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Abstract—Since the difference in angular velocity is used as the
derivative of the orientation error in the classical impedance con-
trol, there is no longer a form of the second-order differential equa-
tion (SODE), and there is non-linearity in the classical impedance
control, which limits applications. To address this problem, this
article uses simple-rotation angle/axis representations (SRAAR), as
well as their derivatives, to describe the end-effector’s orientation
displacement and its derivatives in impedance control. As a result,
an SRAAR-based second-order impedance control, whose dynamic
relationship has the form of SODE, is proposed. Furthermore, as
a direct application of the proposed SRAAR-based second-order
impedance control, an adaptive control method is also proposed to
deal with the problem of uncertain dynamic parameters so that
the desired dynamic relationship can be accurately realized. A
simulation is carried out to show the difference between the classical
impedance control and the proposed impedance control. Experi-
ments on the Franka Emika Panda have been conducted, and the
results validate the effectiveness of the proposed adaptive control,
which also verifies the correctness of the proposed SRAAR-based
second-order impedance control.

Index Terms—Impedance control, simple-rotation angle/axis
representations (SRAAR), second-order differential equation
(SODE), adaptive control.

I. INTRODUCTION

IMPEDANCE control tries to achieve a desired dynamic rela-
tionship, called the impedance model in this article, between

the encountered force coming from the environment and the
movement of the robot end-effector. It has been proven to be an
advisable control framework for contact-rich scenarios and has
been widely adopted [1].

In impedance control, the robot end-effector’s displacement
can be divided into two parts, i.e., position displacement and
orientation displacement. It is well known that the position
displacement is obtained by directly subtracting the desired
Cartesian position from the actual Cartesian position of the
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robot end-effector, as a kind of vector subtraction. Unlike po-
sition displacement, there are several orientation displacement
representations such as quaternion [2], Euler angles [3], and
angle/axis representations [4]. Angle/axis representations can
be further classified [4], i.e., Euler parameters, classical an-
gle/axis, Rodrigues parameters, and simple-rotation. Quaternion
is the same as the Euler parameters of angle/axis representations
when used in impedance control [2]. Euler angles are one of
the most classical orientation representations. However, since
Euler angles should follow a certain rotational sequence, they
might cause directional inconsistencies between the external
torque and the end-effector rotation in impedance control [5].
Additionally, there is a singularity problem for Euler angles [3].
Angle/axis representations are composed of a scalar function
and a unit vector. For Euler parameters and classical angle/axis,
although they do not exhibit the aforementioned defects of
Euler angles [2], since a sine function is used, the norm of
orientation displacement must not be greater than 1, which im-
plicitly restricts the range of external torque [6]. For Rodrigues
parameters, a tangent function is used, which means there is no
limitation for external torque. However, a singularity exists for
180◦ rotations [7]. Simple-rotation parameters are composed of
the product of the rotation angle and the rotation axis. Com-
pared with the other aforementioned representations, simple-
rotation parameters have properties such as being singularity-
free, ensuring directional consistency between rotation and
external torque, and having no limitations on external torque
simultaneously.

Usually, the impedance model is required to have a form
of a second-order differential equation (SODE) [8]. However,
the impedance model commonly used is the same as the one
proposed by [4], wherein some imperfections exist, as demon-
strated below. If we divide the impedance model into two decou-
pling parts roughly, i.e., position-force relationship and rotation-
torque relationship, the position-force relationship generally has
the form of SODE, whereas no such characteristic exists for the
rotation-torque part in [4]. This is because the angular velocity
difference and the angular acceleration difference are used as
the high-order terms of orientation displacement. This defect
may lead to additional challenges; for example, in [9], a special
Lyapunov function is needed to prove the stability of the given
impedance model. Sometimes, such a defect is ignored in the
proof, leading to discrepancies between the proof and the actual
application [10].

On the other hand, most current works on impedance control
only focus on the position-force part, with few paying attention
to the rotation-torque part. In [11], impedance control with
adaptation is achieved, where a dynamic parameter adaptation
algorithm is proposed to tackle the problem of dynamic param-
eter uncertainty and to realize the desired impedance model
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accurately. In [12], the desired position in impedance control
is adjusted adaptively to help the robot track the desired contact
force under environmental uncertainty. A similar algorithm is
given in [13], and impedance parameters are adjusted adap-
tively to track the desired contact force. In [14], the stabil-
ity of the impedance model with variable impedance param-
eters is considered, and a mathematical relationship between
impedance parameters is provided to ensure stable behavior.
All of these studies are based on a second-order impedance
model, or only force and linear motion are considered in these
studies, regardless of external torque or angular motion. The
aforementioned works might be extended to the rotation-torque
part if the rotation-torque relationship also has the form of
SODE. Additionally, the well-studied linear system theory can
be exploited. An obvious example is that the method proposed
in [11] can be extended to the rotation-torque part, and the
whole impedance model including the rotation-torque part can
be realized accurately. Another example is that the result derived
in [14] can be used directly by replacing the joint variables with
the end-effector’s displacement.

In summary, an impedance control using simple-rotation an-
gle/axis representations (SRAAR) with the form of SODE is
needed. To the best of our knowledge, there has still been no
work considering this type of impedance control. To achieve
this type of impedance control, referring to the implementa-
tion of the classical impedance control, the value of SRAAR
and its first-order derivative should be known, and the first-
order and the second-order differential relationships between
SRAAR and joint angles are also needed. In [15], a differen-
tial relationship between angular velocity and the first-order
derivative of SRAAR is proposed. This relationship could be
used to realize the second-order impedance control. However,
the more essential relationships, i.e., the relationships between
the derivative of rotation angle, the derivative of rotation axis,
and angular velocity, are not provided in that article. These
essential relationships are obtained in [16] through the quater-
nion propagation rule. Nevertheless, both of the above meth-
ods will fail when the rotation angle is zero, which is still
unsolved.

Faced with the aforementioned challenges, this letter proposes
an SRAAR-based second-order impedance control, and the main
contributions are summarized as follows:

1) A novel method is proposed to calculate the first-order
derivative of SRAAR, where two auxiliary variables are
employed to simplify the calculation. The complete first-
order and second-order differential relationships between
SRAAR and joint angles are also proposed.

2) Subsequently, a type of SRAAR-based second-order
impedance control is realized.

3) Furthermore, an adaptive impedance control is proposed
as a direct application of the proposed SRAAR-based
second-order impedance control to realize the entire
impedance model accurately.

The letter is organized as follows. Section II introduces the
robot model and the classical impedance control. In Section III,
the methods to calculate the zero-order and first-order derivatives
of SRAAR are provided in subsections III-A and III-B. The
first-order and second-order differential relationships between
SRAAR and joint angles are presented in subsection III-C. A
method to implement the proposed SRAAR-based second-order
impedance control using an open-loop approach is discussed in
subsection III-D. Additionally, an adaptive control is presented

in subsection III-E. In Section IV, a simulation is carried out
to demonstrate the difference between the classical impedance
control and the proposed impedance control. In Section V,
experiments with a 7-DOF manipulator verify the proposed
approach. Finally, conclusions are drawn in Section VI.

II. BACKGROUND

A. Robot Model

The dynamics of an n-DOF rigid manipulator in joint space
can be written as [3]:

B(q)q̈ +C(q, q̇)q̇ +G(q) + τ f = τ + J(q)TF e (1)

where q ∈ Rn×1 denotes the joint displacement of the robot,
and q̇, q̈ ∈ Rn×1 represent the joint velocity and acceleration, re-
spectively;B(q) ∈ Rn×n is the inertia matrix;C(q, q̇) ∈ Rn×n

is the Coriolis and centrifugal force matrix; G(q) ∈ Rn×1 is
the gravitational term; τ f ∈ Rn×1 is the joint friction torque;
τ ∈ Rn×1 is the command torque; J(q) ∈ R6×n is the geo-
metrical Jacobian of the robot end-effector; F e ∈ R6×1 is the
environment effort applied to the robot end-effector, and F e can

be written as
[
fT
e , τ

T
e

]T
, where fe ∈ R3×1 and τ e ∈ R3×1 are

the actual environment force and torque.
Use p ∈ R3×1 and R ∈ SO(3) to represent the Cartesian

position and the rotation matrix of the robot end-effector under
the base frame, respectively. Then there are mathematical rela-
tionships: ṗ = Jpq̇ and Ṙ = ω̂R =̂Joq̇R, whereω ∈ R3×1 is
the angular velocity of the end-effector; Jp, Jo ∈ R3×n are the
matrices relating the contribution of the joint velocities to the
end-effector linear velocity and angular velocity, respectively.

And there is J =
[
JT

p ,J
T
o

]T
. ∗̂ is an antisymmetric operator,

and the cross product of two 3D vectors, i.e., a× b, equals to
âb.

The dynamic model of an n-DOF rigid manipulator can be
formulated with a linear form [17], i.e.,

B(q)q̈ +C(q, q̇)q̇ +G(q) = Y (q, q̇, q̈)φ (2)

where Y ∈ Rn×11n is the linear regressor matrix; φ ∈ R11n×1,
which is seen as a constant vector, is the dynamic parameters of
the robot.

B. Classical Impedance Control

Classical impedance model is formulated typically as:

M

[
p̈− p̈d

ω̇ − ω̇d

]
+D

[
ṗ− ṗd

ω − ωd

]
+K

[
p− pd

ϕ

]
=

[
fe − fd

τ e − τ d

]
(3)

where M , D, K ∈ R6×6 are the desired inertia, damping, and
stiffness matrices; pd, ωd ∈ R3×1 are the desired Cartesian
position and the desired angular velocity of the end-effector;
fd, τ d ∈ R3×1 are the desired environment force and torque;
ϕ ∈ R3×1 is the orientation displacement between the desired
and the actual frames of the end-effector.ϕ could be Euler angles
or angle/axis representations or others as mentioned in Section I.
The value of ϕ depends on the type of ϕ.

The angular velocity difference and the angular acceleration
difference in (3) are introduced by the following method. In [4],
a generalized rotational kinetic energy is defined as a quadratic
function of the angular velocity difference. By utilizing the
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derivative of energy equaling the dot product of torque and angu-
lar velocity, the angular acceleration difference is introduced into
the impedance model. The weight in the generalized rotational
kinetic energy, i.e., the coefficient of the angular acceleration
difference in the impedance model, can be regarded as the
moment of inertia. Similarly, a damping term, which is the
product of a damping matrix and the angular velocity difference,
is also introduced.

The stability of (3) is proven as follows. In [4], when ϕ is
represented using angle/axis representations, a rotation potential
energy is also defined. The rotational stiffness is determined by
this energy, such that the time derivative of the total rotation
energy is a quadratic function of the angular velocity error.
Consequently, the angular velocity error converges to zero;
the stability is proven. In [9], when ϕ is represented using
quaternion, the Lyapunov function is composed of a translational
potential energy function, a rotation potential energy function,
and a quadratic function of the angular velocity error weighted
by K. Subsequently, the time derivative of the Lyapunov func-
tion is a quadratic function of the angular velocity error weighted
by D, and the stability of (3) is proven finally.

III. SRAAR-BASED SECOND-ORDER IMPEDANCE CONTROL

As mentioned in Section I, an impedance control using
SRAAR with the form of SODE is needed. Consequently, the
desired impedance model can be represented as

M

[
p̈− p̈d

¨(θl)

]
+D

[
ṗ− ṗd

˙(θl)

]
+K

[
p− pd

θl

]
=

[
fe − fd

τ e − τ d

]
(4)

where θl is the SRAAR between the desired rotation matrix
Rd ∈ SO(3) and the actual rotation matrix R of the end-
effector; l ∈ R3×1 is a unit vector and is expressed in the base
frame; θ is a scalar. And θl satisfies

R̃ = RRT
d = eθl = cos(θ)I + sin(θ)̂l+ (1− cos(θ))llT

(5)
The physical meaning of θl is that R can be obtained by rotating
Rd by θrad along the vector l; θ and l could be seen as the
rotation angle and the rotation axis, respectively.

If θl is regarded as the rotating axis vector with length θ
between Rd and R, (4) demonstrates how torque influences
changes in the size and orientation of the rotation axis θl.
Furthermore, in Euclidean space, a vector can be regarded as
a point, and ˙(θl) and ¨(θl) can be considered as the velocity
and the acceleration of the point; M and D contain inertia
and damping information of the point. Alternatively, θl can be
viewed as the geodesic between Rd and R, and (4) illustrates
how this geodesic changes. Additionally, from the perspective
of Lie groups and Lie algebras, θl lies in the tangent space at the
identity and can be seen as an element of the Lie algebras, and
(4) illustrates how the element changes in the tangent space.

To implement the proposed impedance model (4), the key is to
determine the value of θl, obtain the value of ˙(θl), and establish
the relationship between ¨(θl) and q̈.

A. Value of θl

According to (5), θ can always be calculated by θ =

arccos((tr(R̃)− 1)/2).

When θ is not 0 or π, l can be calculated by l = (R̃−
R̃

T
)∨/2/ sin(θ), where (∗)∨ represents the reverse operation of

∗̂. In this situation, the value of θl is obtained by θ multiplying
l.

When θ is π, the absolute value of the i-th component of l is√
(R̃ii + 1)/2. Consequently, l can be obtained by attempting

to change the sign of each component. In this situation, the value
of θl is also obtained by θ multiplying l.

When θ is 0 and only R̃ is available, although l is incalculable,
there is still θl = 0.

To sum up, θl and θ are always calculable, and l is calculable
when θ �= 0.

B. Value of ˙(θl)

After differentiating both sides of (5), it has

˙̃
R = (−sθI + cθ l̂+ sθll

T )θ̇

+ sθ
˙̂
l+ (1− cθ)(l̇l

T + ll̇
T
) (6)

where sθ denotes sin(θ) and cθ is cos(θ). The value of ˙(θl) is
discussed in the following situations:

1) When θ �= 0,±π/2: First, derive the expression of l̇.
Since θ is not 0, l can be calculated as said in III-A. Transpose

the result obtained by left-multiplying lT by ˙̃
R, and add the

result obtained by right-multiplying l by ˙̃
R, i.e., (lT ˙̃

R)T +
˙̃
Rl.

Using l̇
T
l = lT l̇ = 0, it has

l̇ =
(
˙̃
R+

˙̃
R

T

)l

2(1− cθ)
(7)

Then, derive the expression of θ̇. For the calculated unit vector l,
it can always find two unit vectors α and β satisfying α× l =

β. Multiply αT left by ˙̃
R, and multiply β right, and utilize

αTˆ̇lβ = 0; it yields

θ̇ =
αT ˙̃

Rβ

cθ
(8)

After getting the value of l̇ and θ̇, ˙(θl) is just θ̇l+ θl̇.
2) When θ �= 0, π: For l̇, because θ �= 0, the above derivation

of l̇ also holds, i.e., (7) also holds.

For θ̇, similar to (8), multiply αT left by ˙̃
R, and multiply α

right; it has

θ̇ = −αT ˙̃
Rα

sθ
(9)

In this situation, ˙(θl) can also be obtained by θ̇l+ θl̇.

3) When θ = 0: (6) reduces to ˙̃
R = θ̇l̂. Thus, it has ˙(θl) =

(
˙̃
R)∨.

To sum up, the value of ˙(θl) is always calculable.
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C. Relationship Between ¨(θl) and q̈

1) When θ �= 0,±π/2: Using (7) and (8), ˙(θl) can be calcu-
lated as

˙(θl) = θl̇+ lθ̇ =
θ(

˙̃
R+

˙̃
R

T

)l

2(1− cθ)
+

lαT ˙̃
Rβ

cθ
(10)

Reshaping the above equation utilizing Ṙ = ω̂R =̂Joq̇R and
âb = −b̂a, it has

˙(θl) = Jo′1 q̇ + γ1 (11)

where

Jo′1 =
θ(RdR

T l̂− ̂RRT
d l)Jo

2(1− cθ)
− lαT

cθ

̂RRT
d βJo (12)

γ1 =
θ(RṘ

T

d + ṘdR
T )l

2(1− cθ)
+

lαT

cθ
RṘ

T

d β (13)

To establish the relationship between ¨(θl) and q̈, a natural ap-
proach is to differentiate both sides of (11). However, differenti-
ation necessitates the function to be continuously differentiable.
Differentiating Jo′1 and γ1 requires α and β to be continuously
differentiable with respect to time, which implies additional
planning for α and β is necessary, resulting in additional chal-
lenges. The following lemma addresses this issue.

Lemma 3.1: When θ �= 0,±π/2, it has

¨(θl) = Jo′1 q̈ + Γ1 (14)

where Γ1 = J̇o′1 q̇ + γ̇1, and Jo′1 is calculated by (12), and J̇o′1
and γ̇1 have the same expressions as the results obtained by
deriving (12) and (13) under the situation where α and β are
continuously differentiable. But now, in J̇o′1 and γ̇1, α, β, α̇,

and β̇ can be chosen arbitrarily as long as they satisfy that
1. α× l = β.
2. it has

[
α̇, l̇, β̇

]
= ω̂l

[
α, l,β

]
, for some ωl ∈ R3×1.

Proof: If Rd(t) is given, for any given R(t), there must be
a unique θ̇(t) and θ̈(t) corresponding to the given R(t). Thus,
for any continuously derivable unit vector α′(t) and β′(t) that
satisfy α′(t)× l(t) ≡ β′(t), (8) and differentiating (8) yield
the same θ̇(t) and θ̈(t). Besides, at a certain moment t0, if we
arbitrarily choose α0, β0, α̇0, and β̇0 satisfying the above two
conditions, there will always exist a set ofα′(t) andβ′(t)whose
values are α0, β0 and whose derivatives are α̇0 and β̇0 at this
moment. And then, bring the founded α′(t) and β′(t) into (8),
and differentiate both sides of (8) at t0. Because θ̇(t) and θ̈(t)
are the same for all α′(t) and β′(t), as mentioned before, using

Ṙ = ω̂R =̂Joq̇R and âb = −b̂a, Lemma 3.1 can be proven.
2) When θ �= 0, π: Using (7) and (9), and following the steps

before, it’s easy to establish the relationships between ˙(θl) and
q̇, and between ¨(θl) and q̈, similar to (11) and (14).

3) When θ = 0: According to the Appendix, two equations
similar to (11) and (14) can also be derived.

To sum up, there are general equations

˙(θl) = Jo′ q̇ + γ

¨(θl) = Jo′ q̈ + Γ (15)

D. Second-Order Impedance Control

Then, the command torque of impedance control with the
impedance model (4) can be calculated by referring to the
calculation process of general impedance control. However, in
reality, it’s difficult to obtain accurate dynamic parameters, and
only estimates are available. Thus, the command torque satisfies

MJ ′B̄−1
τ =

[
fe − fd

τ e − τ d

]
+M

[
p̈d − J̇pq̇

−Γ

]

−D

[
ṗ− ṗd

˙(θl)

]
−K

[
p− pd

θl

]
+MJ ′B̄−1

(C̄q̇ + Ḡ+ τ̄ f − JTF e) (16)

where B̄, C̄ ∈ Rn×n, Ḡ ∈ Rn×1, and τ̄ f ∈ Rn×1 are the esti-
mated inertia, Coriolis and centrifugal force, gravitational and

joint friction matrices respectively, and J ′ =
[
JT

p ,J
T
o′
]T

.

Since the term JTF e is also introduced from the perspective
of energy, i.e., the principle of virtual work, by using the so-
called natural inertia, the classical impedance control can be
achieved without external force measurement. However, since
J ′ is used in the last term of (16), it seems that F e cannot be
eliminated when M is set to be a symmetric positive definite
matrix. In other words, whenM is set to be a symmetric positive
definite matrix, external force measurement or estimation is still
necessary.

E. Adaptive Second-Order Impedance Control

It’s evident that it would not achieve the desired impedance
model without accurate dynamic parameters. The work [11]
deals with this problem, where two adaptive control methods
are proposed. However, the first method in that article only
considers the position-force part in impedance control and re-
lies on a second-order impedance model. Since a second-order
impedance model is developed in this article, our approach can
be integrated with the method proposed in [11]. Consequently,
the impedance model, including the rotation-torque part, can be
realized accurately instead of just the position-force part, which
shows the application possibility of the proposed second-order
impedance model.

Bringing the command torque τ calculated by (16) into the
real dynamic model (1) and utilizing (2), there is

MJ ′B̄−1
(τ f − τ̄ f − Y φ̃) +M

[
p̈− p̈d

¨(θl)

]

+D

[
ṗ− ṗd

˙(θl)

]
+K

[
p− pd

θl

]
=

[
fe − fd

τ e − τ d

]
(17)

where φ̃ = φ̄− φ and φ̄ ∈ R11n×1 is an estimation of φ. Fur-
thermore, suppose the friction is modeled as τ f = diag(kv)q̇ +
diag(ks)sgn(q̇), where kv , ks ∈ Rn×1 are constant friction
coefficients. Let k̄v , k̄s ∈ Rn×1 be the estimated friction coeffi-
cients. Then, τ f − τ̄ f − Y φ̃ can be written as−Y Eφ̃E , where
Y E =

[
Y , diag(q̇), diag(sgn(q̇))

]
; φ̃E = φ̄E − φE ; φ̄E is[

φ̄
T
, k̄

T
v , k̄

T
s

]T
; φE is

[
φT ,kT

v ,k
T
s

]T
.
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Let the Cartesian position and the rotation matrix satisfying
(4) be the reference Cartesian position pr and the reference
rotation matrix Rr, i.e., there is Rr = e(θl)rRd referring to (5),
and pr and (θl)r satisfy

M

[
p̈r − p̈d

¨(θl)r

]
+D

[
ṗr − ṗd

˙(θl)r

]
+K

[
pr − pd

(θl)r

]
=

[
fe − fd

τ e − τ d

]
(18)

The values of pr, (θl)r, and Rr, along with their derivatives,
can be obtained by solving the above differential equation after
measuring the external effort. By subtracting (17) from (18), and

denoting
[
pT − pT

r , (θl)
T − (θl)Tr

]T
as e, it has

−MJ ′B̄−1
Y Eφ̃E +Më+Dė+Ke = 0 (19)

Following the steps in [11], the adaptation of estimated dynamic
parameters could be

˙̄φE = −ΨY T
EB̄

−T
J

′T (ė+Φe) (20)

where Ψ ∈ R13n×13n is a proper positive definite matrix, and
Φ ∈ Rn×n could be a diagonal positive definite matrix. Ad-
ditionally, according to [11], an extra term can be added to the
command torque to handle measurement noise without affecting
the form of the adaptation law (20). According to [11], with the
above adaptation law, e converges to 0, i.e., p converges to pr
and R converges to Rr. Since pr and Rr satisfy (4), with the
help of the adaptation law (20), the actual p and R would also
satisfy (4), i.e., the desired dynamic relationship can be realized
accurately.

The adaptive control here belongs to the kind of direct adap-
tive control, and the estimation of the dynamic parameters will
not converge to the true values. While, when only achieving
the desired impedance model is required, it is not necessary for
the estimated parameters to converge to the true parameters.
Both the theory presented here and the subsequent experiments
demonstrate that the lack of parametric convergence does not
prevent achieving the desired impedance model.

According to (19), some other conclusions can also be drawn
when only (16) is used without the adaptation law (20). Since
(4) is a second-order linear system, M , D, and K can be
chosen easily such that (4) is an asymptotically stable system.
For (19), with these impedance parameters, the second-order
system Më+Dė+Ke = 0 is also an asymptotically stable
system. According to the input-output stability theory, it’s easy
to know that ė and e are bounded when φ̃E is small and the first
term of (19) is bounded. Furthermore, in this situation, p and R
are in the neighborhoods of pr and Rr, and ṗ and Ṙ are in the
neighborhoods of ṗr and Ṙr.

IV. SIMULATION

A simulation is conducted to illustrate the difference between
the two impedance models (3) and (4). In this simulation, it
is assumed that both (3) and (4) can be accurately achieved.
Since only the high-order terms in the rotation-torque part of the
impedance model have been modified, only the rotation-torque
part is considered here. Therefore, in Fig. 1(a) and (b), only
orientation and rotation are taken into account, and let’s ignore
the position of objects in those figures.

As shown in Fig. 1(a), suppose Rd is stable and equals to I;
let R = I and R̈ = Ṙ = 0 at 0 s. Assume that M , D, K, and

Fig. 1. Simulation figures. (a) Initial Rd, R, and τ e at 0 s. (b) Rd, R(3),
R(4), (θl)(3), and (θl)(4) at 3 s. (c) The value of (θl)(3) in 5 s. (d) The value
of (θl)(4) in 5 s.

τ d in (3) and (4) are 0.1I , 0.4I , I , and 0, respectively. Suppose
there is a torque τ e applied to R, and τ e is always in the XY

plane of the base frame; let τ e be
[
1.2sin(t), 0.9cos(2t), 0

]T
.

Then, R will start rotating under the influence of τ e.
Fig. 1(b) shows the different R corresponding to (3) and (4)

at 3 s, and it uses R(3) and R(4) to distinguish between them.
The orange lines represent the vectors of SRAAR of R and are
distinguished by (θl)(3) and (θl)(4). Fig. 1(c) and (d) display the
values of (θl)(3) and (θl)(4) from 0 s to 5 s. It can be observed
that the third component of (θl)(4) is always 0, which means
the rotation axis between Rd and R also always lies in the
XY plane of the base frame. Therefore, one dimension in the
rotation-torque part of (4) could be ignored, whereas, no such
characteristic exists for (θl)(3).

It should be pointed out that, although all vectors in (4) are
defined in the base frame, these vectors can be represented in
different coordinates through rotation transformations according
to the application’s needs. Then, the modified (4) can be ob-
tained. Following the steps in the former sections, all the above
equations and characteristics have corresponding versions. For
example, let’s use RT (θl)(= RT

d (θl)) and RT (τ e − τ d) to
replace (θl) and τ e − τ d in (4). The modified (4) can be used
in applications where a flat surface and a convex surface are in
contact. The characteristic mentioned in the previous paragraph
can be exploited to simplify the analysis when the orientation or
torque of the end-effector needs to be controlled.

V. EXPERIMENT

Based on the proposed SRAAR-based second-order
impedance control, an adaptive algorithm is proposed to elimi-
nate the effects of dynamic parameter errors so that the desired
impedance model can be realized accurately. The effectiveness
of the adaptive algorithm signifies the correctness of the pro-
posed second-order impedance control and also embodies the
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Fig. 2. The system setup.

significance of the second-order impedance control. Thus, in
the following, it uses the torque obtained by (16) without the
adaptation law (20) and the torque obtained by (16) with the
adaptation law (20) to control the manipulator, respectively.

A. System Setup

The overview of the hardware configuration is shown in
Fig. 2. A 7-DOF manipulator, Franka Emika Panda, controlled
in torque mode at 1 KHz, is used in the following experiments.
An ATI six-axis F/T sensor, Gamma IP65, is used to measure
the environment effort applied to the end-effector. Additionally,
a grasp is designed for the purpose of making it easier for people
to apply effort to the manipulator.

Similar to the approach described in [18], a standard dynamic
parameter identification process is implemented to obtain the
dynamic parameters of the used manipulator equipped with the
ATI sensor.

In the following two experiments, the desired motion in
impedance control is set as below. The initial joint position

q0 is set to be
[
0,−π/4, 0,−3π/4, 0, π/2, π/4

]T
. And at this

moment, denote the Cartesian position and the rotation matrix of
the end-effector as p0 and R0. pd(t) is set as p0 + λ(t)Δpd(t)
when t ≤ 5 s, and is set as p0 +Δpd(t) when t > 5 s, where
λ(t) = 0.00192t5 − 0.024t4 + 0.08t3, and λ will go from 0
to 1 smoothly when t goes from 0 s to 5 s. Rd(t) is set as
eθexplexp/‖lexp‖R0. In the first experiment, θexp(t), lexp, and
Δpd(t) are⎧⎪⎨⎪⎩

θexp(t) = 0.7 sin(0.6πt)

lexp(t) =
[
sin(2t), 1.5 cos(2t),− cos(t)

]T
Δpd(t) =

[
0.1 sin(1.5t), 0.15 cos(1.5t), 0.05 sin(2t)

]T
While, in the second experiment, there is⎧⎪⎨⎪⎩

θexp(t) = 0.6 sin(0.5πt)

lexp(t) =
[
cos(t), 1.5 sin(t),− cos(2t)

]T
Δpd(t) =

[
0.1 cos(2t), 0.1 sin(2t), 0.05 sin(3t)

]T
In (4), M is chosen as diag(2, 2, 2, 0.05, 0.05, 0.05); D
is set as diag(50, 50, 50, 1.25, 1.25, 1.25); K is set as
diag(400, 400, 400, 5, 5, 5). Besides, fd and τ d are set as 0.
And in (20), Ψ is 0.01I , and Φ = 50diag(30, 30, 30, 1, 1, 1).

It uses τ = J
′Tη +Nξ to solve for τ in (16). η can be

obtained by multiplying MJ ′B̄−1
J

′T to both sides of (16),

Fig. 3. Motion of the end-effector for C1-C5 when there is no external effort.

andN = (I − (J ′B̄−1
)†J ′B̄−1

), and ξ is−DN q̇ −KN (q −
q0) where DN and KN are set as 10I . According to [11], an
extra term of −0.6sgn(B̄

−T
J

′T (ė+Φe)) is also added to the
command torque when the adaptation law is used.

B. Impedance Control Without External Effort

In this experiment, the manipulator is required to move under
the impedance control without external effort. The actual and
the desired motions should be the same.

To make the experimental results more convincing, the dy-
namic matrices of both the manipulator’s own and an open-
source dynamic library [18] are also utilized in this experiment.
Moreover, no F/T sensor or grasp is employed when these two
sets of dynamic parameters are used. Thus, there are four situa-
tions. C1: Franka Emika’s built-in dynamic parameters, no F/T
sensor, grasp, or adaptive algorithm. C2: Open-source dynamic
parameters [18], no F/T sensor, grasp, or adaptive algorithm. C3:
Identified dynamic parameters, with F/T sensor and grasp but
no adaptive algorithm. C4: Identified dynamic parameters, with
F/T sensor, grasp, and adaptive algorithm. Besides, the desired
motion is represented as C5.

The experimental results are shown in Fig. 3. The figures in
the left column of Fig. 3, from top to bottom, show the Cartesian
positions in the X, Y, and Z directions, and show the Cartesian
position error between the actual position and the desired posi-
tion from C1 to C5. The position error is the Cartesian distance

directly. If we use (θl)
−−−−→
RaRb to represent the SRAAR between

rotation matrices Ra and Rb, i.e., Rb = exp((θl)
−−−−→
RaRb)Ra

referring to (5), the figures in the right column of Fig. 3, from
top to bottom, show the three components of the orientation
represented by SRAAR, and show the orientation error, under
cases C1 to C5. For C1 to C4, the orientations X, Y, and Z in
Fig. 3 are the three components of (θl)

−−−→
R0R, and the orientation

error is the norm of (θl)
−−−→
RdR. For C5, the orientations X, Y, and

Z are the three components of (θl)
−−−−→
R0Rd .

Authorized licensed use limited to: Xian Jiaotong University. Downloaded on August 22,2024 at 08:10:43 UTC from IEEE Xplore.  Restrictions apply. 



GONG et al.: SIMPLE-ROTATION ANGLE/AXIS REPRESENTATIONS BASED SECOND-ORDER IMPEDANCE CONTROL 5837

In Fig. 3, for the position tracking problem, C1 (Franka
Emika’s built-in dynamic parameters) and C2 (the open-source
dynamic parameters) have a similar effect and are obviously
worse than C3 (the identified dynamic parameters). And for
the orientation tracking problem, as shown in Fig. 3, C1 to C3
have similar results, and there is a big gap between the curves
of these three cases and the curve of C5. However, obviously,
C4 has the best tracking effect for both position tracking and
orientation tracking. The curve of C4 almost coincides with the
curve of C5, which is completely different from the previous
three cases, which means the impedance model is realized
accurately in this situation. For C1 to C4, the average position
errors are 20.536mm, 19.679mm, 10.135mm, and 0.627mm,
respectively, and the average orientation errors are 0.4764 rd,
0.4824 rd, 0.3786 rd, and 0.0072 rd, respectively.

Two conclusions can be drawn from this experiment, one
is the proposed adaptive algorithm is effective in this case,
and the other one is that the dynamic parameters identified
by ourselves result in better performance on our robot. The
first conclusion is the premise for studying the situation where
environmental effort exists, and utilizing the second conclusion,
only the identified dynamic parameters will be considered in the
following experiment.

C. Impedance Control With External Effort

In this experiment, the manipulator is also required to move
under the impedance control, and there would be a random
external effort applied by a human to the end-effector. The
actual and the desired motions should satisfy (4). The difference
between Rr, pr and R, p reflects whether the actual movement
satisfies the given desired impedance model.

When the manipulator starts moving, there will be no effort
in the first 4 seconds. Then, a random effort will be applied by
a human to the end-effector in the next 12 seconds. In the last 4
seconds, the force will be removed.

The results are shown in Fig. 4 and Fig. 5. The blue line repre-
sents the value of desired motion; the value of reference motion
is represented by the green line; the value of actual motion is
represented by the red line. The figures in the left column of
Fig. 4 and Fig. 5, from top to bottom, show the external forces;
show the actual, desired, and reference Cartesian positions in the
X, Y, and Z directions; show the Cartesian position error between
the actual position and the reference position. The external forces
and Cartesian positions are expressed under the base frame, and
the position error is the Cartesian distance directly. The figures
in the right column of Figs. 4 and 5, from top to bottom, show the
external torques expressed under the base frame; show the three
components of the orientation represented by SRAAR underR0,

i.e., the three components of (θl)
−−−−→
R0Rd , (θl)

−−−−→
R0Rr , or (θl)

−−−→
R0R;

and show the orientation error between R and Rr, i.e., the norm
of (θl)

−−−→
RrR.

It can be observed from Fig. 4 that there is always a relatively
large position error and orientation error between the actual
motion and the reference motion. However, those errors are
much smaller for C4 from beginning to end, which means that
the desired impedance model is realized accurately all the time.
For C3, the average position error is 9.810mm, and the average
orientation error is 0.3444 rd. For C4, the average position error
is 0.702mm, and the average orientation error is 0.0054 rd,

Fig. 4. Environmental effort and end-effector motion for C3.

Fig. 5. Environmental effort and end-effector motion for C4.

significantly smaller than the errors of C3, which verifies the
effectiveness of the proposed adaptive algorithm.

It should be emphasized again that the proposed adaptive al-
gorithm requires the impedance model to have the form of SODE
and is a direct application result of the proposed SRAAR-based
second-order impedance control. Therefore, the effectiveness of
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the proposed adaptive algorithm also demonstrates the applica-
tion potential and the advantages of the proposed second-order
impedance model.

VI. CONCLUSION

This letter employs simple-rotation angle/axis representations
together with their derivatives to describe the end-effector’s
orientation displacement and its derivatives in impedance con-
trol. A method for obtaining the first derivative of SRAAR is
provided, utilizing two auxiliary variables to simplify the cal-
culation. Subsequently, complete first-order and second-order
differential relationships between SRAAR and joint angles are
also proposed. Then, a type of SRAAR-based second-order
impedance control, which has the form of SODE, is realized.
Finally, based on the proposed second-order impedance control,
a novel kind of adaptive control is also proposed. This adaptive
control is a direct application result of the proposed SRAAR-
based second-order impedance control and demonstrates the
application potential and the advantages of the proposed second-
order impedance model. Simulation shows that, even with the
same external effort, the classical impedance control and the
proposed impedance control may have different dynamic char-
acteristics. Two experiments validate the effectiveness of the
proposed adaptive control, which also shows the correctness of
the proposed SRAAR-based second-order impedance control.

APPENDIX

DIFFERENTIAL RELATIONSHIP BETWEEN θl AND q WHEN θ = 0

When θ = 0, it has ˙̃
R = θ̇l̂ =

̂˙(θl). Because ˙(θl) is a 3D vec-
tor, ˙(θl) can always be a linear combination of three orthonormal
bases. Suppose v1, v2, v3 are the three orthonormal bases satis-
fying v1 × v2 = v3, and let v4 = v1 and v5 = v2. Then, there
always exist x1, x2, and x3 such that ˙(θl) = x1v1 + x2v2 +

x3v3. Multiply vT
2 left by ˙̃

R and then multiply v1 right by ˙̃
R; it

yieldsx3 = vT
2
˙̃
Rv1. Similarly, it yieldsx1 = vT

3
˙̃
Rv2 andx2 =

vT
1
˙̃
Rv3. Using Ṙ =̂Joq̇R, ˙(θl) = v1x1 + v2x2 + v3x3 can

be reshaped as ˙(θl) = Jo′3 q̇ + γ3, where

Jo′3 = −
3∑

i=1

viv
T
i+2

̂(RRT
d vi+1)Jo (21)

γ3 =

3∑
i=1

viv
T
i+2RṘ

T

d vi+1 (22)

When θ = 0, it has ˙̃
R = θ̇l̂ and ¨̃

R = θ̇2 l̂̂l+ θ̈l̂+ 2θ̇
˙̂
l. Thus,

there is ¨̃
R =

˙̃
R

˙̃
R+ ξ̂, where ξ = θ̈l+ 2θ̇l̇ = ¨(θl). Because

ξ is a 3D vector, similar to before, ξ can always be a lin-
ear combination of three orthonormal bases, i.e., ξ = x′

1v1 +

x′
2v2 + x′

3v3. Multiply vT
2 left by ¨̃

R and then multiply

v1 right by ¨̃
R; it yields x′

3 = vT
2
¨̃
Rv1 − vT

2
˙̃
R

˙̃
Rv1. Simi-

larly, it yields x′
1 = vT

3
¨̃
Rv2 − vT

3
˙̃
R

˙̃
Rv2 and x′

2 = vT
1
¨̃
Rv3 −

vT
1
˙̃
R

˙̃
Rv3. Using R̈ = ̂(J̇oq̇ + Joq̈)R+̂Joq̇̂Joq̇R, ¨(θl) =

v1x
′
1 + v2x

′
2 + v3x

′
3 can be reshaped as ¨(θl) = Jo′3 q̈ + Γ3,

where Jo′3 is just the same as (21), and Γ3 is

Γ3 = −
3∑

i=1

viv
T
i+2

̂(RRT
d vi+1)J̇oq̇ +

3∑
i=1

viv
T
i+2(− ˙̃

R
˙̃
R

+̂Joq̇̂Joq̇RRT
d + 2ṘṘ

T

d +RR̈
T

d )vi+1 (23)
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