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Fast Direct Optimal Control for Humanoids Based
on Dynamics Representation in FPC Latent Space

Soya Shimizu!, Ko Ayusawa?

Abstract—This study introduces a novel approach to Hu-
manoid Robot Motion Generation using Functional Principal
Component Analysis (FPCA) within the framework of Direct
Optimal Control (DOC). FPCA efficiently compresses high-
dimensional motion data, including ground reaction forces, into
a low-dimensional space known as the FPC space. These low-
dimensional elements preserve the essential characteristics of the
original motions and allow for the synthesis of specific elements
to create entirely new representations. By using these low-
dimensional elements as optimization variables, we anticipated
a significant reduction in computational time for motion gener-
ation. Experiments on the humanoid robot HRP-4]J, considering
various objective functions, demonstrated the method’s applica-
bility for generating whole-body motions. The Root Mean Square
Error (RMSE) for angle data between the proposed method and
conventional methods yielded an average RMSE of 0.007 rad,
indicating precise motion generation without compromising data
characteristics. Moreover, the proposed method’s computation
time was 35.8 times faster than the conventional approach.

Index Terms—Human and Humanoid Motion Analysis and
Synthesis, Whole-Body Motion Planning and Control, Optimiza-
tion and Optimal Control.

I. INTRODUCTION

UMAN movement, with its extensive degrees of free-
dom and intricate kinematics, holds great potential for
applications in robotics and scientific domains. Humanoid
robots are explored for evaluating exoskeletons in labor-
intensive fields like agriculture and caregiving [1], [2]. Ad-
ditionally, research investigates using humanoid robots in
hazardous or manual labor-intensive tasks [3], [4].
Controlling humanoid robots is challenging due to the high
degree of freedom (DOF) and a floating base. The high DOF
leads to complex computational procedures for motion control,
while managing the floating base relies on indirect control
through ground reaction forces, posing a significant obstacle
in maintaining stability and behavior.
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Various methodologies have been developed to simplify the
control and generation of humanoid robot motion. Chore-
onoid [5], [6], a GUI control tool with a 3D simulator,
enables precise regulation of robot actions within a virtual
environment. Motion retargeting involves digitizing human
movements through motion capture and modifying them for
humanoid robots [7]-[9]. However, both approaches are labor-
intensive and time-consuming, especially when generating a
substantial volume of motion data.

Direct Optimal Control (DOC) offers a cost-effective alter-
native for motion generation, treating it as an optimization
problem [10]-[12]. By adjusting coefficients in the computa-
tional program, diverse sets of motion data can be acquired,
reducing the workload on motion capture. Nevertheless, DOC
requires considerable computational time, making it less prac-
tical for high-degree-of-freedom motion trajectories, such as
those for humanoid robots.

To overcome these challenges, we introduced a data syn-
thesis methodology using Functional Principal Component
Analysis (FPCA) [13], [14]. FPCA is a technique that con-
denses data into a lower-dimensional latent space, termed as
FPC space, for analytical purposes. Within this FPC space,
the intrinsic features of motion are preserved, enabling the
assessment of motion similarity based on data distributions
within that space. Additionally, the consolidation of various
distinct datasets facilitates data synthesis.

Regarding data reduction, methods like autoencoders [15]
and reinforcement learning [16], [17] can compress and restore
nonlinear data without loss. However, both require learning,
posing a bottleneck in terms of computational time. In contrast,
thanks to its computational efficiency of linear dimensional
reduction, FPCA swiftly reduces data dimensionality.

Previous research focused on synthesizing arm-reaching
motions, emphasizing similarity and data synthesis. Assessing
congruence between existing datasets and the target data
allowed for linear synthesis, swiftly generating new data. This
approach demonstrated operational efficiency nearly ten times
faster than conventional DOC approaches [18].

Addressing non-linear movements, like whole-body actions
considering ground reaction forces, poses a unique challenge.
Ground reaction forces are crucial for torque identification at
each joint [19], [20], playing a vital role in considering the
dynamics of the robot’s entire body [21], [22]. The inherent
non-linearities of whole-body dynamics, along with additional
complexities from rotational postures and ground contact
conditions, make linear synthesis of such motions potentially
destabilizing.

In this study, we introduce a method that directly incorpo-
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rates DOC into the FPC space, aiming to synthesize non-linear
motions and consider constraints related to ground reaction
forces. The previous method [18] synthesized motions using a
linear combination of latent variables, succeeding with upper-
body movements but facing challenges in applying to lower-
body motions due to dynamic balance constraints. Notably,
those constraints consist of not only joint movements but
reaction forces exerted on the robot from the environment.
The simplistic synthesis approach in the latent space lacks
assurance of meeting feasible constraints, especially involving
reaction forces, while conventional DOC is a popular approach
but time-consuming for constrained motion generation. This
study presents a computationally efficient DOC approach
derived from previous research [18], considering physical
constraints, including reaction forces, for motion synthesis in
the latent space.

The proposed methodology of data compression using
FPCA is introduced in the following section. Additionally,
the technique for optimal calculation within the FPC space
is described in Section III. The results of the actual humanoid
robot experiments are presented in Section IV.

II. OPTIMIZATION PROBLEM IN LATENT SPACE USING
FPCA

This section describes the process of motion generation
for the humanoid robot, commencing with an introduction to
the DOC methodology, which incorporates ground reaction
forces. This is followed by a discussion on the optimal problem
resolved in the latent space using the FPCA technique.

A. Direct Optimal Control

In the current study, motion data @ is generated using DOC,
conforming to predefined cost functions and constraints. The
motion data Q € RNT*(Ns+Nss) (Np denotes the number
of time steps, N; indicates the number of DOF of the robot,
and Njs represents the dimension of ground reaction forces)
incorporates four categories of variables: joint angle g, angular
velocity ¢, angular acceleration ¢, and ground reaction force
f. Each variable of q, ¢, § € RN7*Ns and f € RN xNss
represents a matrix composed of discrete values arranged
for each time step. The constraints include those related to
equality and inequality h.q(Q), Rineq(Q). The given cost
weight is described ¢; (0 < ¢; £1,) 1" | ¢; = 1, n indicates
the number of cost functions), which are defined as J;(Q).
Using those variables, the equation of DOC can be expressed
as follows:

mingnize J(Q) = ZCqu‘,(Q)
i=1

subject to heq(Q) =0, hineg(Q) =0

(D

The solution of Eq.(1) is the optimized motion Q.p =
[QOptv qoptv ('joptv fopt] [23] The constraints heq(Q)’ hineq(Q)
Comprise equations of Gconst, q.consta dconsh .fconst’ which de-
note the conditions of q;, q:, g;, f; at a specific time t.opst. If
the cost weight c; is altered, various motion data Q. can be
obtained.

B. Variables and B-Spline function

In this study, we model the joint angles and ground reaction
forces trajectory using a combination of B-spline functional
bases, enhancing robustness against noise and reducing di-
mensionality. The functionally represented data is utilized in
FPCA in Section II-C. The four variables g, q, ¢, and f are
represented as follows:

q Nt Np l?i,t Nt Ny
Gl = > weilbia|. F=D 3 wrifis
] t=1 i=1 bit t=1 i=1
q Bq
& |4 = |B,|w, f=Bjw; )
q B,

where wg; € RN7 i expressed as a weight vector, b; , Bi,t,
and éi,t € R represents the B-spline basis functions, and
Np denotes the number of the B-spline basis functions.
wy; € RN s expressed as a coefficient matrix for f,
fir € R represent the B-spline basis functions for f, and
Npy indicates the number of the B-spline basis functions
for f. B, By, and B, € RNT*N5 represent the matrices
comprising the B-spline basis functions b; ¢, bi,t, and Ei,t. Bq
/ Bq represents the first / second-order derivative of By, and
w, € RVNeXNJ7 represents the weight matrix of the spline
functions. By € RN7XN&7 represents the matrix comprising
the B-spline basis functions f; ;. wy € RV5/XNs7 represents
the weight matrix of the spline functions for f. According
to Eq.(2), trajectory g, q, ¢, and f can be parameterized using
coefficient parameters w, and w . In particular, three variables
g ~ { can be consolidated into one variable, w,, which is
highly advantageous in terms of data reduction. Consequently,
the motion data @ can be described using the B-spline matrix

B = [Bq,Bq,Bq,Bf]T,wq and w; as follows:
q Byw,
q Byw, B
= L= . = ® w 3
Q g Byw, 3)
.f Bfwf

where, ® represents the element-wise product of matrices.

The number of B-spline functions Np and Np; can affect
both the data size of the trajectory and the precision for
its representation. Thus, Np and Ny should be determined
considering the balance between the data dimension and the
precision of data expression.

Although the dimension of data can be reduced with func-
tional representation, the large dimension of the optimized
parameter matrix Wepr = |[Wqopts Wiopt). CAUSES issues
in analyzing the matrix. To this end, the FPCA method
proposed by [13] is applied to the parameter matrix w,,; for
data compression. In the following subsection, the conversion
mechanism of motion data w,,; compresses the data into the
low-dimensional variable through the FPCA.

C. Dataset conversion into score in low-dimensional latent
space

After applying the FPCA to the motion dataset, the FPC
scores are obtained. Herein, the given motion dataset created
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with k& motion data Q;(1 < ¢ < k) and k values of w; are
created from @;. If FPCA is applied to the dataset wg,tq =
[wi, -, wy], the FPC space composed of FPC scores X =
[€1, -+, xk] will be constructed. In addition, the conversion
matrix M € RNorigin X Norigin (Norigin = Nj x Ng+ Ny x
NBf) is constructed from By, By, wy, and wy. Each FPC
score x; can be expressed as follows:

where w refers to the mean value of the coefficients w;
depending on the given dataset. The specific calculations for
FPCA, namely the computation of FPC scores, X, and the
conversion matrix, M, and the mean bias, w, are detailed
in [24]. Based on Eq.(4), x; reflects the simple linear
combination of M and w;, and thus, x; can be converted into
the B-spline coefficients w;, for which Eq.(4) can be rewritten
as follows:

where M, indicates the pseudo inverse of M. Based on
Eq.(3), Eq.(5), the motion data Q; can be rewritten as follows:

In this context, the FPC scores are divided into x; =
[@;, z;]7. Z; comprises the Ist principal component through
the Neompressed-th principal component, while Z; encom-
passes the remaining (Neompresseqa+1)-th principal component
through the Nypi4in-th principal component. The size of
Neompressed 18 determined based on the contribution rates
of each principal component obtained when calculating z;
[24]. Additionally, the pseudo inversg\of the ggnversi(gl\ matrix
Mpinv is partitioned as Mpinv = [Mpinvu Mpinv}- Mpiny(e
RNoriginXNeompressed) is obtained by extracting Ist column
10 Neompressea-th column from the original matrix My,
and M. (€ RN"”'W'"X(NO’“igi"*NC“mPT“md)) is obtained by
extracting columns (Neompressed + 1)-th column to Ny gin-
th column from the original matrix M);,,. The B-spline
coefficients w; can be expressed as follows:

w; = [M\pin'ua Mpinv] [gz] +w (7)
Eq.(6) can be rewritten based on Eq.(7):
Qi = B ®© ([Mpi’n'ua Mpinv] |:5:| + ’LU)

— Qi+ AQ, ®)

The first term, Qi, represents the approximated motion data
generated from the low-dimensional score Z;, while the second
term, AQ);, represents the value generated from ;. By appro-
priately determining Ncompressed based on the contribution
rates of principal components, the term, AQ;, in Eq.(8) can
be neglected (i.e., AQ; ~ 0). Therefore, excluding the term,
AQ);, we obtain the following equation:

Qi ~ Qi = B® (M, &; + W) )

This formula allows obtaining the approximated motion data,
Q);, instead of the original data, @;, by utilizing the low-
dimensional score, Z;. Moreover, Eq.(9) implies that by pro-
viding an arbitrary Neompressed-dimensional FPC score z, it
is possible to generate new motion data Q

D. Optimization problem in FPC space

The motion data @ can be simply calculated based on
the FPC score x using the matrices: M, w, and B.
Consequently, Eq.(1) can be rewritten as the optimization
problem for the FPC score x:

J(x) = Z ciJi(x)

Reg(@) =0, Ripeg(z) <0

minimize
T

(10)

subject to

where J| (z) and jl(:c) represent the cost functions for the FPC
score &, hey(x) and hjpeq () denote the equality and inequal-
ity constraints for @, respectively. Based on the Eq.(1) and
Eq.(10), the initial optimization problem concerning ) can
be reformulated as that concerning . When considering the
compressed FPC score Z, from Eq.(9), the Eq.(10) becomes an

approximated optimization problem for Z, as described below:

minimize
x

(@) =3 edi@)
=1

subject to ?Leq(:ﬁ) =0, /ﬁineq({i) =0

(1)

The compressed FPC score Z reflects the low-dimensional
variable, and the calculation of Eq.(11) can be faster than that
of Eq.(1), DOC with the motion data Q.

As described earlier, the process is utilized to create the
motion data from the given cost weights c¢; and matrices
(Mpiny, w, and B) instead of DOC.

III. VARIABLE SPECIFICATION

This section provides a more detailed explanation of the
variables q, ¢, ¢, f and cost functions and constraints used
in the optimization problem.

A. Objective functions of DOC

To comprehensively assess humanoid motion, we consid-
ered three objective functions: acceleration of the center of
mass (COM), torque of robot links, and power of links. This
choice aims to prevent an explosive increase in the data when
using four or more types, as observed in Section IV-B. While
the previous work [18] concentrated on the arm movements,
this paper shifts its focus by changing the evaluation from the
jerks of robot links to the acceleration of COM during the
whole-body movements. COM is adopted as a substitute for
the zero moment point (ZMP), used as an objective function
for generating whole-body movements like walking [25]. In
this study, with little change in the xy coordinates of total
mass points of the robot, we deemed using COM as an
objective function acceptable. Other cost functions, often used
for evaluating human or humanoid movements [23], [26], can
be formulated as follows:
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Nj Nr
(J1) COM acceleration:  Jy = Y Y |lg(gis, Givt Gi.e) ||’
N, No 2 t
(J2) Torque: Jo = Z Z 17 (it it Giots fi) I
it

Ni Nrp
Js=> > (Gi47)°
Tt

where g(q, g, {) represents COM acceleration that can be
computed from the joint angles and their time derivatives. The
function 7(q, g, g, f) indicates the joint torques obtained from
the following inverse dynamics computation:

- Bl [ ] -8
|

0].,f0]. [J]w

where M (q) indicates the inertia matrix, C(g, q) represents
the Coriolis matrix, and G(q) reflects the gravity vector. I
denotes the inertia matrix of joint motors of the humanoid
robot. V includes the viscosity of the joint motors. J7
converts m descrete ground reaction forces f;(i =1,--- ,m)
into generalized forces. *; represents the matrix related to the
floating base, whereas %, pertains to matrices associated with
other robotic components. These objective functions J; ~ J3,
are substituted into Eq.(1) and Eq.(11). When substituting
J1 ~ J3 into Eq.(11), variables q ~ g in J; ~ J3 are replaced
with variables ¢ ~ q generated from the lower-dimensional
variable Z according to Eq.(9).

(J3) Power:

B. Constraints of DOC

To enhance the stability of the robot’s motion, several phys-
ical constraint conditions are introduced. Equality constraints
primarily involve boundary conditions, whereas inequality
constraints predominantly concern factors such as the range
of motion of the robot’s joint actuators.

1 Equality Constraints:

(el) Boundary conditions: ?0’ ?T : qi:”t
q0,491,490,49T = 0
(e2) Constraints at specific times: T = Qdes
Pk = Pdes

(e3) Contact constraints about feet: | € feer = €4es

(e4) Constraint about under-actuated floating base:
{Myi+Cy+ Gy~ JT S fi=0

2 Inequality Constraints:

min = 4 = @maz
Tmin ST = Tmaz
Frin = F £ Fraa
Yeonst = Yeom
AZcom — b = Yeom = ATcom + b
{ApeecF <0
where p;, represents the positions of arbitrary links, €t indi-
cates the quaternion of both feet, F' denotes a vector composed

(i1) Range of robot motion:

(i2) COM range: {

(i3) Ground reaction force:

of translational forces f; and moments mgy on the ground
(F = [fo,m0]"), Yeonst, A, b represent the constant values
with respect to the COM, and p represents the coefficient
of friction of the floor, T .om,¥ycom denotes the coordinates
of the COM. (e2) signifies that the motion trajectory passes
through the desired values (*4.5) at a specific instant. (e3)
represents that the position and attitude of both feet are set.
(e4) represents the constraints related to the floating base.
Based on Eq.(12), the torque applied to the floating base is
0 at all instances while the robot is in motion. (i2) represents
the constraint conditions related to the position of the overall
COM. This setting ensures that the COM does not deviate
significantly from the support polygon formed by both feet.
(i3) represents the inequality constraints related to the vector
of the ground reaction force F'. For the matrix Afq.., please
refer to the appendix.

IV. EXPERIMENTAL RESULTS OF MOTION SYNTHESIS

In this section, we present an experimental evaluation con-
ducted using the humanoid robot HRP-4J.

A database is first generated from different weight combi-
nations, and FPCA is applied to obtain the matrix M for re-
constructing the original motion data. Optimization challenges
in the low-dimensional space are then addressed, and the
solutions are transformed back into motion data for execution
by the humanoid robot. Throughout these steps, metrics like
computational speed and motion data fidelity to the original
are evaluated.

A. Various experimental settings

This subsection outlines the specifications of the robot and
delineates the detailed settings for motion data.

HRP-4J is a multi-purpose humanoid robot equipped with
34 degrees of freedom (DOF), developed by the National
Institute of Advanced Industrial Science and Technology [27].
For the scope of DOC control, we consider 18 dimensions,
comprising both legs (6 DOFs each) and the waist (an addi-
tional 6 dimensions as the floating base). Therefore, N; = 18.
Additionally, the ground reaction forces f possess 12 dimen-
sions (6 dimensions for each leg), and Ny = 12. Accordingly,
the number of B-spline basis functions were set to be 20 for
the angular variables Np and the ground reaction forces Np; .
Consequently, the original dimension of the parameter matrix
w becomes Noyigin = Ny X Np + Njp X Ny = 600.

The executed motion involves a lunge with forward and
backward leg movements. Advancing the right leg while
retracting the left, the robot lowers its waist over 3 s, pausing
for 1 s at the lowest point to minimize body sway. It then
elevates its waist over 3 s, completing the motion in a total
duration of 7 s.

The details of the constraints introduced in III-B are pre-
sented below. The units of length and time are in meters
and seconds, respectively. The horizontal axis of the robot is
denoted as x, the sagittal axis as y, and the vertical axis as z.
For items without specific notation, the conditions outlined in
III-B are followed.

1 Equality Constraints:



SHIMIZU et al.: FAST DIRECT OPTIMAL CONTROL FOR HUMANOIDS BASED ON DYNAMICS REPRESENTATION IN FPC LATENT SPACE 5

TABLE I: Contribution ratio (CR) and Cumulative contribution ratio (CCR)

n-th PC 1 2 3 4 5 6 7 8 9 10
CR [%] 50.03 26.57 12.63 7.14 2.26 0.48 0.34 0.24 0.14 0.081
CCR [%] | 50.03 76.60 89.23 96.37 98.63 99.11 99.45 99.69 99.83 99.91
n-th PC 11 12 13 14 15 16 17 18 19 20
CR [%] 0.069 0.0075 0.0060 0.0025 0.0014  0.00060  0.00030  0.00030  0.00030  0.00010
CCR [%] | 99.98 99.9886  99.9945 99.9970  99.9984  99.9990  99.9993  99.9996  99.9999 100

TABLE II: Calculation times and RMSEs of DOC and proposed method

c Csubl Csub2 Csub3 Csub4 Csubb mean
sub [0.2, 0.6, 0.2] [0.33, 0.33, 0.33] [0.5,0.5,0] [0.1,0.1,0.8] [1,0,0]

DOC [sec] 104210 91624 62060 42661 31370 66385

Proposed method [sec] 1403 2793 3807 1579 1091 2135

Ratio 74.3 32.8 16.3 27.0 28.8 35.8

RMSE 0.132 0.150 0.142 0.141 0.142 0.141
(el*) Boundary conditions: {Zb,o =0 (CCR) of each principal component (PC). Up to the Ist ~
P —0 10th PC, 99.9% of the data is explained, and up to the Ist ~
(e2*) Constraints at specific times: { %" A 20th PC, 100% is explained. The remaining 580 dimensions
Zb,stop = —0.0 (. Norigin = 600) can be safely disregarded for data

(e3*) Contact constraints about feet:

Dright = [0.15,0.25, —0.6958]
Dleft = [—0.15, —0.25, —0.6958)
Hiight = 85°

lzeft = 95°

2 Inequality Constraints:
(i2*) COM range:

—0.015 é Yecom

5 25 ) 25
“Teom — =——— = Yoo S —Teos —
3xcom 3000 = Ycom = Bxcom + 3000

where z, denotes the z coordinate of the floating base, *¢0p
represents the time interval of “stop phase” during which the
robot remains stationary for 1 second upon reaching the lowest
point. §* represents the rotation angle around the z-axis. The
constraints of the quaternion of both feet e;.s were calculated
using (e3*). The initial joint angles for the lower body of
HRP-4]J q;,i: were calculated using inverse kinematics from
the constraints (e1*) and (e3*).

B. Data compression by FPCA

The weights of cost functions ¢4, = [Cap1, Cdb2, Cdb3] Were
prepared in multiple instances. cqp1~4p3 Were varied in incre-
ments of 0.2 according to the following conditions, resulting
in 21 combinations of cgp.

cavi = {0,0.2,0.4,0.6,0.8,1.0} (13)

Cab1 + Capz + capz = 1
These generated weights cqp1qp3 are substituted in place of ¢;
in the DOC represented by Eq.(1) to create a motion dataset,
and Eq.(1) is solved using MATLAB’s Optimization Toolbox
(fminunc) with CasADi, which is an automatic differentiation
tool for gradient computations in optimization [28]. This yields
the dataset Qgq¢e With 21 motion data (), which is then
transformed into a coefficient dataset wgq:, comprising 21
coefficient data w from Eq.(3).

Consequently, we calculated the conversion matrix M, w,
FPC scores x, and the contribution ratio. Table I presents the
contribution ratios (CR) and cumulative contribution ratios

explanation.

Moreover, applying the computation of the sum of squared
elements of AQ; = [Ag;, Agi, Ads, Afil(= B © Mpin,@;)
in Eq.(8) under the given conditions to a dataset consisting
of 21 types of data resulted in an average angle Aq of
1.228 x 1072° rad, angular velocity Aqg of 9.682 x 10718
rad/s, angular acceleration A§ of 2.638 x 10~'° rad/s2, and
the ground reaction forces Af of 3.542 x 10715 N. These
values are extremely small; therefore, even if we ignore AQ;,
it can be considered that there is minimal information loss,
and the constraints can be satisfied to the same extent as the
original data @;. Based on these findings, the FPC scores
compressed up to the Ist ~ 20th component will be used for
the subsequent optimization calculations.

C. Comparison of calculation time

In this subsection, we compare the solving time for opti-
mization problems in the FPC space with conventional DOC.
The conventional DOC was solved as a motion optimization
problem [29]. We initially chose arbitrary weight combinations
csyp for cost functions and computed motion data using
both methods. The computational time for solving, excluding
preliminary steps like dataset creation, was recorded. For this,
five different c,,;, values were prepared: cs,p, = [0.2,0.6,0.2],
[0.33,0.33,0.33], [0.5,0.5,0], [0.1,0.1,0.8], [1, 0, 0]. The final
Csyp has ¢; = 1, indicating minimal COM acceleration.

The results about computational time are tabulated in Table
II. The table’s bottom row displays the Root Mean Squared
Error (RMSE) between the uncompressed data w generated
by conventional DOC and the compressed data w produced
by the proposed method. Remarkably, it becomes evident that
solving low-dimensional optimization problems is, on average,
35.8 times faster than solving in the original dimensions.
Moreover, the average RMSE value is 0.141, implying that
the compressed data closely approximates the original uncom-
pressed data with a high degree of accuracy. This is especially
significant given that the range of w values, averaged over the
five dataset, is approximately —1.0 < w < 1.6.
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(a) Minimal COM = [1, 0, 0]

%

(b) csup2 = [0.33,0.33,0.33]

Fig. 1: Right leg lunge motion snapshots of HRP-4J for some combinations of weights of objective functions
The robot bends to lower its upper body and then gradually returns to its initial posture.
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(b) csup2 = [0.33,0.33,0.33]

Fig. 2: Contact forces recorded by force sensors on both feet of the robto along zyz axis of each c;,;, motion
Solid line: Compressed data (20 dimensions) Dashed line: Uncompressed data (600 dimensions)

D. Robot experiment

The data from cgyp in Section IV-C was applied to the
HRP-4J robot. Using the robot’s sensors, logs were collected
for joint angles, torque, and forces applied to the foot soles.
This information was then used to calculate angular velocity,
angular acceleration, and power values.

1) Motion snapshots: The motion execution is shown in
Figure 1, featuring two distinct motions: minimal COM ac-
celeration (min COM) and c,p2 = [0.33,0.33, 0.33]. Notably,
csyup2 Was generated from the dataset. The robot consistently
performs lunge movements without falling or leg slippage
across all motions. Specifically, the stability of the robot
during the cgyp2 motion, generated through our proposed
method, underscores its practical efficacy. The min COM
motion involves a vertical downward movement of the upper
body, as shown in Figure la. Additionally, the cg,2 motion
resembles the min COM motion, irrespective of the c value
(Figure 1b), indicating the pronounced influence of min COM
during the DOC process.

2) Trajectory analysis: Subsequent to this, a comparative
analysis of the logged data from the robot’s sensors will be
undertaken. Figure 2 portrays the outcomes of superimposing
the force sensor logs for two different motions-those generated
using conventional DOC (uncompressed data) and those using
DOC within the FPC space (compressed data)-both originating
from cost function weight combinations cg,p1 = [0.2,0.6, 0.2]

TABLE III: RMSEs of each value of each c,,; motion

Csubl Csub2

Csub [0.2, 0.6, 0.2] [0.33,0.33,033] | M
Angle [rad] 0.0113 0.0041 0.0077
Velocity [rad/s] 0.0011 0.0024 0.0018
Acceleration [rad/s?] 0.0064 0.0095 0.0080
Torque [N - m] 2.2864 2.6737 2.4800
Power [W] 0.1529 0.2910 0.2219
Force [N] 4.5744 4.1997 4.3871

and cgup2 = [0.33,0.33,0.33]. Force sensor readings from

both foot soles closely align with the uncompressed data. The
RMSE values corresponding to each trajectory are summarized
in Table III. Given the scale of the values, it is apparent that
errors, excluding those in torque, are relatively minor, thereby
confirming that the compressed data closely approximates the
original uncompressed data with a high degree of accuracy.
The somewhat larger errors in torque measurements can be
attributed to the inability to control torque 7 directly through
DOC; consequently, errors originating from approximations in
q and the force f accumulate in the torque data.

3) Cost comparison: The torque and power costs of the mo-
tion data were computed using equations Jy and J3 in III-A.
Since the COM measurements were not available in the robot
logs, the cost related to COM acceleration J; was excluded
due to computational complexity. The results are presented in
bar graphs in Figure 3, showcasing outcomes for 11 different
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Fig. 3: Actual torque and power costs calculated from motion for each weight combination. The labels on the z-axis
represent the weights of the torque and power objective functions (¢ = [c2, ¢3]). Min power is [0, 1], and min torque is [1,
0]. The highlighted bar graphs in pink represent combinations not present in the dataset.

combinations of cost variables, including some not present
in the dataset. The compressed data display changes in cost
corresponding to the weight of the objectives. Notably, cost
trends for combinations not in the dataset generally align with
expected magnitude relationships. For instance, an increase in
the torque objective function weight (c3) results in reduced
torque cost, and an increase in the power objective function
weight (c3) leads to decreased power cost. Discrepancies in
costs (e.g., torque cost for [0,1] and [0.1,0.9], and power cost
for [0.9,0] and [1,0]) may stem from factors such as joint
motor viscosity, experimental conditions, including floor and
robot motor temperatures, and log filtering strength.

V. CONCLUSION AND DISCUSSION

In this study, we propose a novel approach to Direct Optimal
Control (DOC) for efficient whole-body motion generation in
humanoid robots. Leveraging Functional Principal Component
Analysis (FPCA) within a latent space termed FPC space,
we achieve faster computation of DOC without compromising
accuracy compared to traditional methods. FPCA captures
low-dimensional data, including robot joint angles and ground
reaction forces, which can be reconstructed into the original
high-dimensional motion data. By formulating optimization
variables within this low-dimensional space, we can generate
motion data while ensuring the robot’s stability constraints.

To assess the feasibility of our proposed approach, we
conducted experiments with the humanoid robot HRP-4J.
Building a database and determining crucial parameters for
FPCA-based DOC, we executed DOC in the FPC space,
achieving motion data generation with a computation time 35.8
times faster than traditional DOC methods. Operating HRP-
4J using the generated data resulted in stable performance
without falls, even with combinations of cost function weights
not present in the initial dataset. The RMSE values between
the proposed method and traditional method for angle, angu-
lar velocity, and angular acceleration were remarkably small
(0.0077 rad, 0.0018 rad/s, and 0.0080 rad/s2, respectively),

indicating close approximation of motions. This suggests that
motions generated using our proposed methodology closely
approximate those from traditional DOC methods in their
original, uncompressed dimensions.

One limitation of this study is the utilization of only three
basic objective functions to generate the motion dataset. To
encompass a broader spectrum of motions, it is essential
to incorporate a more diverse set of objective functions.
However, the combinations of weights for these functions
increase exponentially, leading to a significant increase in
preparation time. A notable challenge lies in identifying which
objective functions are essential for generating the desired
range of motions. Moreover, the current constraints applied to
the motion data are assumed to remain constant throughout the
motion. In experiments involving activities such as walking,
the physical constraints of the motion, such as conditions
related to the contact of the left and right legs, and other
factors like the center of mass (COM) and zero moment point
(ZMP), change constantly. When compressing with FPCA, it
becomes a topic of discussion whether it is appropriate to
aggregate these continuously changing conditions into a single
point in the latent space. In the future, we plan to utilize
the fast computational capabilities provided by the proposed
methodology for real-time DOC development. Additionally,
we aim to expand this approach to generate walking motions
by constructing the latent space while considering the transi-
tion of foot contact conditions.

APPENDIX

Fundamentally, the ground reaction force is generated from
numerous points on the sole of the foot. However, for program
implementation and computational speed, n discrete forces
fi = [fas fy, f-)7 were applied to approximate the ground
reaction forces. The inequalities for f,, fy, and f,, are defined
by Eq. (14), where p denotes the friction coefficient of the
ground. Eq.(15) represents the inequalities in the face format
of f’s convex polyhedron.
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B.] L
Conforming to the convex polyhedron theory [30], f can
be expressed in span format as follows:

.f = BspanS Z 0 (16)

where B, represents the matrix in the span format of
By¢gce, and S indicates a collection of span vectors.

The combined force f; and moment my resulting from f;
are considered to act on the specific joint. The relationship
between f, and F = [fy, mo|” is expressed by:

F = {Rl...Rn]f (17

where E € R3*3 represents an identity matrix, R; € R3*3
indicates a cross product. From Eq.(16) and Eq.(17), F' can
be represented in the following span format:

= P— >
F |:1?’1 L. Rn:| Bspans AspanS = 0 (18)

Conforming to the convex polyhedron theory [30], F' can be
expressed in face format as follows:

AfaccF £0 (19)

where Ay, represents the matrix in face format of Agpu,.
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