2(1), 2(0) =20 (2)

uniquely exists and z(t) € C for all ¢t € [0, 00). If such set
C consists of allowable states only, we call C' a safe set.

Let Xops C R™ be the set of forbidden states, for
example, collision with an obstacle. We assume that X,pg
is constant with respect to time. The objective of this work
is to synthesize a safety-critical controller which filters the
reference input uy(t) € R™ (¢t € [0,00)) to give the
actual feasible control input, so that the resulting feedback
controller ensures that the state never enters X,,s. That is,
we want to construct a large safe set C' such that C' and X ¢
are disjoint, and a feedback controller that renders the set C'
control invariant.

B. Assumptions

In this subsection, we list three key assumptions that are
essential in formulating the proposed safety filter.

1) Linear Input Bound: The first assumption is that the
input set U can be represented using a finite number of linear
inequalities, i.e.,

U={ueR™:aju<b;, Viec{l,---,N}}, (3

where a; € R™ and b; € R forall ¢ € {1,--- N}, and N
is a (possibly zero) nonnegative integer. This assumption is
to ensure that the resulting optimization-based safety filter
is formulated as a QP which comprises linear inequality
constraints only, so that it can be solved in real-time.

2) Stabilizability to the Origin: Let § : R® — R be a
differentiable function. The time derivative of /5 along the
trajectory is written as follows:

By = 2 (@) + glapm) @
We assume that there exists a continuously differentiable
function V : R” — R and a (possibly infinite) positive real
number b, such that V' is a CLF in the domain D = {z €
R™: V(x) < b}; ie.,
o V is positive definite: V(z) > 0 forall z € D, V(z) =
0 if and only if z = 0,
e For every z € D, there exists an input u such that
V(J:, u) <0.
The existence of such V' implies that the system is stabiliz-
able to the origin z = 0. We assume that %—Z # 0 for all
x € D\ {0}.
3) Translational Symmetry: We lastly assume that the dy-
namics exhibits the translational symmetry property, which
is defined as follows.

Definition 2 (Translational Symmetry). The dynamics (1) is
translationally symmetric if there exists an embedding matrix
E € R™ " (0 < ng < n) such that

f(z) = f(z — Eq), g(x)=g(r— Eq) §))



for any g € R™q.

The definition tells that the dynamics remains invariant
under translation in the column space of E, col(F), where
g denotes the displacement on col(E). Many real-world
mobile robot systems have this property. For example, the
kinodynamic model of a ground rover is usually symmetric
under translation in the longitudinal direction.

C. CBFs and Safety-Critical Control

CBF is a powerful tool for ensuring safety of a control
system. The main objective of utilizing CBFs is to determine
whether a set C C R" is control invariant, and construct a
safety-critical controller which makes C' invariant. Suppose
the set C' is given in the form of the superlevel set of a
continuously differentiable function i : R™ — R:

C={xeR":h(z) >0}
0C = {x € R" : h(z) = 0} (6)
Int C = {z € R" : h(x) > 0}.

Definition 3 (Control Barrier Function (CBF)). Let « :
R — R be an extended class-K, function.! A continuously
differentiable function h : R™ — R is a CBEF, if (6) holds,
and there exists a control input v € U such that

h(z,u) + a(h(z)) >0 (7
for all x € C, and % # 0 for all z € OC.

It follows from Nagumo’s theorem [21] that the set C is
invariant if such h is a CBF.

Now, let Kep(z) = {u € U : h(z,u)+a(h(z)) > 0}. Itis
obvious from Definition 3 that it is nonempty for all z € C.
It is known that any feedback & such that k(¢, z) € Kepe(z)
renders the set C invariant [2, Corollary 2], given that it
admits a unique solution to the closed-loop ODE.

Thanks to this invariance property, CBF can be used to
synthesize a safety-critical controller. If ~ : R® — R is a
CBF such that h(z) < 0 for all z € X, any feedback
controller v = k(t,z) € Kepe(z) will guarantee z(t) ¢
Xobs, should one exists, for all ¢ € [0, c0).

One good way of selecting a control input from K .p¢(z) is
to choose one that minimally deviates from a given reference
input uyef(-) € R™. Given the assumption on U (3), finding
such input can be formulated as a QP, namely CBF-QP [2]:

. 2
k(t,z) = arg min ||u — Ut (1) || ®)
s.t.  h(z,u) + a(h(x)) > 0.

Observe that the inequality constraint /(z, u) +a(h(z)) > 0
is affine in u (see (4)), hence (8) is a QP. Note also that this
QP is strictly convex, so it admits a unique finite optimal
argument, even if the feasible set K.p¢(z) is unbounded.
Many modern convex optimization solvers can solve QPs
like (8) in real-time.

IA function o : R — R is an extended class-Koo function if it is
continuous, strictly increasing, unbounded, and «(0) = 0.

IV. SAFETY FILTER DESIGN
A. Safety-Critical Control using Multiple CBF's

Let h; : R™ — R for each ¢ € Z be a CBF that renders
C; = {x € R" : hy(z) > 0} invariant, where Z is a finite
index set. For each CBF h;, consider the following CBF-QP:

. 2
ki(t,z) = arg Lrg(r} Hu — Uret () H ©
s.t. hi(z,u) + a(hi(z)) >0,

where u,(t) is the reference input that is independent of
i. We now let j € Z be an internal state, and set up the
following feedback control strategy:

k(t,j,.’L‘) = kj(twr)
.+ _ i
it=S8 (argr?eag hz(:v)> ;

where the internal state j jumps to j© whenever the time ¢ is
a multiple of the preset CBF-switching interval §¢, which can
be any positive real number. That is, whenever j jumps, the
controller switches to the CBF that gives the biggest value
(i.e., the least risk). The selection function S : 2Z\{@} — T
is employed to avoid ambiguity of the arg max;c7 term.”

The controller (10) yields the following hybrid closed-loop
system: whenever ¢ is multiple of §t, the closed-loop system
may experience a sudden jump in the control input w. In case
of a general hybrid system, a unique Caratheodordy solution
to the ODE might be non-existent. However, under a number
of mild conditions on the CBFs, and the initial condition,
the closed-loop system still possesses a unique Caratheodory
solution despite the discontinuities. That is due to the fact
that the jumps occur only at countable points in time [22]:
the collection of all such times, which is a subset of §t-Z~,
is a measure-zero set.

Furthermore, (10) renders the set

C={zeR":h(z)>0}=]JC

i€l

(10)

(11

invariant, where h(x) = max;ecz h;(x). The following theo-
rem summarizes these two statements. Its proof can be found
in the appendix.

Theorem 1. Let uef : [0,00) — R™ be the reference input.
Assume:

1) For every i € I, h; is a CBF for the system (1).

2) For any ty € [0,00), and for every i € I, if x(tg) €
C;, the CBF-QP (9) provides a unique solution to the
closed-loop ODE on the interval [to,to + 0t].

3) xzo € C.

Then, the closed-loop ODE

& = f(x) + g(x)k(t, j,x), (t/8t ¢ Zso)

7= (e nw) . Qgorezg

2Note that the maximum argument arg max;cz h;(x) in the second
line may be not unique. The mapping S selects one among the (possibly
multiple) maximum arguments. It can be any mapping that satisfies S(I) €
I for any nonempty I C Z. The existence of the maximum argument and
such selecting function is guaranteed, since Z is a finite set.
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Fig. 1. An example of how CBF value changes with respect to time, when
the proposed controller (10) is applied. In this example, Z = {1, 2}, i.e., two
CBFs are used. Theorem 1 states that, at all times, at least one among the two
CBFs hi (red curve) and ha (purple curve) is kept nonnegative, although the
inactive CBFs are allowed to decay faster than the decay bound given by the
class-Koo function o Therefore, the value of h(-) = max{hi(-), ha(-)},
shown as a gray shaded region, is also kept nonnegative.

with the initial condition
o0) =an, 3(0) = (argmox i) ) (13)

has a unique solution on the interval [0,00). Moreover,
x(t) € C for all t € [0, 00).

Fig. 1 shows an example of the change of CBF values
when the proposed controller (10) is applied. Although
h(z(t)) # hju(x(t)) for some ¢, h(x(-)) is always kept
nonnegative, thus C' is an invariant set.

Remark 1. The second condition holds when the controller
ki(t,z) is piecewise continuous and with respect to ¢, and
Lipschitz continuous with respect to z. This might not be true
even with smooth reference input u,ef in some cases. See
[23] for a counterexample and some additional conditions
for the continuity conditions to hold.

Remark 2. Note that §¢ can be an arbitrary positive real
number. Thus, we can think of the limit §¢ ~\, 0, resulting in
the following naive version of the controller:

where j(z) = S (argmax;cz hi(x)). The index j € T is
now a function of x rather than an internal state, and the
controller only depends on x and u,.s. We can no longer be
certain that a unique solution to the closed-loop ODE exists.
In practice, this means that (14) might introduce a severe
chattering phenomenon that potentially drives the system to
an unsafe state.

Nevertheless, in the simulation experiment, we saw that
the proposed controller usually generates a piecewise con-
tinuous input trajectory, which becomes discontinuous only
when t/0t € Z. Furthermore, the naive version (14) also
performed well as an appropriate safety filter.

B. Safety-Critical Control using Lyapunov-Based CBFs

We introduce how Lyapunov-based CBFs can be con-
structed from a CLF using the system’s translational invari-
ance property, and how they can be used to synthesize a
safety-critical controller. Let V : R™ — R be a CLF on the
domain D = {z € R™ : V(x) < b} (b € Ry U {o0}), and
consider

he(x) = W(q) = V(x — Eq), (15)

R"/col(E)

I

Fig. 2. A graphical explanation of the safe set C' = | 0€Q Cy. The
stabilization points ¢ are placed along col(E), the column space of the
embedding matrix E. The ellipses with different colors denote where hq
values become nonnegative, and the thick curve denotes a possible trajectory.
The colors of the segments denote for which g the hq(x) value becomes
the maximum along the trajectory.

3 Xops cR”
/ X q € Q c col(E)

O Cq= [x € R™hy(x) = 0}

where £ € R"*! is the the embedding matrix from Defini-
tion 2, ¢ € R!, and 0 < W(q) < b. An intuitive explanation
for W(q) is that it serves as a measure of how far from the
state F'q the system can be displaced without violating the
safety constraints.

Theorem 2 (Lyapunov-Based CBF). For any fixed ¢ € R
and 0 < W(q) < b, hy is a CBF on the domain Cy = {z €
R™ : hy(x) > 0}. This holds for any class-Ko function c.

In order to use the Lyapunov-based CBF h, to synthesize
a safety-critical controller, we let
W(q) < min {b, inf V(x— Eq)} . (16)
TEXobs
It is straightforward to find that W (q) < b for any ¢ € R’
Moreover, since

hq(xobs) - W(q) - V(xobs - Eq)
< inf V(z—Eq)—V(xons — Eq) <0 (a7
€ Xobs

for any xons € Xobs, the set Cy = {x € R” : hy(z) > 0},
if nonempty, is a safe forward invariant set for the given
system. Thus, so is C' = |J 1€Q Cy, which is a union of safe
sets [21].

A brief graphical explanation of the proposed safety filter
is given in Fig. 2. At any time during operation, the robot
can stabilize to at least one g € Q.

V. EXPERIMENTS

In order to validate the proposed safety filter, we con-
ducted simulation and hardware experiments on three differ-
ent system dynamics as depicted in Fig. 3. The simulations
were run on a desktop computer with 4-GHz CPU and 32-
GB RAM, and the hardware experiment ran on an onboard
computer with 1.7-GHz CPU and 8-GB RAM. The param-
eters values used in the simulation and experiments can be
found in Table I. For all experiments, we used a(y) = vy
(y € R) as the extended class-KC, function, where v > 0 is
a parameter that determines the decay rate. The computation
times in the offline and online phases are summarized in
Table II which demonstrates real-time applicability of the



TABLE I
THE PARAMETER VALUES USED IN THE SIMULATION AND HARDWARE EXPERIMENTS

Planar Multirotor Cart-Pole Ground Rover
Name Symbol Value Name Symbol Value Name Symbol Value (sim.) Value (hardware)
CBF switch interval ot of CBF switch interval ot 0.01 s CBF switch interval ot of 0.01 s
Robot size r 0.5 Cart mass mi 0.3 kg Robot size r 0.3 m 0.25 m
Grid size d 0.5 Pole tip mass mao 0.1 kg v weight Loy 1 1
Obs. size dobs 2.5 Pole length l 0.5 m 60 weight o 1072 1072
Decay rate v 10 Gravity g 9.81 m/s? Max. acceleration Am 1 m/s? 0.18 m/s2
CLF bound b 6 Grid size d 0.01 m Max. turn rate w 1 rad/s 1.4 rad/s
Conservatism € 10—6 Max. force fm 2N Grid size d 0.25 m 0.02 m
Decay rate o 2 Obstacle size - Imx Ilm 0.25 m (radius)
CLF bound b 0.5 Decay rate vy 1.5 1
CLF bound b 9] 0.1
f See Remark 2.
TABLE II

SUMMARY OF AVERAGE COMPUTATION TIMES

Scenario | Offline [ms] | Online [ms]
Planar Multirotor (section V-A) 520 2.3
Cart-Pole (section V-B) < 10 0.5
Ground Rover (Sim., section V-C) 310 7.0
Ground Rover (Exp., section V-D) 820 3.1
! 7 16 z

fi r‘)l 1 a’\e
1y, ! @{_--
I, fz u w

Py
L.

(c) Ground Rover

Py

L. ;

(a) Planar Multirotor (b) Cart-Pole

Fig. 3. [Illustrations of the systems used in the experiments. The multirotor
and the rover have translational invariance in two (horizontal and vertical)
directions, and the cart-pole system in one (horizontal) direction.

proposed method. The robot evaluates W (q) for all ¢ € Q
in the offline phase, and solves the QP in the online phase.

A. Planar Multirotor

The first system (Fig. 3 (a)) we use resembles a multirotor
drone with two rotors, confined on the vertical plane. Its six
dimensional state * = [p, Uy, Py, vy, 0,w] " € R® obeys the
control affine dynamics & = f(x) + g(x)u as follows:

Do = Vg Op = (f1 + f2)sind
Dy = Uy Uy = (f1 + f2) cosf — 2 (18)
0=w w=fi1— fo,

where p, and p, are the horizontal and vertical positions,
¢ is the tit angle, v(.) are the linear velocity components,
and w is the angular velocity. As depicted in Fig. 3 (a),
the two-dimensional input u = [fy, fo] | € R? represent
the normalized thrust forces given from the rotors, and we
assume they are bounded by f(.) € [0,2].

To formulate the safety filter, we first find the CLF for
the linearized dynamics around the origin, which is in the
quadratic form

1

=_z'Sz

Vi) =

(19)
using the computationally inexpensive LQR technique, where
S € R6%6 is a positive definite symmetric matrix. To
determine the region of attraction of V, we consider the

following optimization problem:

70 =gy mn { U@ st uev) g
st V(z) <b.

Note that the min{-} is a linear program whose optimal value
always exists and is finite (U is a compact polytope in this
example), the objective function is Lipschitz (recall that we
have assumed Lipschitz f and g) within the feasible set D =
{z € R" : V(z) < b}, and the feasible set is compact
for any positive b. We therefore can do a branch-and-bound
optimization for fixed b to verify F(b) < 0, which implies
D is a valid region of attraction for the original nonlinear
system. We examined F(b) for a number of b values and
selected a largest one that gives negative F(b) value.

We use four different randomly-generated static 2D grid
world environments in which the obstacles are represented
as squares, and () is the set of centers of collision-free cells.
The shape of the multirotor is assumed to be a circle of radius
r > 0 centered at (p,,py) € R2. Let gons € Qobs represent
the centers of the square-shaped obstacles, dgps their size.
We evaluate W (q) as follows:

min
Gobs €Qobs

W (q) = min {b, w(dons — q>} e @D

where w(-) is given as the solution to the following QP,
which searches for the minimum V' value on an obstacle:

. 1 -
w(dq) = xeﬂg‘l};leu&? —x' Sz
1
s.t. H]975q||oo < idobs+r, Ep = z.

(22)
A small positive real number € > 0 enables the strict
inequality of (16) to hold.
The reference input is given from the below procedure:
1) Using a grid-based A* path planner, find a path from
the current position [p,, p,] " to the goal position.
2) Depending on the direction of the initial path segment,
use the following input as the reference input:

T (upward)

T (downward)
T (rightward)
T (leftward).

(23)

Uyref =
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Fig. 4. The simulation environment and the results for the multirotor
example. The robots are commanded to move from the bottom left corner
to the top right corner through obstacle-cluttered spaces. Different colors of

v2 4 v2. Observe that the robot
is allowed to move faster through larger spaces between obstacles.

the trajectories denote the robot’s speed

0 20 40 60 . 80 100 120
Time

Fig. 5. Simulation result for the multirotor example in the first environment
(top left of Fig. 4). Even under an aggressive bang-bang input signal, the
safety filter successfully kept the value of h nonnegative while not exceeding
the input bound.

3) Keep the reference input constant during duration At.

If the robot did not reach the goal position, go to 1).

It is a (inherently very dangerous) bang-bang controller, and

the system therefore should rely solely on the safety filter to
avoid collision.

We implemented the safety filter using MATLAB'’s
quadprog QP solver and ode45 ODE solver. The trajec-
tories of the robot in four different simulation environments
are shown in Fig. 4. Fig. 5 depicts the input signals and
how the value of h changes along the trajectory for the
first environment. It can be clearly seen that h value is
kept nonnegative throughout the simulation, except for a
very small duration which was mainly caused by numerical
integration error of the ODE solver.

B. Cart-Pole

The second target system (Fig. 3 (b)) is an inverted
pendulum on a one-dimensional cart, also known as the
cart-pole. Let the four-dimensional state vector be written as
x = [p,0,v,w]" € R* where p is the horizontal position, f
is the leaning angle of the pendulum, v = p is the velocity,

h Value
o &
| g |

Fig. 6. Simulation result for the cart-pole dynamics. Although given an
aggressive input signal, the safety filter keeps the system within the safe
region while not exceeding the input bound. (Pos.: Position, Ref.: Reference)

and w = 0 is the change rate of #. The dynamics of the
system is written as follows:

_ —gsinf e

—cosf —1 p .
w4 molf?sind

mi +mo Mol cost ]

The meanings and values of the physical parameters ap-
pearing in this dynamics are summarized in Table 1. The
safety requirements are to constrain the cart within the region
p € [-3 m,3 m], and the input u € [—fp,, fm] (frn > 0) is
manually given by a human operator who is instructed to give
aggressive input. The LQR-based CLF and W (q) similar to
the multirotor system were used. Since the cart-pole system
is symmetric in the p direction only, we let () be the set of
1D grid points within the set [—3 m, 3 m] equally spaced by
separation d.

We implemented the simulation environment using the
C++ programming language, and the safety filter was able to
run faster than 1000 Hz. The fast computation speed is due to
one-dimensional input, so that the QP of the safety filter has a
closed-form solution. The simulation results in Fig. 6 clearly
shows that the proposed safety filter was capable of keeping
the system within the safety bounds. Also observe that the
h values are kept nonnegative throughout the simulation and
never decays faster than the prescribed decay rate.

C. Ground Rover (Simulation)

Finally, we conducted simulation and hardware experi-
ments using a ground rover (Fig. 3 (c)) which can be modeled
using the following dynamics:

Ppr =vcosf UV=a

. . : (25)
Py =vsind 6 =w,

where z = [ps,py,v,0]" € R* is the state, u = [a,w]' €
R? is the input. The symbols p,, p, respectively denote
the horizontal and vertical coordinates of the vehicle, v is
the velocity, € is the heading angle. The input components
are linear acceleration a and turning rate w. The input is
constrained in a box-shaped set U = [—am, @] X [—Wim, Wi
where a,, and w,, are positive reals. We use the following
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Fig. 8. Simulation result for the ground rover dynamics. The h value is
always kept nonnegative by the safety filter. (Ref.: Reference)

hand-crafted CLF for this example:

1 vlv .
V(z) = i(pi +p;) + %(px cos 6 4 p, sin )
A1 (26)
+@ + §Mv02 + pg(1 — cosh),

where u,, an d pg are positive real parameters. To obtain
W (-), we used

3 (03 + 1) (P2 + 1y < 1)
—3ly + Ho\ /D2 + D3 (03 + ) > 1)
27
as a conservative approximation of the upper bound of V,
then formulated and solved the optimization similar to (22).
We consider a grid world similar to the multirotor ex-
ample, and the reference input is given from a simple
proportional feedback law that tracks the A* path to the
goal. Simulation was conducted in four different randomly-
generated obstacle configurations shown in Fig. 7. The safety
filter was implemented using MATLAB’s quadprog and
ode45. Fig. 8 depicts the inputs and the A values during
the simulation.
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Fig. 9. The hardware experiment result. Left: A snapshot taken from the
experiment. Middle: The visualization of the set Cy and the robot when the
snapshot was taken. Right: The input and h values, plotted as a function of
time. The short intervals where h values are not kept nonnegative mainly
result from communication delay, model mismatch, and numerical errors of
the optimization solver.

D. Ground Rover (Hardware Experiment)

Using the same rover model but circle-shaped obstacles,
we conducted an experiment using Turtlebot 3 [24], a
differential-drive mobile robot hardware. In the experiment,
the robot is required to track the reference input given by a
human operator while not colliding with the obstacles. The
operator is instructed to transmit aggressive inputs toward
the obstacles.

The experiment results are briefly shown in Fig. 9. The
safety filter was implemented using OSQP optimization
solver [25]. The robot was able to on-board generate fil-
tered input at 100 Hz. To show fast adaptability to various
environments, the positions of the obstacles are given using a
motion capture system, and at every update, the robot has to
update the T (q) values according to the new configuration.
The robot was able to handle obstacle configuration changes
and W (q) updates within 1 second.

The results in Fig. 9 well showcases that the safety filter
was able to keep the h value nonnegative, except for a short
intervals, although these were not significant to cause any
collision. A good interpretation for this is that they were
mainly caused by communication delay and model mismatch
which are unavoidable when deploying real hardware.

VI. CONCLUSION

This paper introduced a CBF-QP-like safety filter for
navigation tasks in mobile robot systems. To guarantee safety
even in cluttered environments with many obstacles, the
proposed safety filter uses multiple CBFs synthesized out
of a single CLF only, namely Lyapunov-based CBFs.

While inheriting favorable characteristics, including real-
time performance, from CBF-QP, the proposed safety filter
offers versatility to various obstacle configurations without
the need for repeating the computationally intensive CBF
synthesis process. The proposed method was validated in
simulation and hardware experiments using different system
dynamics. In all scenarios, even under the presence of many
obstacles and dangerous reference input, the safety filter was
capable of keeping the system’s state away from collision.

Some limitations of this work are as follows. Firstly, how
to synthesize an effective CLF given a system dynamics
that works well with the proposed method is still an open
problem. Additionally, the sudden jumps introduced by CBF



switches might cause unfavorable behavior of the system.
These should be addressed in the future works.
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APPENDIX
A. Proof for Theorem 1

Proof. Let s be an arbitrary nonnegative integer. For brevity,
in this proof, the notations [s] and [s) are used as shorthands
for [s-dt,(s+ 1) - 0t] and [s - 6t, (s + 1) - §t), respectively.

Recall that j(¢) is kept constant on the interval [s), hence
we can let j(t) = js for all t € [s). Therefore, the control
input during [s) is identical to a CBF-QP using h;,. From
assumption 2), we have that if hj(s.50)(2(s - 0t)) > 0, a
unique solution for (12) exists on the interval ¢ € [s). Let
x((s41)-6t) = im, x(s11).5¢ ©(7), where the existence of
the limit also follows from the second assumption. Since we
do not permit jumps in the state x, such trajectory z(t) is a
unique solution for (12) on ¢ € [s]. Such solution is given
from the CBF-QP using h;_, so the invariance property holds:

hj,(x(s-0t)) > 0= hj (z(t)) >0, Vtels]. (28)
Recall also that h is defined as the pointwise maximum

of all given CBFs, and according to the update rule (10),
whenever ¢ is a multiple of dt,

h(z(t)) = hj)(2(t)) = hy, (z(t)). (29)
Combining with (28), we get
h(z(t)) = h,(z(t)) 20 Vi€ [s], (30)
M @5 +1)-0) = h(x((s +1)-50)) 2 0. (3I)
Therefore, from (28) and (31),
h(z(s-0t)) > 0= h(z(t)) >0 Vtels]. (32)

Applying mathematical induction on s € Zx starting from
assumption 3) completes the proof. O

B. Proof for Theorem 2
Proof. Let u*(-) = argmin,cy V(-,u). Since V is a CLF,

V(y,u*(y)) <O forally e D.Lety=x— Eq. If z € C,,
y € D because W (gq) < b.

Since we have assumed translational invariance of the
dynamics, 3(y,u) = B(z,u) for any differentiable function

B : R™ — R. Therefore,
: o o3 . .
max hy(z, ) min V(y,u) > =V (y,u"(y)) >0, (33)

and
max hy(z,u) + a(hg(x)) > a(hy(x) >0,  (34)
ue
for all z € C,, since « is an extended class-,, function
and hy(x) > 0 for all z € Cy. O



