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Abstract—A quadrotor with a cable-suspended payload imposes
great challenges in impact-aware planning and control. This joint
system has dual motion modes, depending on whether the cable is
slack or not, and presents complicated dynamics. Therefore, gen-
erating feasible agile flight while preserving the retractable nature
of the cable is still a challenging task. In this article, we propose a
novel impact-aware planning and control framework that resolves
potential impacts caused by motion mode switching. Our method
leverages the augmented Lagrangian method to solve an optimiza-
tion problem with nonlinear complementarity constraints, which
ensures trajectory feasibility with high accuracy while maintaining
efficiency. We further propose a hybrid nonlinear model predictive
control method to address the model mismatch issue in agile flight.
Our methods have been comprehensively validated in both simula-
tion and experiments, demonstrating superior performance com-
pared to existing approaches. To the best of our knowledge, we are
the first to successfully perform automatic multiple motion mode
switching for aerial payload systems in real-world experiments.

Index Terms—Aerial systems: applications, intelligent trans-
portation systems, motion and path planning, motion control.

NOMENCLATURE
Q, LW Quadrotor frame, payload frame, and world
frame.
e;,e,,e, € R  Unit vector in the axis-direction of the world
frame.

Unit vector in the axis-direction of the
quadrotor frame.

xB,yB, 25 € R3
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xg,%X, € R3 Position of the quadrotor and the payload.

vg,ve € R3 Linear velocity of quadrotor and the payload.

Ro € R3 Orientation of the quadrotor.

wg € R3 Body rate of the quadrotor.

mg,me € R Mass of the quadrotor and the payload.

ro,rc € R Safe margin radius of the quadrotor and the
payload.

peR3 Vector pointing from the quadrotor to the
payload.

pes? Unit vector in the direct of p.

peER3 First derivative with respect to time of vector
p.

leR Distance between the quadrotor and the pay-
load.

lp eR Cable length.

fifreR Thrust of the quadrotor, and tension in the
cable.

I. INTRODUCTION

ERIAL robots with suspended payloads play a vital role in
logistics, transportation, disaster relief, and other scenar-
ios. One intriguing aspect of this system is that it exhibits dual
motion modes in agile flights, as shown in Fig. 1. Specifically,
the retractable cable allows the system to operate in two dynamic
modes depending on whether the cable is taut or slack (Fig. 2).
It is attractive to exploit mode switching for the suspended
payload system, which allows for performing transportation
tasks in complex and narrow spaces. For example, the sus-
pended payload system can leverage its unique capabilities to
navigate through narrow windows and inaccessible areas, aiding
in fire extinguishing and reconnaissance tasks. By seamlessly
switching between slack and taut modes, these robots enhance
efficiency and safety in rescue operations.

However, producing feasible and practical trajectories with
hybrid modes poses two significant challenges. First, dual indi-
vidual subsystem dynamical models are required to describe the
system dynamics since the robot has two motion modes. The
existence of dual system dynamics descriptions dramatically in-
creases the complexity of feasible planning and practical control.
Second, potential impacts caused by transitions between two
subsystems will break the robotic status consistency. Therefore,
to address the above issues, it is crucial to design a concise
system dynamics description that effectively captures the intri-
cate mode-switching behavior. On the other hand, impact-aware
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Fig. 1. Quadrotor with a cable-suspended payload successfully navigates
through a narrow circular gate, demonstrating natural mode-switching move-
ments in the suspended payload system.
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Fig.2. Diagram of the system’s two motion modes, with differential platform
outputs that apply to both modes.

planning and control methods are essential for generating fea-
sible trajectories and ensuring accurate trajectory tracking with
hybrid motion modes.

Developing a unified and concise dynamical model for the
suspended payload system is crucial for enabling agile flight
with automatic switching between modes. The previous work
proposed utilizing a smooth transition function to map the
current subsystem’s flat output to the following subsystem [1].
Nevertheless, this approach suffers from two weaknesses. First,
it is challenging to constrain the robot’s behaviors through
trajectory planning [2]. Second, the plan of trajectories and the
assignment of motion modes are independent [3]. In contrast, a
unified dynamic model with complementarity constraints allows
simultaneous optimization of the trajectories and allocation
of motion modes. However, existing approaches oversimplify
system state and control input constraints on the consistency of
robot movement, which hinders the feasibility and practice of
trajectories [4], [5].

To address the challenge of maintaining the consistency of
robotic status and avoiding the potential discontinuous impacts,

we begin by observing an ideal trajectory, as shown in Fig. 3. The
potential impact always occurs at the moment of mode change.
More precisely, the cable tension increases dramatically when
the suspended payload system changes from slack to taut mode.
As a result, the quadrotor is involved in an implicit inelastic
collision and possibly crashes.

Based on the above observations, a viable agile flight for
the suspended payload system needs to satisfy two essential
features. 1) Consistency: A feasible trajectory with multiple
motion modes must maintain the status continuity, especially
during the mode transitions. 2) Compactness: An ideal planning
algorithm should simultaneously optimize both the trajectory
and the allocation of motion modes. Moreover, the allocation of
modes is autonomously determined by the robot itself to mini-
mize a general purpose, i.e., energy consumption. Consistency
ensures that the robot avoids infeasible status caused by sud-
den state changes. Furthermore, compactness avoids redundant
mode-switching while maintaining the large feasible region for
the robot.

In our impact-aware framework, multiple segments of poly-
nomial parameterization are employed to preserve an intrinsic
consistency of trajectories without losing efficiency. Nonlinear
complementarity constraints that are used to select a specific
mode and the necessary state-input constraints are considered in
a compact formulation of an optimization problem. This prob-
lem is an optimization problem with nonlinear complementarity
constraints (ONCC). From the perspective of practicability, we
emphasize the simplicity and compactness of an objective func-
tion in the optimization problem. The feasibility of trajectories
is ensured by considering the tight and necessary constraints. As
a result, the transition of motion modes occurs automatically.

Despite the compact formulation of ONCC, complementarity
constraints violate several basic constraint qualifications (CQs)
assumptions, such as the Mangasarian—Fromovitz CQ (MFCQ),
as discussed in many studies [6], [7]. Therefore, many commonly
used optimization solvers, such as SNOPT [8] and Ipopt [9],
cannot obtain trajectories with sufficient accuracy and effi-
ciency [6]. Thus, we propose an efficient impact-aware planning
algorithm for the suspended payload system to overcome the
challenge. This algorithm is a novel implementation of the
Powell-Hestenes—Rockafellar augmented Lagrangian method
(ALM) [10], [11], [12] by utilizing the Lewis and Overton line
search method [13] and the limited memory Broyden-Fletcher-
Goldfarb-Shanno (L-BFGS) quasi-Newton method [14] . This
line search method enables our algorithm to solve a noncon-
vex and partly nonsmooth unconstrained optimization prob-
lem in the inner loop while maintaining efficiency. Our im-
plementation also preserves the analytic update of the dual
variables in the outer loop of the framework to conserve
accuracy.

In addition, an impact-aware control strategy is also essential
in practical flight. Although an excellent performance of model
predictive control (MPC) methods is applied in the suspended
payload system [15], [16], [17], avoiding the impacts caused
by mode switching is still challenging. The remarkable con-
trol effect of the MPC methods relies on an accurate model
description [18], [19], [20]. A mismatch of system dynamics
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Fig. 3.

Trajectory with mode switching of the quadrotor with cable-suspended payload. The robot is required to pass through a narrow gate without collision.

The robot has two motion modes: 1) when the cable is taut, the quadrotor and payload behave as a single entity, and 2) when the cable is slack, the payload behaves
independently of the quadrotor. The moment of mode switching is marked in red. During the first phase of the motion (left part of the figure), the cable is taut, and
the system behaves as a single entity. When passing through the gate, the cable becomes slack, and after clearing the gate, the cable becomes taut again, coupling

the two subsystems together once again.

leads to huge tracking errors. However, general MPC methods
considering only a single model have a natural mismatch prob-
lem at the point of mode transition for the suspended payload
system. We propose a hybrid nonlinear MPC (HNMPC) method
to solve this issue. The HNMPC employs a discrete switching
variable to accurately distinguish the subsystem dynamics to
fit the suspended payload system’s performance. Consequently,
excessive tracking errors can be avoided near the points when
the transition between modes occurs.

In summary, this article proposes a systematic solution to the
feasible and practical agile flight for a quadrotor with a cable-
suspended payload. Our main contributions are as follows.

1) Animpact-aware planning method is proposed to address
the optimization problem with a compact formation that
can automatically generate feasible trajectories with hy-
brid modes (see Section 1V).

2) A novel hybrid nonlinear MPC method is designed to
solve the model mismatch problem (see Section V). Our
results demonstrate that the proposed method significantly
reduces control errors in practical scenarios. Our method
is shown to prevent catastrophic failure of the suspended
system during experimental tests.

3) The planning framework and controller are extensively
verified in simulations and physical experiments. To the
best of our knowledge, we are the first to successfully
achieve flight with automatic mode-switching in the real
world (see Section VI).

4) Moreover, we open-source the code to facilitate fur-
ther validation and expansion of related work by the
community.'

II. RELATED WORK

In this section, we review previous works on planning and
control for aerial robots with cable-suspended payload. We
remark that a compact dynamics description of the suspended

'The open-source code is available at https:/github.com/HKUST- Aerial-
Robotics/IMPACTOR

payload system, an impact-aware planning method, and a robust
controller are essential to conducting a practical flight.

A. Hybrid System Dynamics of Aerial Robots With
Suspended Payload

Sreenath et al. [1], [2] pioneered the study of the differential
flatness property of a quadrotor with a cable-suspended payload.
Since the cable can be in two different states, relaxed or taut, the
differential flat outputs of the suspended payload system are
different in these two states. They characterize the switching
of the system state between different dynamical models by
defining two transition maps, which is a more sophisticated way
of modeling such arobot. Previous works [4], [5] introduce com-
plementarity constraints into the trajectory optimization model
to build a unified dynamical model of this suspended payload
system with multiple modes in a concise form. Although these
works allow the robotic system to switch motion mode, none can
generate trajectories that have automatic mode-switching with-
out additional operations (e.g., preassigning modal sequences or
adding a penalty term for rope tension to the objective function).

We present a unified system dynamical model of the sus-
pended payload system using complementarity constraints. Two
major differences exist between [4], [5], and our methods. First,
we use multiple segments of polynomials rather than discrete
robot states to preserve the natural consistency of trajectories.
Second, the necessary state-input constraints are considered in
a compact formation as an ONCC. Both are essential to the
feasibility and practice of trajectories with hybrid modes.

B. Impact-Aware Trajectory Planning

The impact often occurs when the robot makes or breaks con-
tact with the environment [21], [22], [23] or when its subsystem
dynamics switch. For example, a cable carrying a heavy payload
at its endpoints changes from slack to taut, the fingertips of a
multifingered robot hand make or break contact with the surface
of a manipulated object, and a bipedal robot interacts period-
ically with the ground while walking continuously. Previous
works [21], [22], [23], and [24] have extensively investigated



tasks typically associated with contact dynamics, such as ma-
nipulation and locomotion. Impact-aware planning remains a
challenging problem due to explicit or implicit contacts and
potentially complex collisions during mode switching, as shown
in Fig. 3.

Complementarity constraints provide concise formation of
expressing switching modes and making or breaking the con-
tact. Therefore, modeling the motion planning problem of a
robotic system containing multiple dynamical modes or con-
tacts with the environment as ONCC is a natural consequence.
However, the complementarity constraints are usually MFCQ
violating [7], so the convergence of many numerical optimiza-
tion algorithms cannot be guaranteed when dealing with such
degenerate optimization problems. Previous works [4], [21],
and [24] used the sequential quadratic program (SQP) to solve
the ONCC with impressive results for trajectory planning of
robotic systems, such as bipedal robots and a quadrotor with
a cable-suspended payload. As a classical optimization algo-
rithm framework, ALM has good robustness in dealing with
degenerate optimization problems [6], [25], [26]. Theoretical
analysis [25], [26] shows that the convergence of ALM depends
only on the weak CQs and not on any CQ. There are similarities
in principle between SQP and ALM, while the latter has better
global convergence guarantees [7]. In this work, we propose
an optimization framework preserving the ALM framework
for a quadrotor with a cable-suspended payload. Combining
polynomial parameterization and the minimum control effort
theory [27], we can perform accurate optimization and signifi-
cantly accelerate the speed of solving the optimization problem.

C. Impact-Aware Control for Suspended Payload System

Designing impact-aware control methods for a quadrotor with
a cable-suspended payload system is still extremely challenging
due to the hybrid mode.

Various controllers for a quadrotor with a suspended payload
system have been proposed. Several past works [28], [29], [30]
aim to minimize the swing angle of the suspended payload for
stabilization. However, they often constrain the range of motion
of the payload, which limits its ability to execute high-speed
agile maneuvers.

Some geometric controllers [2], [31] involve a coordinate-free
dynamic model derived from the properties of Lie groups. The
cascade structure employed by the above controllers, where the
desired load angle is determined from the desired load position,
and then the desired quadrotor attitude is determined from the
desired load angle. However, this approach cannot effectively
control both the quadrotor and the load simultaneously.

As a result, directly applying these controllers for tracking
trajectories containing both taut and slack modes may not
be suitable. Based on the coordinate-free dynamic model, re-
searchers [15], [16], [17] propose the NMPC for the suspended
payload system, but they do not consider the slack mode. The
work proposed by Crousaz et al. [32], [33] is close to our purpose
and gave an impressive simulation. The drawback of this work
is that using a linearized dynamic model cannot guarantee the
accuracy, and there is no demonstration on a real quadrotor.

Our impact-aware control method addresses the crucial chal-
lenge of flying the trajectories with natural hybrid motion modes.
To fill this gap, we propose the HNMPC method to distinguish
dual system dynamics to fit the actual performance of the robot.
Our HNMPC preserves the excellent predictive performance
of MPC methods in complex scenarios and provides enhanced
robustness in the trajectories with hybrid modes tracking.

III. PRELIMINARY

This section presents a unified and concise dynamic
model of a quadrotor with a cable-suspended payload (see
Section III-A). Then, the primary form of the impact-aware tra-
jectory optimization problem is introduced (see Section III-B).

A. System Dynamics

A quadrotor with a cable-suspended payload is a complex
robotic system with dual motion modes. In each mode, we
need an independent subsystem dynamical model to describe
the change in the robotic states. Building a unified and concise
dynamic model in advance is necessary to generate feasible and
practical trajectories for this system.

Compared to the transition map [1], [2], using complementar-
ity constraints to represent natural motion mode switching has
two advantages. It does not require a predetermined sequence
of motion modes. In addition, the robot’s behaviors can be
constrained in trajectory planning [4]. The complementarity
constraints for the suspended payload system is

fr(t)>0 (1)
lo—U(t) > 0 2)
Fr(t)(lo = 1()) =0 3)

where [(t) represents the distance between the quadrotor and the
payload at time ¢. f7(t) represents a tension in the cable at time
t. The equality equation describes that only one motion mode
of the suspended payload system holds at the moment ¢, i.e., the
slack mode holds if tension is zero, or the taut mode holds if the
distance is equal to the cable length /.

A compact dynamical model of the robot clearly describes
its differential flatness. As shown in Fig. 2, we chose qg, =
[xr£,X0, 10| as flat outputs of the suspended payload system
regardless of the system is in taut mode or slack mode. Con-
sequently, the equations of motion for the robotic system are
obtained as
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Fig. 4. State variables of a quadrotor with a cable-suspended payload. The
state variables are used in the description of dynamic modeling and control of
the suspended payload system.

ZB X X¢
yB =

= 2" where x¢ = [cos ¥, sin, 0]7 )
25 x x|

X =YB X ZB. (10

In the slack mode, the payload’s motion follows a projectile
model. At the same time, the quadrotor’s states, including the
angular velocity, can be computed based on its position xg, its
yaw angle ¢, and their derivatives using the differential flatness
proposed in [34]. Thus, our (8) is entirely equivalent to [34, (3)]
in the slack mode. In the taut mode, we utilize [1, Lemma 1] to
derive the quadrotor’s states. First, we calculate the quadrotor’s
position X and its derivatives based on the payload’s position
x and its corresponding derivatives. Subsequently, we calculate
the complete quadrotor’s states, similar to the slack mode, by
considering the quadrotor’s position x o, yaw angle ¢ ¢, and their
derivatives. The system’s state variables are shown in Fig. 4. We
provide a detailed illustration of deriving the system state from
the flat output, using angular velocity as an example in Appendix
A.

The flatness property of the suspended payload system re-
duces the number of decision variables in trajectory planning
and improves optimization efficiency. Moreover, the compact
dynamic model is a critical component of the HNMPC (see
Section V), allowing us to accurately predict the suspended pay-
load system’s behavior and achieve robust control in challenging
scenarios.

B. Trajectory Optimization Problem

In impact-aware trajectory planning, we consider the follow-
ing general constrained optimization problem:

J(x)

min
x=[w,T]

subject to g(ql¥l(t)) <0

h(q*(t)) =0

vt € [0, T[] (1

where 7 : R® — R is the objective function. The dimension of
decision variable xis s = N x (M + 1) + M, where N and M
are the robot’s configuration space dimension and the number of
trajectory pieces. The decision variable x consists of two parts:
1) the end points w = [wi, wi,...,wM]T ¢ RV*(M+1) of
all pieces and 2) the time allocations T = [1, 71,...,Tap-1] €
RM of all pieces. Functions g:RN*(# 1) R and h:
RN*(+1) 5 RP are inequality and equality constraints, where
I and FE represent the total number of them separately. It is worth
noting that all constraints at time step ¢ are calculated given by
finite derivatives of the system state, which is denoted as

aM(t) =[a"(t),q"(t),....a®" (1)

The M -piece trajectory g whose ith piece is denoted by a (2k —
1)-degree polynomial

qi(t) = cid(t —ti—1), t € [tim1,t;]

where ¢; € RV*2'F is a matrix of coefficients, ¢ is a ba-
sis function, and timestamp ¢ is defined as to = 0 and t; =
i, Yie{l,...,M}. In this work, we set ¢(a) =
[1,a,a?,...,a**71T as the basis function. The pieces of q
are required to satisfy boundary constraints and continuity con-
straints, defined as

12)

13)

qi(ti-1) = w1
q;(ti) = w; .
. boundary constraints

i={1,2,...,M}

qj-1(tj-1) = q;(tj-1)

Qj-1(tj-1) = 4;(tj-1)

: continuity constraints.
k k

ay(t1) =l (t; 1)

j=1{2,...,M}

Similar to the calculation of MINCO trajectories [27] and the
minimum snap trajectories [34], we obtain the optimal poly-
nomial coefficients by solving quadratic programming with the
boundary and continuity constraints above. Therefore, as shown
in the trajectory representation part of Fig. 5, given a set of values
of w and T, we can obtain the trajectories q. The feasible set
of the above optimization problem is the set that satisfies all
constraints, i.e., S = {x € R®| gx < 0,h, = 0}.

There are many benefits to using the formulation (11). First,
we can optimize the trajectory in both spatial and temporal space,
i.e., the decision variables contain the endpoints of multiple
trajectory segments and the duration of each piece. Second, we
can use the chain rule to conveniently compute the gradients of
the objective function for the endpoints and time allocation. For
example, if we use a polynomial basis to represent pieces, then
coefficients cy of the polynomial trajectories with minimum ef-
forts can be calculated analytically according to [27, Theorem 2].
After obtaining the gradient of the objective function concerning
the coefficients cy, we can calculate the gradient to waypoints
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Fig. 5. Proposed impact-aware planning and control methods consist of two main components: trajectory optimization and control. The trajectory optimization

module includes initialization, ONCC optimization, and trajectory representation. The initialization utilizes a grid map and a pathfinder module to generate an initial
collision-free path. The ONCC optimization constructs an optimization problem with constraints based on the initial path and transcribes it into an unconstrained
optimization problem. Both line search and gradient descent methods are used to solve the unconstrained subproblem and obtain the optimal solution. The dual
variables and penalty parameters are updated iteratively until the solution is optimal. The trajectory representation subpart converts the waypoints and time allocation
into continuous polynomial trajectories, which are used as a reference input for the control module. The control module includes two subparts: high-level control
and low-level control. The high-level control utilizes an HNMPC approach to track the planned trajectory. The low-level control computes the desired motor torques
and sends them to the quadrotor’s propellers. The overall system can be tested in a simulation or real-world setting.

w and time allocation T' with the chain rule. In addition, we
can take advantage of the differential flatness of the suspended
payload system to further reduce the dimension of the decision
variable.

IV. IMPACT-AWARE PLANNING FOR THE SUSPENDED
PAYLOAD SYSTEM

This section addresses the challenge of obtaining feasible
and practical trajectories with hybrid modes for a quadrotor
with a cable-suspended payload. First, we formulate a nonlinear
trajectory optimization problem with complementarity and other
necessary state-input constraints based on the general formula-
tion 11 (Section IV-A). Then, we propose an efficient algorithm
to obtain feasible and consistent trajectories in Section I'V-B.
Furthermore, multiple segments of polynomial parameterization
and the state-input constraints used to ensure feasibility and
practice are detailed in Section IV-C. The overview of our
complete framework is shown in Fig. 5.

A. Problem Formulation

We propose the trajectory planning problem with nonlinear
complementarity constraints based on formulation (11). We
consider an essential cost consists of control energy and total
time penalty in the objective function

min
X

I
[ ¥ mQua®mar+ oz
0 ~——

Mayer term

Lagrange term

(14a)

subjectto g(q¥(t)) <0 (14b)
h(q"(1)) =0 (140)
vt € [0, [|T4] (14d)

where Q,, € RY*N is a positive diagonal matrix, « is a pos-
itive scalar, and the specific forms of equality and inequality
constraints are shown in Table L.

Remark 1: Considering only energy and time consumption
in the objective function has two advantages. First, the feasi-
bility of the proposed trajectories is maximized. Second, as no
penalty terms related to cable tension or direction are included,
the relaxation of the cable in the optimized trajectories occurs
naturally.

Remark 2: The above equality and inequality constraints
fully describe complementarity constraints. A complementarity
constraint is equivalent to the combination of two inequality
constraints and an equality constraint, i.e., g, (x) < 0, g5(x) < 0
and h(x) := (—ga(x), —gp(x)) = 0.

B. Efficient Trajectory Optimization With Constraints

The problem proposed in Section IV-A is a typical ONCC.
Many commonly used optimization solvers, such as SNOPT [§]
and Ipopt [9], cannot obtain an ideal solution for the problem.
Many studies have shown that ALM’s local or global con-
vergence does not depend on CQ or only on the weak ones
enabling the robustness [6], [7]. Therefore, we follow the ALM
and propose four steps to address the degeneracies caused by
complementarity constraints.



TABLE I
STATE-INPUT CONSTRAINTS USED IN TRAJECTORY OPTIMIZATION

Description Type Function Parameters
See section IV-C1.  Inequality Jo(t, ) = signg (M, (L, ¢)) T'safe: the radius of safe margin.
See section IV-C2.  Inequality gu(t,c) = [[v(t,c)||3 — v VUmax: the maximum velocity.
See section IV-C2.  Inequality ga(t,c) = |la(t,c)||2 — a2, amax: the maximum acceleration.
See section IV-C3.  Inequality go(t,c) = 0 — Omax Omax: the maximum angle of deviation.
N\ 2 _ 0 \2  Umax: the maximum thrust,
See sectionIV-C4.  Inequality gy (t,c) = (u(t, c) — u"‘“’(;“‘“‘“> - (“mZ‘XQ ”"““) e
Umin: the minimum thrust.
2 _ 2 lo: the length of cable,
See section IV-C5.  Inequality gi(t,c) = (l(t, c) — %) - (%) 0 ¢
dsafe: the minimum safe distance.
. . _ S N2 _ ( Frmax )2 _ < ;
See section IV-C6.  Inequality 9fp(tie) = (fr(t,c) — == ) — (== ST, max: the maximum tension
B p(¢, ¢): the vector pointing from the quadrotor and the payload.
. . hyyn(t,¢) = |IB(L, ©)||- (ac(t, ) + gez)+ 7 .
See section IV-C7. Equality N g: the gravity,
llac(t,c) + gez |- p(t c) o
e, the z-axis direction of the world frame.
See section IV-C8.  Equality heomp(t,¢) = T'(t,c) - (lo — I(t,c)) lo: the length of cable

1) Initialization: The algorithm starts with an initial guess
for the decision variables and the Lagrange multipliers. A con-
strained optimization problem is transcribed to an unconstrained
subproblem by adding penalty terms to the objective function.
The Powell-Hestenes—Rockafellar augmented Lagrangian func-
tion [10], [11], [12] corresponding to the constrained optimiza-
tion problem defined by (11) is given by

where x € S is the decision variables within the feasible set,
A € R? and p € RY are Lagrange multipliers, p and ¢ are the
number of equality and inequality constraints, and p > 0 is the
penalty parameter.

In order to deal with the problem of low accuracy and conver-
gence speed due to poor initial guess, we usually use a scaling
formulation of the ALM. See Appendix B for details. In our
initialization strategy, we utilize the A* algorithm to search for
feasible paths for both the quadrotor and the payload. While
this strategy identifies collision-free point pairs as initial values
for the optimization process, these pairs often fail to satisfy the
dynamics constraints. To address this, we introduce a warm-up
strategy that refines the initial values by solving a miniature
optimization problem focused on obstacle avoidance and dy-
namics constraints. Essentially, our warm-up strategy fine-tunes
the positions of the original point pairs until they conform to
obstacle avoidance and dynamics constraints.

2) Inner-Loop Optimization: Each unconstrained subprob-
lem is solved using a nonlinear optimization solver. In this
step, we utilize a line search method based on the weak Wolfe

condition [13] to calculate the appropriate gradient descent step
and use a quasi-Newton gradient method, such as L-BFGS [14],
to obtain the proper gradient descent direction (see Algorithm
1). The line search satisfying the weak Wolfe condition im-
proves the algorithm’s robustness for nonsmooth problems. The
L-BFGS method requires only first-order gradient information
instead of the more computationally expensive second-order
Hessian, significantly accelerating the efficiency of solving the
inner-loop unconstrained optimization problem. We can choose
the appropriate inner-loop optimization algorithm according to
the specific optimization problem. For example, one can choose
a specific class of nonlinear conjugate gradient algorithms with
convergence guarantees under the weak Wolfe condition [35],
[36].

3) Outer-Loop Update: In this step, the trajectory and the
Lagrange multipliers are updated analytically based on the pre-
vious step’s optimal solution and constraint violations. Once
solving an optimal solution of the unconstrained subproblem, it
is necessary to calculate the violation of each constraint and use
it to analytically update the values of the dual variables.

For the method of dual variables update, we refer to a shift
method instead of calculating the dual variables directly with
penalty values. The shifts method can mitigate an inconsistency
between the subproblem and the original problem caused by a
variation of the penalty parameter p. Then, we update the penalty
coefficient p according to the following rules: for the equality
constraint, increase the penalty parameter to reduce the degree
of constraint violation; for the inequality constraint, increase
the penalty parameter to reduce both the degree of constraint
violation and the degree of shift.

In practice, we also calculate the scaling factor based on the
initial solution’s gradient information to adjust the problem’s
condition number and further improve the accuracy and robust-
ness of the solution. See Appendix B for details.



Algorithm 1: Impact-Aware Trajectory Optimization.

INNER-OPTIMIZE (x°, p, 1)
k+0,B%<«1
while||VLp’X(xk)H >0

d « —-B*Vf(xF)
t + LINE SEARCH(x", d) [13]
xFt1 — xF +¢d
BF+1 «+ L-BFGS [14]
k<« k+1
endwhile
return x*

ALM (XO’ Tmax, Amin; Amax; Pmax, '7)
ke 0,00« 1,2« 0
while C,, fails or Cie, fails

if £ > npyax, break
x* « INNER-OPTIMIZE(x*, p*, Xk)
forc;in HUG

ifc,e” or pre;(xF) >0

Xf — Xf + pFei(xF)

else, 0
p* <= min [(1+7)p", pmar]
k< k+1

return x*

4) Convergence Checking: The algorithm converges when
the optimality and precision conditions are satisfied. Otherwise,
it returns to step Section IV-B2 to solve a new unconstrained
optimization problem. We use the following conditions to check
if the optimization is converged:

Copt ||VLp||oo < €opt

Cleas : Max {zer{}a),(E {|hz (Xk) |} ’jérll?.}.il {gj (xk)Jr}} < €feas
(17)

(16)

where € and €feqs are positive threshold scalars.

In summary, we utilized ALM to obtain optimal and feasible

solutions for the ONCC with four advantages as follows.

1) Ininner-loop optimization, many well-established, robust,
and efficient unconstrained optimization methods, such
as the Lewis and Overton line search method [13] and
the L-BFGS method [14], can be directly utilized. Thus,
the generalization to nonlinear nonsmooth optimization
problems is natural.

2) Inouter-loop, the updating dual variables can be computed
analytically according to the constraint violations. Thus,
the algorithm works efficiently for problems even if the
number of constraints is large.

3) Convergence and stability theory analysis show that the
unconstrained subproblem in the inner-loop optimization
can directly determine the convergence of the original
constrained optimization problem in the outer loop [25].

4) This algorithm does not need to satisfy CQs [25], [26].

C. Trajectory Representation and Constraint Details

Mutiple segments of polynomial parameterization are es-
sential to preserve a natural consistency of trajectories in our
impact-aware planning framework. There are three advantages
of parameterizing the trajectory with polynomial functions.
First, the polynomial function parameterization can significantly
reduce the number of parameters, and only a finite number of
polynomial coefficients are needed to determine the entire tra-
jectory. Second, given polynomial coefficients, their derivatives
can be directly computed without adding redundant dynamical
constraints, such as the trapezoidal collocation [37]. Moreover,
benefiting from methods proposed by [27] that each segment
of trajectories can be deformed analytically, we can increase
the feasibility of trajectories in complex scenarios by increasing
polynomial segments without excessive loss of efficiency.

In our approach, we ensure that the accelerations along the
trajectories, including the moments of mode switching, remain
continuous using the polynomial functions. Moreover, to ensure
the practice of the trajectories, we employ dense sampling
and perform constraint violation checks at each sampled point.
Violation penalties are backpropagated to the decision variables,
allowing the trajectory to be adjusted in both temporal and spatial
dimensions to improve feasibility (as shown in Fig. 5). Hence,
even at the moment of mode switching, the accelerations of both
the quadrotor and the payload remain continuous.

Next, we describe each type of the necessary state-input
constraints in detail. A summary of all constraints is listed in
Table I.

1) Obstacle Avoidance: We use the signed distance function,
defined as (18), to describe the relationship between a robot and
obstacles

Jo(t, c) = signe(M(t,c))

(
(t,c),0€),

| —dm if M(t,e)NE=0
) d(M(t,c),8E),

18
otherwise (18)

where M (t, c) represents the convex set of the robot’s multiple
rigid bodies, £ and OE are environment and its boundary. In this
case, the suspended payload system can be described by a mass
point model or a convex polyhedron, defined as

M(t,c) = R(t,c)M, + p(t, c) 19)

where R(t, c) is a diagonal block matrix as rotation of rigid
bodies, p(t,c) is a translation vector, and M, is the mass
point or convex set of rigid bodies at the initial point. For full-
dimensional robotic systems, time-varying convex polyhedrons
are often used to describe the space occupied by the robot during
its motion. For example, we use two spheres to represent a
quadrotor and the corresponding payload separately. The rigid
bodies should be M, = {[pz, pa]” | fe(Pc) < 7z, fo(Po) <
ro}, where fr(p) = |[p — x2|| and fo(p) = [[p — xg] with
pER3 7, €R,andrg € R.

2) Maximum Value of Velocity and High-Order Derivatives
Constraints: To ensure that the robot’s motion remains within a
safe range, we limit the robot’s dynamics with velocity and accel-

eration constraints, defined as g, (¢, ¢) = ||v(¢,¢)||3 — v2,, and



ga(t,c) = ||a(t, c)||3 — a2, where Uy € R and ayx € R are
the use-defined maximum value. In some cases, we can also
add constraints on higher order quantities, such as the jerk, to
improve the flight stability.

3) Extreme Tilt Angle Constraint: In order to ensure safety, it
is imperative to impose constraints on the maximum attainable
tilt angle of the robot during motion. We denote the tilt angle
0(t,c) as the angle between the z-axis of the body frame zp
and the z-axis of the world frame e.. The robot’s orientation is
represented by a rotation matrix R € SO(3). We can calculate
6 given R as § = arccos(e! Re, ). Then, we use gq(t,c) = 6 —
Omax to describe the extreme tilt angle constraint.

4) Maximum and Minimum Thrust Constraint: During tra-
jectory planning for the robot system, incorporating constraints
on the maximum and minimum thrust, denoted as u (¢, c), proves
advantageous in preventing aggressive flight and ensuring dis-
turbance rejection stability [38]. Consequently, the constraint
that imposed to restrict the thrust magnitude throughout the
robot’s motion is given by gy (t, ¢) = (u(t, c) — “uftun)2
(%)2, where Uyax and upy;, represent the maximum and
minimum thrust separately.

5) Distance Between Robot and Payload: Ensuring a suitable
range for the distance, denoted as I(t, ¢), between the quadro-
tor and the payload is crucial. To prevent collisions, (¢, c)
remains at least a minimum safety distance denoted as d,fe.
In addition, I(¢, c) must not exceed ly, which is the length of
the cable. Consequently, we define the distance constraint as
qilt,c) = (I(t,c) — lobae)2 _ (lodusy2,

6) Maximum Tension Constraint: The constraint on the max-
imum tension of the cable is motivated by practical consid-
erations. We aim to prevent the risk of cable breakage during
flight, which could occur if the tension exceeds the maximum
limitation f7 max. This limitation is determined by the physical
properties of the cable being used. If the maximum tension
limit is a minimal value, finding feasible solutions will result in
difficulty. In other words, the allowed tension in the cable will
be too low to support the payload in completing the necessary
extreme movement.

7) Dynamic Constraint: Since we optimize the trajectories
of both the quadrotor and payload simultaneously, we need to
introduce an equality constraint to ensure a reasonable dynamic
relationship between them. This dynamic constraint requires
that when the system is in taut mode, the acceleration of the
payload is determined by the tension and the gravity acting on
it. When the system is in slack mode, the relative position be-
tween the quadrotor and payload is unconstrained. Therefore, we
represent the dynamic relationship of the system as hgy, (¢, ¢) =
IB(t. 0 - (ac(t.c) + ge.) + lac(t, ¢) + ge. || - Bl c).

8) Complementarity Constraints: The complementarity
constraints can describe the impact caused by the switching of
two motion modes. The complementarity constraints are given
by

ZQ — l(t,C

hcomp(t7 C) = fT(tu C) (20)

Algorithm 2: Hybrid Mode Prediction and Switching.

MODE SWITCH (xo, 1, o)
for k < 1to H do
t<to+ At xk
x(t) + f(xo,1,t)
[X/J7 X9, 5(/47 XQ? RQa b, p}T < X(t)
L [[xz —xqll2
ifl <l
S(k)+0
else
S(k) «+ 1
end if
return S

In our case, the change in tension of the cable is described by
the complementarity constraint indicating whether the cable is
taut or not.

V. HYBRID NONLINEAR MODEL PREDICTIVE CONTROL FOR
THE SUSPENDED PAYLOAD SYSTEM

In this section, we propose an HNMPC method and effec-
tively address the model mismatch issue, enabling agile and
safe flight of the robot. We cannot ignore the influences of
aerodynamic drag to track trajectories involving multiple motion
modes. Therefore, we introduce a hybrid dynamics model for
the air resistance (Section V-A). Next, we propose a hybrid
mode prediction and switching algorithm (Section V-B). Fi-
nally, we present a detailed formulation of the HNMPC method
(Section V-C).

A. Hybrid Dynamic Model With Aerodynamic Drag

In our hybrid dynamic model, the states of the payload sys-
tem are written as X = [x., Xo, Xz, X0, Ro, p, p|7, including
payload and quadrotor position and velocity, quadrotor orien-
tation, and cable direction and derivative with respect to time.
The system control input is u = [f,wo]”, where f and wqg
is the thrust and body rate of the quadrotor separately. Based
on the Lagrange d’ Alembert principle, the differential equations
of this system are defined as follows:

XQ = VQ (21)
Roe, — k
%o = ST, + JRoe: —kovo (22)
mg
. dx
Xp=vp = d—f (23)
k
%p= —sTo— YL _ ge, (24)
. dp
o 25
P= (25)

G —3))
lmg Img



—s(p-p)p—(1—5s) (_3“+JM>

mpe mo
(26)
Ro = Roo 27)
T _ b (moar —me(fRge: +ao))p
‘ mo(me +mr)
mel(p - p)p (28)
(mg +mg)

where the v represents the skew-symmetric matrix of vector v.
The switch variable s = 1 corresponds to the system being in the
taut mode, while s = 0 corresponds to the cable being slack. ag
and a are the drag force acting on the payload and the quadrotor,
respectively. It is worth noting that our HNMPC implementation
code utilizes quaternions to represent the quadrotor’s orienta-
tion. To improve the comprehensibility of our algorithm, we use
the rotation matrix R o to represent the orientation in the context.

To model the aerodynamic drag forces, we use the concept
of linear drag formulation [39], which are proportional to the
velocity of a rigid body. Specifically, the drag force acting on
the robot is written as

(29)
(30)

as= —kgvg

ag = — kgvg

where k; and kg are drag coefficients. v, and vg are the
velocities of the payload and the quadrotor, respectively. It
is worth emphasizing that in our simulations and experi-
ments, the robot’s maximum speed does not exceed 3 m/s (see
Section VI-C2). Therefore, it is reasonable to approximate the
drag using a linear model. However, employing a quadratic
model instead of (29), such as a; = —kg||V£||2Hz—§H [39], is
more appropriate for the payload when tackling tasks that de-
mand higher speeds. Equations (21)—(24) and (27) represent the
joint system dynamics. p and p are the first and second derivative
of the direction vector p from the quadrotor to the payload.

The dynamics and performance of the suspended payload
system can be significantly affected by aerodynamic drag forces,
which depend on the system’s geometric properties, motion
states, and fluid properties. These forces can substantially im-
pact the system’s dynamics when the payload volume is large,
or the quadrotor is flying at high speeds, causing deviations from
the desired trajectory and reduced accuracy. It is essential to
accurately model and incorporate the aerodynamic drag forces
into the system dynamics to mitigate these effects and ensure
accurate control.

B. Dual Motion Modes Prediction and Switching

In MPC, accurately predicting the system state, as shown in
Fig. 6, is critical. To achieve this, we propose a hybrid mode
prediction and switching algorithm based on a hybrid dynamics
model that accounts for air drag (Algorithm 2). The algorithm
iteratively predicts the system’s motion mode at each time step
within the prediction window, using the system’s previous state
and switch variable. The iterative calculations continue until the

@ Predicted payload (in taut mode)
Predicted payload (in slack mode)

. Predicted quadrotor
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Fig. 6. Predicted quadrotor and payload position without or with hybrid mode
switch, respectively, when the cable is slack. Without hybrid mode switch, the
payload always obey the slack model and the distance between the quadrotor
and payload [ is greater than cable length [, which is infeasible. With hybrid
mode switch, we can keep the prediction result satisfying [ < [g.

motion mode of the system is determined for all times within the
prediction window. Finally, we minimize the objective function
based on the sequence of system states to obtain the optimal
control strategy.

C. Hybrid Model Predictive Control Formulation

We construct a quadratic optimization problem based on tra-
ditional NMPC methods using the hybrid dynamics model and
predicted motion mode. Our HNMPC is formulated as follows:

H

. 1 1
mdnj =3 Z (”X(k‘) - x:(k)|&, + §||u(/<:) - ur(k:)%{k)
k=1
1
+§||X(H) - x:(H)llq, (31a)
s.t. x(k+1) = f(x(k),u(k), S(k)) (31b)
Upin < U < Upax (3l1c)

where H is the horizon of HNMPC and x,.(k) and u,.(k) repre-
sent reference state and control input, respectively, at k time step,
which can be obtained from polynomial trajectories. In (31b),
f(x(k),u(k), S(k)) is the discretized version of the dynamic
model. x(k) and u(k) are the system state and control input,
and S(k) is the switch variable obtained above. The boundary
constraints of control input u = [f,wo]” is defined as (31¢) to
limit the thrust f and body rate wg of quadrotor in a physically
feasible range.

Note that we apply exponential decay on the weight matrix
Q and R, written as (32), to improve the controller robustness
and reduce the impact from the estimation noise. The by and b,
decide the decay speed

— by

H
To ensure real-time execution of the HNMPC, we adopt a

warm start-up strategy to reduce the computational load. Specif-

ically, we derive an initial guess from the reference trajectory
given by the planning module. After finding the feasible solution,

Q. = exp (— h > Q, Ry =exp (—I];bu) R. (32



the previous results are used as the initial guess for the current
control step.

By incorporating the hybrid model and motion mode predic-
tions into the optimization problem, we can effectively solve
for the optimal control strategy that accounts for the effects of
air resistance and system motion modes. This approach enables
us to achieve high-performance control of the system during
complex flights, ensuring the safe and accurate operation of the
system.

VI. RESULTS

In this section, simulations and real-world experiments vali-
date our proposed impact-aware planning and control methods
for a quadrotor with a cable-suspended payload. First, we com-
pare our impact-aware planning method to baseline algorithms,
including the state-of-the-art (SOTA) method, and analyze the
performance in terms of computational efficiency and solution
accuracy (Section VI-B1). Then, we conduct ablation studies
to verify that the HNMPC method can effectively reduce track-
ing errors (Section VI-B4). Finally, we designed two complex
scenarios for the suspended payload system to perform ag-
ile flights in both simulations (Section VI-C1) and real-world
(Section VI-C2).

To our knowledge, we are the first to conduct agile flying
experiments with automatic mode-switching in the physical
world. Videos of simulations and experiments can be found at
https://sites.google.com/view/suspended-payload/.

A. System Setup

First, we describe our system setup, which comprises soft-
ware and hardware. The computation and visualization of the
trajectories are carried out on a laptop computer with Intel Core
i7-10875H (CPU 2.3 GHz base speed), running Ubuntu 20.04
and ROS Noetic. Our method is implemented in C++11 and does
notrely on any hardware acceleration. We utilize an open-source
tool CasADi [40] with the Ipopt [9] solver to implement the
comparison algorithms. The hardware for the suspended payload
system is composed of several components (details in Fig. 16),
including an NVIDIA Jetson Orin NX 16 GB as the onboard
computer, a Kakute H7 autopilot hardware, a 250-mm carbon
fiber frame, and a 3-D-printed payload. Table V shows the
physical parameters of the robot used in this work.

Implementing our HNMPC code is based on the ACADO
Toolkit [41], [42]. We utilize the real-time iteration (RTT) scheme
provided by the ACADO toolkit for onboard computation. The
solver that we choose is qpOASES. The HNMPC algorithm is
executed at 100 Hz on the onboard computer, while the angular
velocity loop operates at 400 Hz on the flight controller. The
average solving time for the HNMPC on the onboard computer
is approximately 6.77 ms, whereas on the laptop computer, it is
around 2.65 ms.

B. Benchmark Comparisons

1) Obstacle Avoidance: We compare the efficiency and ac-
curacy of our proposed impact-aware planning method with

two algorithms to validate it. We denote the SOTA method
proposed by Zeng et al. [5] as Ipopt+MP, the same method with
safety distance rather than minimum-penetration constraints as
Ipopt+SD. These methods construct an optimization problem
containing complementarity constraints with discrete system
states as decision variables and solve this optimization problem
using a general-purpose solver, Ipopt. The difference between
the Ipopt+SD and the Ipopt+MP is that the former uses the
sign distance function as the obstacle avoidance constraint. The
latter equivalently converts the sign distance function into a
set of constraints by introducing dual variables. Details of this
conversion method of introducing dual variables can be found
in a pioneering work [43].

We conduct a total of 12 groups of experiments and compare
the mean, maximum, and minimum time cost and the number
of failed cases for each group, as shown in Fig. 7 and Table II .
From the comparison of computational time, we can draw two
conclusions.

1) Using polynomials instead of discrete system states as

decision variables can reduce the mean time cost.

2) Utilizing robust unconstrained optimization algorithms

can improve solving efficiency and yield stable results.

The first conclusion is evident because the mean time cost of
both the Ipopt+MP and the Ipopt+SD is higher than the proposed
method. Without considering the dual variables introduced in
optimization, these two former methods use discrete system
states as decision variables. To ensure the continuity of robot
motion, they require a relatively dense sampling of trajectories
(we set the number of sampling to 50, fewer points will cause
discontinuous robot states). In contrast, our method utilizes
polynomials to represent trajectories, which naturally guarantees
the continuity of robot motion and significantly reduces the
number of variables.

The second conclusion is based on the following observa-
tion. As shown in Fig. 7, the Ipopt-MP has better stability
in solutions than the Ipopt-SD (with a smaller variance of
computation time in the same group of simulations). This is
because the Ipopt-MP, compared with the Ipopt-SD, converts
nonsmooth safety distance constraints into smooth differen-
tiable dual constraints. However, the number of dual vari-
ables is positively correlated with the number of obstacles,
resulting in a significant increase in the average computation
time of the Ipopt-MP. By utilizing robust unconstrained op-
timization algorithms (as detailed in the previous technical
section), our proposed method achieves better stability than
both baseline methods while maintaining high computational
efficiency.

Comparing success rates can demonstrate the advantage of
our algorithm in computation accuracy. First, as shown in both
Fig. 7 and Table II, the Ipopt+SD has a significantly lower
success rate than the other two methods. This is because the
Ipopt+SD directly uses nonsmooth safety distance as collision
avoidance constraints, which may cause the algorithm to fail
to converge to a solution with the desired accuracy. Second,
the Ipopt+MP utilizes smooth minimum penetration constraints
to obtain accurate solutions, but its success rate significantly
decreases when the number of obstacles is large. The Ipopt+MP
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Fig. 7. Figure compares the optimization time required by three methods and the success rate for obstacle avoidance tasks. It shows 12 groups of simulations,
each containing 20 random maps with varying numbers of obstacles. The blue boxplot in the top subplot represents the Ipopt+MP method proposed by J. Zeng
et al. [5]. This method used Ipopt to solve the ONCC problem with minimum penetration constraints. It should be noted that the data for the Ipopt+MP were
generated from the data distribution parameters provided in the original paper [5]. This is done for two reasons: first, because the method involves many optimization
parameters and no open-source implementation is given, none of the results we reproduce are as good as those in the original paper; second, our method has an
order of magnitude improvement in optimization time, so the differences due to the specific implementation can be disregarded. The yellow boxplot represents the
Ipopt+SD method, which is the same as the Ipopt+MP method but uses safety distance constraints. This method is implemented using CasADi [40]. Moreover, the
red boxplot illustrates the proposed method. The boundary of translucent color areas highlights the maximum and minimum optimization times for each method
across all simulations. The bottom half of the figure shows the success rates of the three methods in different groups of simulations.

TABLE II
RESULTS OF OBSTACLE AVOIDANCE TASKS

# of obstacles 1 2 3 4 5 6 7 8 9 10 11 12
Mean () 1234 1266 12.14 1783 957 1060 923 2193 1328 855 1456 1237

Ioont with SD Min (s) 249 227 306 253 273 358 395 507 472 449 523 459
popt w Max (s) 4144 6665 6075 6432 5204 4498 2074 8429 3665 17.18 5560 22.99
Success rate (%) | 70.0 800 700 800 650 800 600 650 450 600 700 450
Mean (s) 57 170 235 721 1152 1205 1531 1652 2187 2523 2921 3429
oot with MP Min (s) 3.5 72 168 256 332 619 885 824 1414 1366 1580 1912
pop Max (s) 8.1 320 405 1723 2235 2264 2728 289.9 3320 4289 569.1  652.7
Success rate (%) | 100.0 1000 100.0 100.0 100.0 100.0 950 950 1000 90.0 750 500

Mean (s) 207 250 275 327 361 412 427 416 421 427 505 490

o hod Min (s) 154 150 155 158 160 177 180 175 193 188 142 244
ur metho Max (s) 388 354 387 632 641 778 747 839 737 854 988  10.96
Success rate (%) | 100.0  100.0  100.0 100.0 100.0 900 950 950 900 800 850  80.0

The bold entities to indicate the lowest optimization time and the highest success rate.

cannot find feasible solutions because sparse sampling of dis-
crete system states cannot guarantee the continuity of robot
motion. While the Ipopt+MP’s success rate significantly drops
with more obstacles, our method still maintains a high success
rate.

Furthermore, we can highlight the advantage of ALM over
Ipopt in solving ONCC by comparing the success rates. Since
both the Ipopt+SD method and our method were tested on the
same maps, the main reason the Ipopt+SD method has a lower
success rate is that it is more prone to stopping at nonoptimal



Fig. 8.

Results of obstacle avoidance using our proposed trajectory planning method. Similar to crowded scenarios in previous work [5], we set the payload’s

starting position and target position to x. o = [0.0, —2.5, 1.0]7 and x, 7 = [0.0, 2.5, 1.0]7 in the world frame. The movement of the payload is limited
within the space P = {p = [z, v, 2],z € [-1.5,1.5],y € [-1.5,1.5], z € [0.0, 2.0] }. We conducted a total of 12 groups of experiments, each with 20 trails. In
each trail, obstacles were generated within the movement area of the payload P. The obstacle was a cubic with a side length of 0.5 m. The subplots illustrate eight
different scenarios with dense obstacles. Our approach can navigate the suspended payload system through crowded environments and achieve aggressive flight

trajectories while avoiding collisions.

values when solving the ONCC problem. Our method also
demonstrates a higher success rate in scenarios with many
obstacles (for example, 11 and 12). The above results align with
the findings in the classical research [7], where ALM and other
solvers, including Ipopt, were tested on standard optimization
test sets and reached similar conclusions.

By preserving trajectory continuity and improving solution
accuracy through iterative optimization, our method can natu-
rally generate feasible trajectories with large attitude changes in
maps with dense obstacles (as shown in Fig. 8).

2) Optimization Ablation Study: We conducted ablation ex-
periments to evaluate the contributions of different modules
in our proposed trajectory planning algorithm on optimization
efficiency and trajectory feasibility. We performed ablation ex-
periments by removing specific algorithm modules or replacing
certain modules with more basic algorithms in our optimization
algorithm.

We focused on three critical components of our algorithm:
1) the initialization module, 2) the inner-loop optimization al-
gorithm module, and 3) the outer-loop parameter update module.
We tested the influence of the initial values by comparing
warm-up strategies. For the inner-loop optimization module,
we replaced the L-BFGS algorithm and the Lewis-Overton line
search algorithm used in our method with the steepest gradient
descent and backtracking line search algorithms, respectively,
to compare the effects of different unconstrained optimization
strategies on trajectory optimization. Finally, we recorded the
optimization time and trajectory feasibility for different combi-
nations of these modules under 1, 3, and 5 iterations of outer-loop
parameter updates. We set a stringent convergence threshold to
ensure that the outer-loop iterations were always greater than
5. We tested the trajectories optimized by different module

TABLE III
OPTIMIZATION EFFICIENCY AND TRAJECTORY FEASIBILITY ANALYSIS

Method Iteration 1  Iteration 3  Iteration 5
No warm up 212, X 2323, v 34.18, v
Backtracking line search 0.62, X 1.02, X 1.85, v
Steepest descent 184.37, X 890.75, X 2856.66, X
Our full method 0.31, X 0.50, v/ 1.00, v/

combinations in Drake and recorded whether these trajectories
were feasible. The results are presented in Table ITI. We took the
optimization time required to complete trajectory optimization
in Scene | using the method that includes all algorithm modules
for five iterations as a benchmark. We recorded the corre-
sponding proportion of optimization times for other different
combinations of methods relative to the benchmark. In the table,
“X” and “¢”” indicate whether the optimized trajectories can be
executed in the simulation.

Through analyzing the data, we draw several conclusions as

follows.

1) An excellent initial value can significantly expedite the
optimization process. Without using the warm-up strat-
egy, although the final trajectories obtained after multiple
iterations of the outer-loop optimization are feasible, the
required optimization time increases significantly.

2) The method for solving the unconstrained optimization
problem in the inner loop is crucial in determining both
the efficiency and trajectory feasibility. Employing more
efficient and effective gradient descent and line search
methods can significantly enhance the optimization speed
and trajectory feasibility.
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Fig.9. Visualization of optimized trajectories in two complex scenarios. (a) Trajectory shapes during the optimization process. The first row displays the trajectory
evolution in scenario 1, from initialization (left) to the optimal results (right), with two intermediate optimization states visualized. The second row shows the
trajectory evolution in scenario 2. (b) Changes in four essential constraint violations during trajectory optimization. From left to right, the subplots represent the
payload collision constraint, quadrotor collision constraint, complementarity constraint, and dynamical constraint. The red curves represent the constraint violation

values in scenario 1, while the blue curves represent those in scenario 2. The constraint violation values near the end of the optimization process are magnified to
show that all constraints are well satisfied, indicating the high precision of the optimization results.

Fig. 10.

Simulation of suspended payload system motion in scenario 2 using Drake. (a) Multiple system states at different time steps overlaid in a single scene,
with transparency increasing from light to dark to represent the chronological sequence. The suspended payload system is in motion, demonstrating its dual modes
under different cable tension conditions. The planned trajectories for the complex scenario 2 are shown in (b). We captured the robot passing through a ring gate in
the trajectory and included snapshots of the simulation (c) and actual flight (d). The two snapshots show that the simulation results are similar to the actual results.

In addition, we captured the actual effects of the suspended payload system passing through two gates on the trajectory, as shown in (d) and (e). The snapshots
show that the robot is in a slack mode of motion.
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Fig. 11. Simulation diagram of the suspended payload system, which illus-
trates the relationship between different modules. The multi-body plant (MBP)
module, consisting of a quadrotor, cable, and payload, is shown in the left-top
part. The interfaces between modules are designed to be consistent with the
actual robot interfaces, ensuring the fidelity of the simulation.

3) The multiple iterations of outer-loop parameter updates
in ALM are essential in improving trajectory feasibility.
Each update of ALM parameters leads to fewer constraint
violations in the trajectory, thereby improving trajectory
feasibility.

3) HNMPC Robustness Exploring: To explore the robust-
ness of our proposed HNMPC method, we tested our con-
troller under different cable lengths and payload masses. The
experimental procedure is as follows: We set the system in a
similar slack mode state as the initial state. During the sim-
ulation, the payload can freely fall under gravity, gradually
straightening the cable. The target position for the quadrotor
and its initial position are both set at the origin (0,0, 0) of the
world frame. In contrast, the target position for the payload is
at (0,0, —lp), which is directly below the origin with a height
difference equal to the cable length /5. We record the states of
the quadrotor and payload over a sufficiently long period and
calculate their respective tracking errors and convergence times.
The convergence time Z.,y is the smallest value of ¢ such that the
tracking error remains below the threshold A for all times greater
than ¢.

We tested 12 combinations formed by pairing four different
payload masses (50, 100, 150, and 200 g) with three different
cable lengths (50, 60, and 70 cm), and each combination was
tested three times. The results are summarized in Figs. 12
and 13. Fig. 12 displays the tracking error curves for the different
combinations, with a red horizontal dashed line indicating the
threshold used for calculating the convergence time. We group
the tracking error curves for the same cable length in each
column subplot. For example, the first column subplot visualizes
the tracking error curves for the combination with a cable length
of 0.7, showing the tracking errors of the payload and quadrotor.
In addition, we recorded and visualized the mean and standard
deviation of the tracking error convergence times for different
systems in Fig. 13.

TABLE IV
COMPARISON OF CONTROL EFFECTS WITH AND WITHOUT HNMPC

. . Error
Scenario  Tracking Error ~ w/o HNMPC ~ w HNMPC Reduction (%)

RMSE (m) 0.051 0.046 9.8 |

#1 Max (m) 0.121 0.083 314 |

RMSE-XY (m) 0.040 0.034 15.0 |

Max-XY (m) 0.112 0.079 295 |

RMSE (m) 0.053 0.048 94 |

# Max (m) 0.164 0.105 36.0 |

RMSE-XY (m) 0.037 0.034 8.1/

Max-XY (m) 0.114 0.083 27.2 |

The bold entities highlight indicators with more minor tracking errors.

TABLE V
CONFIGURATIONS OF SUSPENDED PAYLOAD SYSTEM

Notation Value Description
mo 0.746 kg  Mass of the quadrotor
mr 0.054 kg  Mass of the payload
lo 0.644 m  Length of cable
ro 0.2 m Safe margin radius of the quadrotor
re 0.2 m Safe margin radius of the payload

Based on the data of tracking errors and their convergence
times, we draw three conclusions as follows.

1) Under the same cable length, the convergence time of the
controller has almost no difference, even with different
payload masses.

2) The convergence time of the controller shows a very slight
increase (on the order of hundreds of milliseconds) as the
cable length increases.

3) Even when velocity discontinuities result from collision
behavior, the controller can guide the system to converge
to a stable state. The convergence time of the tracking error
is hardly affected, even in situations with larger payload
masses and more pronounced collision behavior.

4) HNMPC Evaluation in Simulations: To evaluate our pro-
posed HNMPC method, we test control effects in two complex
scenarios with and without the HNMPC method. In each sce-
nario, we repeated an agile flight simulation five times with each
of the two control strategies. Table IV shows the tracking errors’
numerical results.

We notice a significant decrease in the maximum trajectory
tracking error, 31.4% in scenario 1 and 36.0% in scenario 2, after
using the hybrid predictive control method. Although the motion
mode switch occurs in a small percentage of the overall flight
time (see Fig. 15), the decrease in the track’s root-mean-square
error (RMSE) is still up to 9.8% and 9.4% in two scenarios,
respectively. In addition, we also compared the RMSE and
maximum value of tracking errors in the X-Y plane between
the two control strategies. The value in Table IV shows that
the HNMPC method significantly contributes to reducing the
tracking errors on the X-Y plane. This indicates that the mode
switching on the agile flight occurs in 3-D space rather than
simply accelerating or decelerating in the Z-axis. More detailed
procedures can be found in the supplementary video.

2[Online]. Available: https://youtu.be/6jo6NOTMt0o
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Tracking error of different combinations of cable lengths and payload masses. The top row shows the tracking error for the payload, while the bottom

row displays the tracking error for the quadrotor. The left column corresponds to a cable length of 70 cm, the middle to 60 cm, and the right to 50 cm. Each subplot
represents the tracking error curves for different payload weights with the same rope length, depicted in different colors. The red dashed horizontal line represents

the convergence threshold, set at 0.01 cm in our experiments.

C. Flying Through Narrow Gates

We design two complex scenarios to verify that our planning
and control algorithms can ensure: 1) natural mode switching
can occur when the robot passes through narrow corridors;
2) the robot can complete long-distance movements while re-
taining the ability of natural mode switching. These two key
points are critical to ensuring the practical application of the
suspended payload system.

1) Agile Flight Simulation: We generate point cloud maps
based on the scenario layouts and test our planning algorithm
within them. We visualize several iteration results in the algo-
rithm process, as shown in Fig. 9(a). We can observe that the
method can obtain a feasible trajectory after a limited number of
iterations (the computational time required for the optimization
to converge within 1 min) from an initially completely infeasible
trajectory. In Fig. 9(b), we present four essential constraints that
are prone to violations (the ordinate represents the sum of the
absolute constraint violation values on the trajectory). We can
clearly see that all constraint values are low when the trajectory
approaches the optimum. This indicates that our optimization
algorithm can provide sufficiently accurate solutions within a
short computation time, ensuring the planned flight is feasible.

A simulation environment that closely resembles reality can
significantly accelerate the process of deploying our methods
in practical applications. We build a diagram of the suspended
payload system using Drake [44], as shown in Fig. 10. In order
to be consistent with the actual situation, we implement different
leaf systems and keep each module’s interface consistent with
the actual robot’s interface, as shown in Fig. 11. Specifically, we
simulate four motor signal inputs with first-order response func-
tions and the thrust model of individual motors with propeller
modules. We add an air drag module to simulate the velocity-
dependent resistance on the rigid body. Detailed demon-
strations can be found in our supplementary videos.>* The

3[Online]: Available: https://youtu.be/wgSglmOJz0Y
4[Online]: Available: https:/youtu.be/mPx3neVR-Bc
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Fig. 13. Convergence time for stable hovering of different combinations of
cable lengths and payload masses. In the figure, we visualize the convergence
time for stable hovering at the target position across 12 combinations of three
cable lengths and four payload masses. The blue bars represent the quadrotor’s
convergence time, while the orange bars represent the payload’s convergence
time. The x-axis corresponds to these different combinations, and the y-axis
represents the convergence time in seconds.

implementation of the simulation system will also be included
in our open-source code.

2) Real-World Deployment: We further validate the feasi-
bility of our method in the real world, as shown in Fig. 14.
We reproduce the two complex scenarios mentioned above and
test whether the robot system could complete the expected
agile flights. The specific configuration of the robot hardware
is mentioned in Fig. 16. In addition, we used a high-precision
motion capture system to obtain real-time motion states of the
quadrotor and payload.

We recorded the motion data of the robot in two scenarios.
In Scenario 1, the average speed and acceleration of the robot
are 0.78 m/s and 2.74 m/s?, respectively, with maximum speed
and acceleration of 2.32 m/s and 10.42 m/s?, respectively. In
scenario 2, the average speed and acceleration of the robot are
0.93 m/s and 2.55 m/s?, respectively, with maximum speed and
acceleration of 2.57 m/s and 15.52 m/s?, respectively. We find
that the overall speed of the robot is not high. However, the robot



Fig. 14.

Screenshots of our robot navigating through two complex scenarios. In the first scenario, the robot travels from right to left through a narrow ring-shaped

gate. In the second scenario, the robot moves to the trajectory’s center by passing through the ring gate and then crosses the rectangular gate to reach the end.
The screenshots demonstrate the effectiveness of our trajectory planning method in handling complex environments and navigating through narrow passages. In

addition, they showcase the real-time performance of our methods.
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Fig. 16. Suspended payload system’s structure in the upper part and two
narrow passageways used in complex scenarios in the lower part. Notably,
the suspended payload system’s size with the cable under tension exceeds the
maximum diameters of both gates, rendering the passage difficult.

needs considerable acceleration to reduce the tracking error due
to the switching of motion modes.

It should be noted that the HNMPC method proposed by us
is crucial for the robot to complete flights. Although using the
classical NMPC method in simulation causes significant control

errors, the simulated robot can still barely complete the task.
In actual experiments, the control errors cannot be ignored and
will cause the robot to crash. We conduct multiple flight tests,
and the suspended payload system is able to complete the tasks
well. This indicates that our proposed HNMPC method produces
more minor control errors, ensuring feasible agile flights.

VII. CONCLUSION
A. Limitations and Extensions

Despite our efforts to construct a compact optimization model
and use appropriate optimization methods to obtain the optimal
trajectories, our work has some limitations. Specifically, we do
not consider the challenge of using limited onboard sensors
for environment perception and robot state estimation during
high-speed flight. In this study, we relied on a high-precision
motion capture system for robot localization, which may not be



feasible in outdoor environments. We will step toward the fully
autonomous suspended payload system in future work.

B. Conclusion

In this work, we stress consistency and compactness in an
agile flight of a suspended payload system. Based on these
two essential features, an impact-aware planning algorithm
is proposed to solve an optimization problem with nonlinear
complementarity constraints. An impact-aware control method
is proposed to address the natural model mismatch issue in
flight with hybrid modes. Our methods systematically solve
the problem of generating feasible and practical agile flight
with hybrid motion modes for the suspended payload system.
Adequate simulations and experiments validate the feasibility
and effectiveness of our proposed methods.

APPENDIX A
SYSTEM DYNAMICS

In this Appendix, we illustrate how to compute the system’s
state using the lat output, taking angular velocity as an example.

When the system is in slack mode, (8) is equivalent to
[34, (3)]. In this case, we can directly follow the steps outlined
in [34, Sec. III] to compute the quadrotor’s angular velocity.
When the system is in taut mode, according to [1, Lemma 1],
we can compute a quantity f7 - p using the following equation:

fr-p=mc(%c + ge.).

Then, based on (5) and (7), we can calculate the quadrotor’s po-
sition and its higher order derivatives. At this point, subsequent
steps to compute the required system state are the same as the
steps in [34].

Here, we provide the formula to calculate the angular velocity
directly for readers’ reference. The body rate given the flat output
is calculated by

w(0) = 25(0) - sin(sh) — z5(1) - cos(¥))—
23(2).26(0)'Sin(“)rz:(z;§1) cos(¢)
w(1) = 25(0) - cos(th) + z5(1) - sin(eh)
7n(2) - 2O COSQZB ;)(1) sin(1))
w(2) = 25(2) - 2(1) - m i

where zp is the first derivative of the z-axis of the quadrotor
given by
' ! (mo¥o +meXe)
7B — "~ (MmoXo meXr):
Imo(%q + ge:) — frp||
(I (mg(%g + ge.) — frp)(mo(¥o + ge.) — pr)T>
- .. T .. .
(mo(%q + ge:) — frp)" (mo(Xg + ge:) — frp)
It should be noted that the value of zg is obtained based on
the third derivatives of xg and x,. Therefore, to ensure the
smoothness of angle rates, it is necessary to ensure that the X g

and X ; are smooth. In our implementation, we employ a seventh-
order polynomial function to represent the trajectories of x o and
Xc.

APPENDIX B
PRACTICAL ALM FORMATION

The practical ALM formation is given by

ka (Xk7xk) wff Z Pk (wc Cz( k) 7)‘16)

i€EULy
(33)
where
Ppk (wcici( k) ,)Lf) =
We, € (Xk) (Xf + %pwcici (xk)) , ifc; € HUGy a4

-3 (Xf) ’ /pk, otherwise.
Scaling objective function and constraints

1
max {1, |V f (x°) [l }

1 .
T mad{L Ve 6O

Dual variables update

UJf:

=1,...,m.

—k e —k
SR+ Aj + prWwe;c; (xk) if j € For prwe,c; (xk) > A
J 0 otherwise.
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