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Smooth Distances for
Second Order Kinematic Robot Control
Vinicius Mariano Gonçalves, Anthony Tzes, Farshad Khorrami and Philippe Fraisse

Abstract—In this paper, we propose an algorithm for com-
puting a smoothed version of the distance between two objects.
As opposed to the traditional Euclidean distance between two
objects, which may not be differentiable, this smoothed distance is
guaranteed to be differentiable. Differentiability is an important
property in many applications, in particular in robotics, in which
obstacle-avoidance schemes often rely on the derivative/Jacobian
of the distance between two objects. We prove mathematical
properties of this smoothed distance and of the algorithm for
computing it, and show its applicability in robotics by applying
it to a second order kinematic control framework, also proposed
in this paper. The control framework using smooth distances was
successfully implemented on a 7 DOF manipulator.

I. INTRODUCTION

The computation of distance between objects is very im-
portant for generating safe motion in robotics [1], since it is
used as a measure of how close two objects are to colliding.
Therefore, much effort has been put in developing strategies
for distance computation. These strategies can either: (i)
compute objects that encapsulate other objects so this new
bounding object has interesting distance properties [2]–[5], (ii)
define new measures of distance, other than the frequently used
“Euclidean distance”, that have interesting properties [6]–[11]
or even (iii) propose improvements to algorithms that compute
the Euclidean distance [12].

Several collision-avoidance schemes rely on the Jacobian
of the distance function in the system configuration q [13].
However, this Jacobian may not exist since the distance func-
tion is not always differentiable. For example, considering the
Euclidean distance between two objects A(q) and B(q) in the
space, the witness points are the set of points (a∗(q), b∗(q)),
with a∗(q) ∈ A, b∗(q) ∈ B, such that the Euclidean distance
between the objects corresponds to the Euclidean distance
between these points. If this pair of points is not unique in
a configuration q, then the distance Jacobian may not exist [4]
(see Figure 1), which can cause several problems in the control
algorithms [4]. Furthermore, some control algorithms, such as
the ones that work with acceleration/torque, necessitate the use
of a distance function with a continuous second derivative.

One solution for the problem is to consider either two
convex objects or at least one being strictly convex. [4] shows,
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Fig. 1: Example of non-differentiability. The purple object
rotates counterclockwise with an angle q around its center
(green point). The Euclidean distance D between it and the
green object is shown in the plot as a function of the angle q.
Note some non-differentiable points. This happens whenever
there are more than one witness points (blue points) between
the two objects (e.g., when q = 0). It is differentiable, however,
whenever the point is unique (e.g., when q = π/4).

rediscovering a previous result in [14], that in this case the wit-
ness points pairs are always unique and thus differentiability is
ensured. Consequently, [4] proposes an algorithm to compute
strictly convex objects that bound other objects. This approach
falls in the category (i) listed before.

We handle this problem using an approach in the category
(ii): we propose a new “distance” metric between objects that
is guaranteed to be always smooth. This metric is parame-
terized by four positive numbers (h, g,R, S) (two for each
object) and we show that when h → 0, g → 0, we recover the
usual Euclidean distance between the objects. When h, g > 0
the distance function is guaranteed to be smooth, that is,
infinitely differentiable, as long as the two objects are convex
(no strict convexity is required). The parameters (h, g,R, S)
provide a trade-off between smoothness of the derivative/
faster convergence rates and being close to the real distance.
We say “distance” metric because it is not truly a distance,
for example, it is not guaranteed to vanish when the objects
intersect. Thus, it does not fall in the aforementioned category
(i), because it is not computing the distance to a deformed
version of the original objects. Even though it does not exactly
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vanish when the two objects intersect, it is still useful for
obstacle avoidance because we can use safety margins.

With this new metric, we can compute the “(h, g,R, S)
witness points” with an iterative algorithm based on a modified
form of von Neumann’s projection algorithm. One of the
benefits of the approach is that no specialized solver is needed:
the algorithm only relies on the computation of an operator
that we call (h,R)-projection. Another benefit is that we can
easily control the trade-off between being smooth and close to
the traditional distance and being smooth/having faster conver-
gence by tuning the parameters h,R. This (h,R)-projection
is computed by solving integrals, exploiting a connection
between computing “extreme” integrals over a region and
optimization in this same region. This integral often cannot be
done analytically, but we provide very good approximations
for common objects (spheres, boxes and cylinders) and a
workaround for more general objects (using sampled points).
The algorithm is fast and easy to implement. We provide sev-
eral formal guarantees for the proposed “distance” metrics and
the modified von Neumann’s projection algorithm, including
convergence guarantees for the algorithm, which is iterative.

Once we define this point-to-set distance and the associ-
ated witness points, we define a smoothed set-to-set distance
function. If these sets move as a function of a configuration
q, this set-to-set function is ultimately a function of the
configuration q. In the important case in which the objects
move according to rigid motions, we show how to compute
the gradient of this function on the variable q analytically, and
further derivatives of this function exist and can be computed
numerically. Furthermore, the trade-off between how accurate
is this distance computation in comparison to the original
Euclidean distance and how large are the derivatives can be
controlled using the parameters h and R. It is important
to mention that, as far as the goal of smoothing the set-
to-set distance is concerned, we have other approaches as
well. For example, the aforementioned work [11] proposes
a sampling-based approach to smooth a function f and its
gradient, the bundled objective/gradient. Thus, an alternative
to what we propose in this paper is to use this smoothing
approach into the original (non-smoothed) set-to-set func-
tion. However, the bundled objective/gradient approach can
be inefficient in this particular case, because, in order to
compute the smoothed function/gradient at a single config-
uration q, it requires the evaluation of the original set-to-set
distance/gradient on many different configurations around q.
Although one such evaluation can be relatively fast, many of
them, for generating a single evaluation of the smooth set-
to-set distance/gradient, can be prohibitive. In comparison,
our computation for the function/gradient requires only the
computation of the (smoothed) witness points at the desired
configuration q.

We also provide a second order kinematic robotic control
framework in which the joints’ accelerations are computed by
solving a convex quadratic programming (QP) problem. The
framework allows the insertion of inequality constraints that
can be used to enforce safety constraints to account for obsta-
cle avoidance. QP formulations are a popular choice for com-
puting controllers with safety constraints (see [15], [16], [17]

to cite a few that work with robotics manipulators), mainly
because they are versatile enough while being relatively easy
to solve. The obstacle avoidance in this framework requires
that the distance function is not only twice differentiable, but
the second derivative should not be too large, because high
values can cause disturbances on the control loop or even
render the QP infeasible. How large this second derivative may
be is related to many factors such as the maximum actuation
capabilities of the robot, controller parameters, the geometry
of the environment and the current state of the system. Regard-
less, these characteristics make the proposed smooth distance
very suitable for the proposed control framework, since we
can explicitly control the smoothing parameters. We also
provide Lyapunov stability results for this framework and an
experiment of its application on a 7 Degree-of-Freedom (DoF)
manipulator performing motions while considering obstacles.

While the proposed control framework depends on the
proposed smooth distance, it offers independent value. For
instance, many path-planning methods are formulated as op-
timization problems, and many optimization techniques (e.g.,
BFGS) benefit when all functions involved in the optimization
problem (such as distance) are twice differentiable. Such
formulations could benefit of the proposed distance.

II. MATHEMATICAL NOTATION AND BASIC RESULTS

We denote by R+ the set of nonnegative real numbers. All
vectors are column vectors. In×n denotes the n × n identity
matrix; 1n denotes the column vector with n entries in which
all entries are 1 and 0n×m the n×m matrix of zeros. S : R3 7→
R3×3 is the map that implements the cross product, that is, for
two vectors u, v ∈ R3, we have u × v = S(u)v. If v ∈ Rn

is a vector, ∥v∥ is its Euclidean norm. If f(t) is a function
of time, then ḟ(t) ≜ d

dtf(t). The (Euclidean) induced norm
of a matrix M , denoted by ∥M∥, is the square root of the
largest eigenvalue of MTM . In particular, if M is symmetric
and positive semi-definite, this is just the largest eigenvalue of
M .

If f(u) : Rn 7→ Rm is a function, ∂f
∂u is its Jacobian, an

n×m matrix in which the entry in ith-row and jth-column is
∂fi
∂uj

(u). If f : Rn 7→ R, ∂2f
∂u2 is its Hessian, an n×n matrix in

which the (i, j)th entry is ∂2f
∂ui∂uj

(u). The function v = log(u)
is the natural logarithm of u (the inverse of u = ev). For
z ∈ R, Erf(z) ≜ 2√

π

∫ z

0
e−t2dt is the error function [18].

If R ⊆ Rn is a set, and β is a scalar, we define the set
βR = {βr | r ∈ R}. ∂R is the (n−1)-dimensional boundary
of the set. chull(R) is the convex hull of the set R. If g ∈ Rn is
an integration variable, we define as dg the respective volume
element in Rn. If f : Rn 7→ Rn and R ⊆ Rn, f is extended
to sets as f(R) = {f(p) | p ∈ R}.

A function f : Rn 7→ R is convex if for all p′, p′′ ∈ Rn

and λ ∈ [0, 1], f(λp′ + (1− λ)p′′) ≤ λf(p′) + (1− λ)f(p′′).
A function is concave if −f is convex. A nonnegative func-
tion is log-concave if log(f) is concave, or, equivalently, if
f(λp′ + (1 − λ)p′′) ≥ f(p′)λf(p′′)1−λ. Strict convexity,
strict concavity or strict log-concavity is obtained when the
respective equality is achieved if and only if λ = 0 or λ = 1.
Furthermore, a function is σ strongly convex if for a finite
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σ > 0 we have that f(p) − ∥p∥2/(2σ) is convex, σ strongly
concave if −f is strongly convex and σ strongly log-concave if
log(f) is σ strongly concave. We will sometimes drop the term
σ and just say strongly convex, strongly concave or strongly
log-concave

If A ∈ A ⊆ Rn is a random vector with probability
density ρ : A 7→ R+, then E[A] is its expected value, E[A] =∫
A ρ(a)ada. We also define its covariance matrix, Cov[A] =

E[AA⊤]− E[A]E[A]⊤, in which E[AA⊤] =
∫
A ρ(a)aa⊤da.

A subset A of Rn is called standard if it is: a) compact
(bounded and closed in Rn), b) its n-dimensional volume
is non-zero, and c) has a piecewise smooth boundary. So, a
flat bidimensional disk in R3 is not standard, because its 3D
volume is 0. The set A = (0, 1) in R is also not standard,
because it is not closed, hence not compact.

The following results will be used thorough this paper:

Result 1. (Properties of eingevalues) [19] If M ∈ Rn×n is
a square matrix with eigenvalues λi and γ is a scalar, then
the matrix M − γIn×n has eigenvalues λi − γ. Similarly, the
eigenvalues of γIn×n −M are γ − λi.

Result 2. (A consequence of an extension of
Prékopa–Leindler’s inequality) [20] Let f, g : Rn × R+ be
two σf and σg strongly log-concave functions, respectively.
Then their convolution H(u) =

∫
Rn f(v)g(u − v)dv is

(σf + σg) strongly log-concave on u.

Result 3. (Laplace’s principle of large deviations, simplified
version) [21] Let R ⊆ Rn be a standard set , W : R 7→ R
a continuous positive function and f : R 7→ R a continu-

ous function. Then: lim
t→0+

−t log

(∫
r∈R

W (r)e−f(r)/tdr

)
=

min
r∈R

f(r).

Result 4. (Banach’s fixed point theorem) [22] Let f : Rw 7→
Rw be a contractible operation, i.e., there exists a scalar 0 <
α < 1 such that ∀x′, x′′ ∈ Rw we have ∥f(x′) − f(x′′)∥ ≤
α∥x′ − x′′∥. Then the fixed point equation x = f(x) has a
unique solution, and can be computed by the sequence x[k+
1] = f(x[k]) for any x[0] ∈ Rw.

Result 5. (Properties of the S matrix)
• (i) If u ∈ R3, S(u)⊤ = −S(u);
• (ii) If u, v ∈ R3, S(u)v = −S(v)u;
• (iii) If Q(t) is a time-variant rotation matrix from

frame FA to FB with associated angular velocity vector
ω(t) ∈ R3 (measured in the frame FA), then Q̇(t) =
S(ω(t))Q(t).

III. MAIN RESULT

A. The alternating projection algorithm

Definition 1. (Projection function into a set) Let A ⊆ Rn be
a standard convex set. Define the projection function into A,
ΠA : Rn 7→ A as

ΠA(p) ≜ argmin
a∈A

∥p− a∥2. (1)

This function simply maps a point p into its closest point
in A. Since we assume that the set is convex, the minimizer

is unique [4] and thus ΠA(p) is well defined (i.e., there isn’t
more than a single point in A that can be “the closest” to a
point p).

Definition 2. (Half-squared distance between two sets) Let
A,B ⊆ Rn be two standard sets. Define the half-squared
distance between the sets as

DA,B ≜ min
a∈A

min
b∈B

1

2
∥a− b∥2. (2)

Half-squared distances instead of distances will be used
throughout his paper; the conventional distance can be easily
recovered by computing

√
2DA,B.

Let A,B ⊆ Rn be two standard convex sets, then the
sequence

a[k + 1] = ΠA(b[k]); b[k + 1] = ΠB(a[k + 1]) (3)

is such that , ∀b[0], converges to one of the possible pair of
points a∗, b∗ such that [23] DA,B = 1

2∥a
∗ − b∗∥2.

The algorithm in (3) is called (von Neumann’s) alternat-
ing projection algorithm [24] to compute the closest points
between two standard convex sets. The algorithm may not
converge to a unique pair of points (a∗, b∗) for given sets
A,B since such points are not always unique.

The non-uniqueness of the points (a∗, b∗), also called wit-
ness points [4], can cause several problems. In robotics, the
sets A and/or B can vary continuously with a parameter q.
For example, consider that both sets are different links of one
robotic manipulator and q is its configuration. In this case, to
avoid collision between the links, we can use the Jacobian of
the distance function between the sets/links, but this Jacobian
may not be continuous if the witness points are not unique.
This can cause several problems in the control schemes that
use these Jacobians to avoid collisions between the links [13].

The witness points are unique as long as at least one of the
sets is not only standard and convex, but standard and strictly
convex [4]. To alleviate this restriction, we will search for a
different version of the “distance” that is guaranteed to be
smooth for all sets. This is the first objective of this article.

B. (h,R)-distances

Definition 3. (Half-squared distance from a point to a set)
Let A ⊆ Rn be a standard (not necessarily convex) set. Define
the function DA : Rn 7→ R+ that computes the half-squared
closest distance between a point p ∈ Rn and the set: DA(p) ≜
mina∈A

1
2∥p− a∥2.

Unfortunately, it is well known that this function is not
differentiable in p if there is more than one point a∗ such
that DA(p) = 1

2∥p−a∗∥2 [4]. If there is a single point a∗(p),
then ∂

∂pD
A(p) = p − a∗(p) = p − ΠA(p) [25]. Aiming to

solve this differentiability issue, we will soon define a smooth
version of DA(p). But first, we define the following:

Definition 4. (Weight function) Let A be a standard set.
Let Cen(A) denote the centroid of A, that is, Cen(A) ≜∫
A ada/

∫
A da. Furthermore, let R be a positive number. We
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define the weight function WA
R (a) ≜ e−∥a−Cen(A)∥2/(2R2).

Finally, we define the R-volume as VolR(A) ≜
∫
A WA

R (a)da.

We can check, by inspection, that the function W has the
following properties:

• WA
R is R2 strongly log-convex in a for any finite R > 0;

• It is consistent to scalings of the data of the problem, that
is, for any β > 0, W βA

βR (βa) = WA
R (a). This mean that

if we scale everything (A, a, R) by β, nothing changes.
• It is consistent to rigid transformations applied on the

data of the problem. Let E : Rn 7→ Rn be a rigid
transformation on Rn, then W

E(A)
R (E(a)) = WA

R (a),
that is, if we rotate/translate the set A but rotate/translate
the point a accordingly, nothing changes.

With this definition, the following key definition can be
presented:

Definition 5. ((h,R)-half-squared distance from a point to
a set) Let A ⊆ Rn be a standard set, a scalar h > 0,
called smoothing scale parameter, and a scalar R > 0,
called regularization parameter. Then we define the h,R- (half-
squared) distance to a standard set A, DA

h,R : Rn 7→ R+ as

DA
h,R(p) ≜ −h2 log

(
VolR(A)−1

∫
A
WA

R (a)e−
∥p−a∥2

2h2 da

)
.

(4)

It may not be obvious that this approximates the half-
squared distance to a set, nor that it is always nonnegative,
DA

h,R(p) ≥ 0. Note also that if VolR(A) = 0 we have an
ill-defined DA

h,R(p) (an indeterminate 0/0). This is one of the
reasons why we assume that the set is standard, since having
a non-null volume in Rn implies VolR(A) ̸= 0. Sometimes,
however, we may need to compute the h,R-distance between
a point and a set with VolR(A) = 0 in Rn. For example, a
distance from a point in R3 to a bidimensional semiplane in R3.
In that case, we simply enlarge this set so that VolR(A) ̸= 0.

The division by VolR(A) inside the integral is important
because: 1) it allows dimensional consistency: the integral has
a physical dimension of n-dimensional volume (say, cubic
meters in R3) and the logarithm is a transcendental function,
thus its argument must be dimensionless. We obtain this when
we divide by VolR(A) (we consider that the weight function
is dimensionless). Note that h has a physical dimension of dis-
tance (say, meters), and thus DA

h,R(p) has a physical dimension
of distance squared (say, meters square); 2) this division by
VolR(A) also allows us scale consistency, that is, the property
that, for any scalar β > 0, DβA

βh,βR(βp) = β2DA
h,R(p) (i.e.,

when we scale everything: the set, the point and the smoothing
scale parameter by β, the distance squared gets scaled by β2

as well), whereas if the division by VolR(A) was removed we
would have DβA

βh,βR(βp) = β2DA
h,R(p)− β2h2 log(β), and 3)

it guarantees, as we will prove soon, that DA
h,R(p) ≥ 0.

The term inside the logarithm can be interpreted as the

weighted average of the function e−
∥p−a∥2

2h2 among the set A
for a fixed p, with weighting function WA

R . This observation
implies that we can approximate the integral as a finite sum,
as explained in Subsection IV-B.

Example 1: Let us compute DA
h,R(p) for the standard (in

R) and convex set A = [−1, 1]. Even for this simple case, we
cannot compute the integral in (4) analytically and we need
to consider special functions or use numerical methods, as
discussed in Subsection IV-A.

Special functions will be used in this case. Furthermore,
we will consider the case in which the regularization factor
R is a very large number, so WA

R (a) ≈ 1. Indeed, as we will
discuss soon, we will usually work with high regularization
factors. Nevertheless, we need to use the special function error
function Erf(z) and after some changes of variables in the
integral, we compute the following expression for DA

h,R(p),
using the properties of the error function presented in [18]:

−h2 log

(
h

√
2π

4

(
Erf
(
p+ 1√
2h

)
− Erf

(
p− 1√
2h

)))
. (5)

The real half-squared distance function in this case can be
obtained analytically, DA(p) = 1

2 max(|p| − 1, 0)2. Figure 2
shows the graph of DA

h,R(p) for many values of h. Note that,
as h → 0, DA

h,R(p) → DA(p).
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Fig. 2: Function DA
h,R(p) for different values of h.

It is also important to mention that (5) exposes a numerical
problem. The error function is practically 1 (with a difference
of 10−12) for z > 5 and −1 (with a difference of 10−12) if
z < −5. For h = 0.1, p = 6, for example, we have to compute
Erf(35.35) and Erf(49.49) to compute DA

h,R(p), which are
indistinguishable from 1. Thus, we will have log(0) in the
formula, which is an error. This is because DA

h,R(p) often
needs extreme numerical precision for computing correctly the
values. This problem is addressed in Subsection IV-A. □
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Fig. 3: Level sets for the function DA
h,R(p) for different values

of h.

For a two-dimensional example, Figure 3 shows level sets
for DA

h,R(p), that is, the sets Lh ≜ {p ∈ R2 | DA
h,R(p) =
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ch}, for A being an equilateral triangle with vertices
(−0.5, 0), (0,

√
3/2), (0.5, 0). In this case, different values of

h were chosen, and R was fixed to a very large number.
The values of ch were chosen differently for each h, so
the level sets do not overlap with each other, facilitating the
visualization. Note that, as h increases, the level sets become
smoother, i.e., the vertices become smoothed and for very large
h, the shape approaches a circle. On the other hand, ch for
h = 0.02 was chosen very close to 0. Note then that the
respective set Lh is very close to the original set A. This
illustrates the claim, that will be established soon, that as
h → 0, DA

h,R(p) → DA(p).
We will now establish some results about DA

h,R(p):

Proposition 1. Suppose A is a standard set. For any h > 0,
DA

h,R(p) ≥ DA(p) ≥ 0.

Proof. Let a∗(p) be such that DA(p) = 1
2∥a

∗(p) − p∥2.
Factoring out e−∥a∗(p)−p∥2/(2h2) inside the logarithm in (4),
we have DA

h,R(p)−DA(p) as

−h2 log

(
VolR(A)−1

∫
A
WA

R (a)e−
∥p−a∥2−∥p−a∗(p)∥2

2h2 da

)
. (6)

Note that ∥p − a∥2 − ∥p − a∗(p)∥2 ≥ 0, ∀a ∈ A. Multi-
plying both sides of the inequality by −1/(2h2), taking the
exponential in both sides, multiplying by WA

R (a) both sides,
integrating in A in both sides, multiplying by VolR(A)−1 in
both sides and finally taking −h2 log(·) in both sides, we have
that:

−h2 log

(
VolR(A)−1

∫
A
WA

R (a)e−
∥p−a∥2−∥p−a∗(p)∥2

2h2 da

)
(7)

is nonnegative, which concludes the proof.

Proposition 2. If A is a standard set, then lim
h→0

DA
h,R(p) =

DA(p).

Proof. Since we can write DA
h,R(p) as

h2 log
(
VolR(A)

)
− h2 log

(∫
A
WA

R (a)e−
∥p−a∥2

2h2 da

)
. (8)

The first term will obviously vanish when h → 0. For the
second one, we just need to apply Laplace’s large deviation
principle (Result 3) with f(a) = ∥a − p∥2/2 , t = h2 and
W (a) = WA

R (a), noting that, as h → 0, t → 0+.

Since limh→0 D
A
h,R(p) = DA(p), DA

h,R(p) is an approxi-
mation to the real (half-squared) distance between a point p
and the set A. Note that the result holds true for any R, but
obviously R influences the approximation as well. Essentially,
as we shall see, if we fix h,A and decrease R, we increase
the convergence speed of the algorithm but makes DA

h,R(p) a
less faithful approximation of DA(p).

Proposition 3. Suppose A is a standard convex set. Then, the
function DA

h,R is (1 +R2/h2) strongly convex.

Proof. The function f(u) ≜ e−∥u∥2/(2h2) is clearly h2

strongly log concave. Consider the indicator function such that
IA(p) = 1 if p ∈ A and 0 otherwise. We can show that, since

A is convex, this function is log-concave. Also, WA
R (v) =

e−∥v−Cen(A)∥2/(2R2) is R2 strongly log-concave, and con-
sequently the product of a log-concave function and a R2

strongly log-concave function given by g(v) ≜ WA
R (v)IA(v)

is also R2 strongly log-concave [20]. Thus, applying Result 2,

we have that the convolution H(p) ≜
∫
A WA

R (a)e−
∥p−a∥2

2h2 da
(in which the integral from the entire Rn from the convolution
was switched to the integral only on A thanks to the indicator
function) is (h2 + R2) strongly log-concave. This implies
that −h2H(p) = −h2 log

(
VolR(A)−1 H(p)

)
= DA

h,R(p) is
(h2 +R2)/h2 strongly convex in p.

As said before, we will usually work with large values of
R so, for the sake of convenience, WA

R (a) ≈ 1. However, a
finite value of R is needed to ensure σ strong convexity for a
finite value of σ, which in turn will be used soon to guarantee
the formal convergence of the algorithm.

We will now study the derivatives of DA
h,R(p), we can see

that

∂

∂p
DA

h,R(p) =

∫
A WA

R (a)e−
∥p−a∥2

2h2 (p− a)da∫
A WA

R (a′)e−
∥p−a′∥2

2h2 da′
. (9)

in which a′ is just a renaming of the variable a in the
integral of the denominator, which is convenient for defining
the following:

θAh,R(p, a) ≜

(∫
A
WA

R (a′)e−
∥p−a′∥2

2h2 da′
)−1

WA
R (a)e−

∥p−a∥2

2h2 .

(10)
Then,

∂

∂p
DA

h,R(p) = p−
∫
A
θAh,R(p, a)ada. (11)

When DA(p) is differentiable at a point p, we have that
∂
∂pD

A(p) = p−ΠA(p) [25]. Then, by analogy:

Definition 6. ((h,R)- projection function into a set) Let
A ⊆ Rn be a standard set and h,R > 0. Define the (h,R)-
projection function into A, ΠA

h,R : Rn 7→ chull(A) as

ΠA
h,R(p) ≜

∫
A
θAh,R(p, a)ada. (12)

So ∂
∂pD

A
h,R(p) = p−ΠA

h,R(p). Note that ∀h > 0, ΠA
h,R(p)

is well defined and thus DA
h,R(p) is differentiable ∀p. Further-

more, note that ΠA
h,R maps p into the convex hull of A, since

the θ’s are nonnegative and integrate to 1 (it is a parametrized
density distribution in A).

Note that, as opposed to the true projection ΠA, we did
not assume that the set A is convex in the definition of
ΠA

h,R. This is because ΠA
h,R is well defined regardless if A is

convex or not. For convex sets, ΠA
h,R maps Rn into A because

chull(A) = A.
Example 2: Let the aforementioned set A = [−1, 1], then

using the error function and considering a large R so WA
R ≈ 1:

ΠA
h,R(p) = h

e−(1−p)2/(2h2) − e−(1+p)2/(2h2)

Erf
(

p+1√
2h

)
− Erf

(
p−1√
2h

)
 . (13)
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Figure 4 shows different values of h, along with the real
projection function, which is computed analytically:

ΠA(p) =

 −1 if p ≤ −1
p if |p| ≤ 1
1 if p ≥ 1

(14)

As mentioned in Example 1, there are also numerical prob-

-5 -4 -3 -2 -1 0 1 2 3 4 5

p

-1.5

-1

-0.5

0

0.5

1

1.5

Fig. 4: Function ΠA
h,R(p) for different values of h.

lems when computing ΠA
h,R(p) because both the numerator

and denominator can go to 0 when p are too far from the
set and/or h is small. This numerical issue is addressed in
Subsection IV-A. □

An interesting probabilistic interpretation of ΠA
h,R(p) is as

follows: Let Ah,R(p) be a random vector taking values in
A with probability density (parametrized by p and h) given
by ρ(a) = θAh,R(p, a). Note that, for any fixed p and h,
θAh,R(p, a) is indeed a probability density in A, since it is
nonnegative and

∫
A θAh,R(p, a)da = 1, for any p, h. Then

ΠA
h,R(p) = E[Ah,R(p)].
Let us compute the Hessian of DA

h,R(p), or ∂2

∂p2D
A
h,R(p) =

In×n − ∂
∂pΠ

A
h,R(p), so what we need to compute is the Jaco-

bian of the projection map. After some algebra, we deduce that
this Jacobian has also an interesting probabilistic interpretation
using the previously-defined random variable Ah,R(p):

∂

∂p
ΠA

h,R(p) =
1

h2
Cov[Ah,R(p)]. (15)

Equations (11) and (15) allows us to conclude by inspection
that DA

h,R is at least differentiable for a nonzero h. In fact:

Proposition 4. Suppose A is a standard set and h > 0.
Then DA

h,R(p) (and thus ΠA
h,R(p)) is infinitely differentiable

(smooth).

Proof. The integral inside DA
h,R(p) is an integral of a smooth

function in both variables p and a. Furthermore, the integral
is always positive and finite (since A is compact) for a finite
h, and since log(u) is infinitely differentiable for any u > 0,
this implies that DA

h,R(p) is infinitely differentiable.

Note that Proposition 4 can “fail” when h → 0. For
example, in Equation (15) ∂

∂pΠ
A
h,R(p) can “blow up” in this

case due to the division by 1/h2. This mirrors the fact that the
real projection ΠA(p) may not be differentiable, even when
A is convex.

The interpretation of the Jacobian of ΠA
h,R as a covariance,

in (15), can be used to prove the following:

Proposition 5. Suppose A is a standard set and h > 0. Then,
∀p, the eigenvalues of the Hessian of DA

h,R(p) are less than
1.

Proof. Proposition 4 guarantees that the Hessian is well de-
fined. Now, it is a well known fact that covariance matrices
are positive semi-definite, having null eigenvalues if and only
if the random vector always lies in an (n − 1) dimensional
affine space in Rn [26]. If VolR(A) ̸= 0, this is impossi-
ble. Then the covariance matrix is strictly positive definite
and has eigenvalues strictly greater than 0. From this, using
∂2

∂p2D
A
h,R(p) = In×n − ∂

∂pΠ
A
h,R(p) and Result 1, we can see

that the eigenvalues of the Hessian of DA
h,R(p) are less than

1.

C. The (h,g,R,S)-alternating projection algorithm

We will now use the smoothed projections ΠA
h,R and ΠB

g,S to
study an algorithm similar to the one in (3), but with smoothed
projections instead of the usual projections. The sequence is
then analogous to (3):

a[k + 1] = ΠA
h,R(b[k]); b[k + 1] = ΠB

g,S(a[k + 1]). (16)

Note that we have (h,R)-projections and (g, S)-projections so
not necessarily we need to have h = g or R = S. We will
now establish convergence for the sequence.

Proposition 6. If the sets A and B are standard and convex
and h, g,R, S > 0, (16) has a fixed point, and it is unique.
Furthermore, for any initial condition b[0], when k → ∞ the
sequence (a[k], b[k]) generated from it converges to this unique
fixed point (a∗h,R, b

∗
g,S).

Proof. From Proposition 5, the Hessian of DA
h,R(p), which is

In×n − ∂
∂pΠ

A
h,R(p), has real eigenvalues that are less than 1.

Thus, using Result 1, the eigenvalues of ∂
∂pΠ

A
h,R(p) are greater

than 0 ∀p.
Now, we use the fact that A is convex, which together

with Proposition 3 implies that DA
h,R is a σ strongly convex

function with σ = 1+R2/h2. Since additionally DA
h,R is twice

differentiable (Proposition 4), we have that the eigenvalues of
the Hessian DA

h,R(p) are at least 1/σ ∀p [27]. Consequently
applying Result 1, we have that the eigenvalues of ∂

∂pΠ
A
h,R(p)

are less than or equal 1 − 1/σ ∀p , which implies that they
are strictly less than one.

Since the Jacobian of the map ΠA
h,R(p) is a symmetric

positive definite matrix, its induced norm ∥ΠA
h,R(p)∥ is just the

maximum eigenvalue of ΠA
h,R(p), and thus is less than 1 ∀p.

This implies that the map p 7→ ΠA
h,R(p) is locally contractible

∀p, and thus a globally contractible operation [28].
The same results holds for ΠB

g,S . Now, note that the
sequence in (16) can be rewritten as b[k + 1] =
ΠB

g,S(Π
A
h,R(b[k])). Since each map, for A and B, are glob-

ally contractible, this implies that the composition map
ΠB

g,S(Π
A
h,R(p)) is also globally contractible. Banach’s fixed

point theorem (Result 4) then implies that the sequence
b[k + 1] = ΠB

g,S(Π
A
h,R(b[k])) converges to the unique fixed

point of ΠB
g,S(Π

A
h,R(p)), b∗g,S = ΠB

g,S(Π
A
h,R(b

∗
g,S)). We can

compute a∗h,R by a∗h,R = ΠA
h,R(b

∗
g,S).
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The proposed (modified) alternating projection algorithm is
a fixed point iteration. Thus, acceleration methods as Anderson
acceleration [29] can be used to improve the convergence.
However, for the sake of simplicity, in this paper we will keep
the algorithm as close as possible to the original projection
algorithm.

D. The smooth distance between sets

The functions DA
h,R(p) computes h,R-distances between

a point and a set. However, we are mainly interested in
computing this approximated distance between two sets. One
idea is to simply use ∥a∗h,R−b∗g,S∥2/2, but this function is not
convenient for computing derivatives on a parameter q when
a∗h,R, b

∗
g,S depends on q, something that will be useful for our

robotics application. As a preliminary step for defining this
distance for sets, we define the following:

Definition 7. ((h,g,R,S)-half-squared cross distance) Let
A,B be two standard sets in Rn and h, g,R, S > 0. We define
the (h, g,R, S)- half-squared cross distance as the function
dA,B
h,g,R,S : Rn × Rn 7→ R:

dA,B
h,g,R,S(a, b) ≜ DA

h,R(b) +DB
g,S(a)−

1

2
∥a− b∥2. (17)

This function has the following property, that will be useful
soon:

Proposition 7. Suppose A and B are standard sets and
h, g,R, S > 0. Then, the fixed point (a∗h,R,b∗g,S) for the
sequence (16) is a stationary point (i.e., the gradient vanishes)
for the function dA,B

h,g,R,S(a, b).

Proof. It is easy to see, using the fact that ∂
∂pD

A
h,R(p) =

p − ΠA
h,R(p) and ∂

∂pD
B
g,S(p) = p − ΠB

g,S(p) that
∂
∂adA,B

h,g,R,S(a, b) = b − ΠB
g,S(a) and ∂

∂bdA,B
h,g,R,S(a, b) = a −

ΠA
h,R(b). Setting these two to zero we obtain exactly the

equations for the fixed point of the sequence: a = ΠA
h,R(b)

and b = ΠB
g,S(a).

We define the following:

Definition 8. ((h, g, R,S)-half-squared distance between sets)
Let A, B be two standard convex sets and h, g,R, S > 0. We
define the (h, g,R, S)- half-squared distance between the sets
A and B as

DA,B
h,g,R,S ≜ dA,B

h,g,R,S(a
∗
h,R, b

∗
g,S). (18)

Note that Proposition 6 allow us to define DA,B
h,g,R,S , because

it guarantees that a∗h,R and b∗g,S exist and are unique.
We can prove the following result that connects DA,B

h,g,R,S to
the real half-squared distance between the sets.

Proposition 8. Let A,B be two standard convex sets. Then
lim

(h,g)→(0,0)
DA,B
h,g,R,S = DA,B.

Proof. Using Proposition 2, lim
(h,g)→(0,0)

DA
h,R(b

∗
g,S) = ∥a∗ −

b∗∥2/2. Similarly, lim
(h,g)→(0,0)

DB
g,S(a

∗
h,R) = ∥a∗ − b∗∥2/2.

Thus, we can conclude that lim
(h,g)→(0,0)

DA,B
h.g,R,S is equal to

∥a∗−b∗∥2

2 + ∥a∗−b∗∥2

2 − ∥a∗−b∗∥2

2 = DA,B.

So DA,B
h,g,R,S approximates DA,B. However, the same could

be said of ∥a∗h,R−b∗g,S∥2/2. We will see soon that Proposition
7, a property unique to DA,B and not to ∥a∗h,R−b∗g,S∥2/2, will
be useful for simplifying derivatives.

E. Moving sets

Suppose the sets A(q) and B(q) vary smoothly with a pa-
rameter q ∈ Rs. There is interest in computing the derivative,
with respect to q ∈ Rs, of the following function:

Λ(q) ≜ DA(q),B(q)
h,g,R,S = dA(q),B(q)

h,g,R,S

(
a∗h,R(q), b

∗
g,S(q)

)
. (19)

The function Λ(q) is the “smoothed” (half-squared) distance
between the moving sets A(q) and B(q). We now seek to
compute its derivative on the parameter q. Using the multidi-
mensional chain rule:

∂

∂q
Λ(q) =

∂

∂q
dA(q),B(q)
h,g,R,S (a, b)

∣∣∣∣
a=a∗

h,R(q),b=b∗g,S(q)

+

∂a∗h,R
∂q

(q)
∂

∂a
dA(q),B(q)
h,g,R,S

(
a∗h,R(q), b

∗
g,S(q)

)
+

∂b∗g,S
∂q

(q)
∂

∂b
dA(q),B(q)
h,g,R,S

(
a∗h,R(q), b

∗
g,S(q)

)
(20)

in which the first term means that first we evaluate the
derivative of dA(q),B(q)

h,g,R,S (a, b) only in q, keeping a, b constant,
then we plug the optimal values a = a∗h,R(q), b = b∗g,S(q).

However, using Proposition 7, we can cancel the two last
summands in (20), which greatly simplifies the expression.
Therefore, computing ∂

∂qdA(q),B(q)
h,g,R,S (a, b) entails to computing

∂
∂qD

A(q)
h,R (p) (and similarly for the set B). Explicitly:

∂

∂q
Λ(q) =

∂

∂q
D

A(q)
h,R (b)

∣∣∣∣
b=b∗g,S(q)

+
∂

∂q
D

B(q)
g,S (a)

∣∣∣∣
a=a∗

h,R(q)

. (21)

We will consider a very important special case of moving sets
A(q) and B(q). Consider two fixed sets U and V that are inside
R3. Let E(·, q) : R3 7→ R3 and F (·, q) : R3 7→ R3 denote rigid
transformations (rotations and translations parametrized by q).
Then we will consider the case in which A(q) = E(U , q) and
B(q) = F (V, q), that is, the movement of the sets are due to
a rigid transformation of the original sets. These can be, for
example, two different links of the same robotic manipulator
that move as the joint values, the system configuration q,
change. This can also be a link of the manipulator and a fixed
external object, in the particular case in which F is a fixed
transformation.

Note that it was assumed at the beginning of this section
that the sets A(q) and B(q) “vary smoothly” with q. This
is related to the smoothness of the rigid transformations
E(·, q) and F (·, q) on q. This holds true when we use as
the configuration q joint angles (rotative joints) and/or joint
positions (prismatic joints) of a serial kinematic chain. In
this case, E(·, q) and F (·, q) are finite combination of sums,
subtractions and products of smooth functions as sines and
cosines.
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Consider a fixed reference frame. In relation to this ref-
erence frame, for each one of the sets U and V , we can
compute the linear velocity (v) Jacobian and angular velocity
(ω) Jacobian. We will write JU

v (q), JU
ω (q) for the linear and

angular velocity Jacobians, respectively. Similarly for the set
V , in which we will write JV

v (q), J
V
ω (q). We will also assume

the position of the origin of the frame attached to these sets,
in the reference frame, denoted by pU (q) and pV(q).

Before computing ∂Λ
∂q for the special case of rigid transfor-

mations, we need a preliminary result:

Proposition 9. Let T (·, q) : R3 7→ R3 be a rigid trans-
formation that is differentiable on q such that T (p, q) =
Q(q)p + pc(q) for a rotation matrix Q ∈ R3×3 and vector
pc ∈ R3. Let T−1(p, q) = Q(q)⊤(p−pc(q)) denote the inverse
transformation. Let Jv(q) and Jω(q) be the respective linear
and angular velocity Jacobians. Then:

∂T−1

∂q
(p, q) = −

(
Jv(q) + S

(
pc(q)− p

)
Jω(q)

)⊤
Q(q). (22)

Proof. We use the derivative computation in one variable
to infer the derivative in many variables. Suppose p is
fixed and q = q(t) for time t. Then, from the chain rule,
d
dtT

−1(p, q(t)) = q̇(t)⊤ ∂T−1

∂q (p, q(t)).
Hence using the fact that T−1(p, q) = Q(q)⊤(p − pc(q)),

that ṗc = v = Jv(q)q̇, ω = Jω(q)q̇ and the properties of the
matrix S in Result 5, we obtain that q̇(t)⊤ ∂T−1

∂q (p, q(t)) is
equal to:

−q̇T
(
Jv(q) + S

(
pc(q)− p

)
Jω(q)

)⊤
Q(q). (23)

Since this is valid ∀q̇, the desired result follows.

We need the following useful fact:

Proposition 10. Let T (·, q) : R3 7→ R3 be a rigid trans-
formation which is differentiable on q such that T (p, q) =
Q(q)p + pc(q) for a rotation matrix Q and vector pc. Let
T−1(p, q) = Q(q)⊤(p−pc(q)) denote the inverse transforma-
tion. Let Jv(q) and Jω(q) be the respective linear and angular
velocity Jacobians.

Consider a fixed standard set W ⊆ R3. Consider h > 0,
then the following formulae hold:

D
T (W,q)
h,R (p) = DW

h,R

(
T−1(p, q)

)
. (24)

Π
T (W,q)
h,R (p) = T

(
ΠW

h,R

(
T−1(p, q)

)
, q
)
. (25)

∂

∂q
D

T (W,q)
h,R (p) =

(
Jv(q) + S

(
pc(q)− p

)
Jω(q)

)⊤
(
Π

T (W,q)
h,R (p)− p

)
. (26)

Proof. Proving (24): First, we note that, since T (·, q) is a rigid
transformation for all q, using the consistency to rigid trans-
formations property for WA

R , we have that, VolR(T (W, q)) =

VolR(W). Now, we use the expression for D
T (W,q)
h,R (p) in

(4) and make the change of variable a = T (a′, q) in the
integral. The Jacobian determinant of the transformation will
be 1 for all q, a′ (since it is a rigid transformation), and
thus da = da′. Furthermore, the integrated region will be

transformed from a ∈ T (W, q) into a′ ∈ W . We then
use the fact that, for a rigid transformation T (·, q), we have
∥p − T (a′, q)∥ = ∥T−1(p, q) − a′∥ which together with the
consistency to rigid transformations property for WA

R allows
us to conclude (24).

Proving (25): We use the fact that ΠA
h,R(p

′) = p′ −
∂
∂p′D

A
h,R(p

′). Differentiating (24) on p, using the chain rule
and the fact that ∂

∂pT
−1(p, q) = Q(q), we obtain our desired

result.
Proving (26): We now differentiate on q in both sides of

(24), use the chain rule and the fact that ∂
∂p′D

A
h,R(p

′) = p′ −
ΠA

h,R(p
′) to conclude that ∂

∂qD
T (W,q)
h,R (p) is

∂T−1

∂q
(p, q)

(
T−1(p, q)−ΠW

h,R

(
T−1(p, q)

))
. (27)

Then, we can use the expression T−1(p, q) = Q(q)⊤(p −
pc(q)) to rewrite (27) as 1:

∂T−1

∂q
(p, q)Q(q)

(
p− T

(
ΠW

h,R

(
T−1(p, q)

)
, q
))

. (28)

Now, using Proposition 9 and (25), this simplifies to:(
Jv(q) + S

(
pc(q)− p

)
Jω(q)

)T(
Π

T (W,q)
h (p)− p

)
. (29)

Finally, we use (21), together with the expressions for
∂
∂qD

A(q)
h,R (b) and ∂

∂qD
B(q)
g,S (a) obtained from (26) and the fact

that Π
E(U,q)
h,R (b∗g,S) = a∗h,R and Π

F (V,q)
g,S (a∗h,R) = b∗g,S (the

convergence criteria for the sequence in (16)), to obtain our
final formula, after factoring out (b∗g,S − a∗h,R):

∂Λ

∂q
=

[
JU
v + S

(
pU − a∗h,R

)
JU
ω − JV

v − S
(
pV − b∗g,S

)
JV
ω

]⊤
(b∗g,S − a∗h,R) (30)

in which we omitted the dependency on q. Note that it is very
simple to compute the derivative once we have the velocity
Jacobians (readily available in robotics from differential kine-
matics), the origins pU , pV (readily available from forward
kinematics) and a∗h,R, b∗g,S (obtained from the sequence (16)).
The formula in (30) is also notable in how little it depends on
the approximation parameters h and g: just in the computation
of a∗h,R, b∗g,S . So, the formula for different h, g are structurally
similar, just changing the approximation for the closest points,
a∗h,R, b∗g,S .

IV. PRACTICAL IMPLEMENTATION

A. Analytic computation

As mentioned in Examples 1 and 2, computing the volume
integral for DA

h,R(p) analytically is seldom possible, even for
very simple sets. However, very good analytical approxima-
tions can be obtained for simple sets as spheres, boxes and
cylinders in R3. We refer to our supplementary material [30].

1Using the following fact: if T (u) = Qu + pc is a rigid transformation
and v, w are vectors, then T−1(v) − w = QT (v − pc) − w = QT ((v −
pc)−Qw) = QT (v − (Qw + pc)) = QT (v − T (w)).
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There are two key aspects about these approximations. The
first is that, as also mentioned in Example 1 and 2, special care
must be taken due to the possibility of numerical underflow
when computing numerically the integral in (4) for small
values of h. Note that the integral inside the logarithm goes
to 0 when h → 0, and so we will have an indeterminate form
0 · log(0) for computing DA

h,R. In order to have this limit
converge to the real value when h → 0+, extreme numerical
precision (often impossible) is needed unless a clever trick is
used to rewrite the integral in a more amenable form. In the
aforementioned supplementary material [30], these tricks are
discussed.

The second keypoint is that when the time-varying set is a
result of application of time-varying rigid transformation in a
fixed set, which is often the case in robotics, Equation (25)
implies that we need to calculate/approximate the projection
for the object only in an static (“canonical”) form, ΠW

h,R. The
projection for the translated/rotated body, Π

T (W,q)
h,R , can be

obtained from ΠW
h,R using Equation (25).

B. Using cloud of points

For other convex shapes that are not discussed in the
supplementary material [30], we need to think about suitable
numerical schemes for computing DA

h,R and ΠA
h,R. Traditional

numerical integration schemes may also be too slow, since
in robotic applications, we need to compute the projections
quickly to compute the points a∗h,R and b∗g,S .

Inhere, samples of the set can be used. Let ai be mA points
sampled from A. We denote this sampled set by Ã. Then,
we can approximate DA

h,R(p) (Definition 5) and ΠA
h,R(p)

(Definition 6) by

D̃Ã
h,R(p) ≜ −h2 log

(
1

Ṽ A
R

mA∑
i=1

W̃ Ã
R (ai)e

− ∥p−ai∥
2

2h2

)
;

Π̃Ã
h,R(p) ≜

∑mA
i=1 W̃

Ã
R (ai)e

− ∥p−ai∥
2

2h2 ai∑mA
i=1 W̃

Ã
R (ai)e

− ∥p−ai∥2

2h2

(31)

in which W̃ Ã
R (a) ≜ exp(−∥a−C̃en(Ã)∥2/(2R2)), C̃en(Ã) ≜

1
mA

∑mA
i=1 ai are approximations for WA

R and Cen(A) respec-
tively and Ṽ A

R ≜
∑mA

i=1 W̃
Ã
R (ai) is the discrete counterpart

of VolR(A). Note that the approximation for ΠA
h,R(p) is

the derivative of the proposed approximation for DA
h,R(p).

Furthermore, note that we swapped the average, made by
an integral in (4), by another (discrete) average in D̃Ã

h,R(p).
Finally, note that the computational complexity of computing
D̃Ã

h,R(p) and Π̃Ã
h,R(p) is O(mA), i.e., linear in the number of

samples.
The expression for D̃Ã

h,R(p) can be
seen as the application of the function
LogSumExpλ(u1, u2, .., um) = 1

λ log
(∑m

i=1 e
λui
)

with
ui = ∥p − ai∥2/2+h2∥ai − C̃en(Ã)∥2/(2R2) and
λ = −1/h2, plus a constant term h2 log(mA). The
LogSumExp function appears often in Machine Learning and
Artificial Intelligence [31]. Interestingly, if we use D̃Ã

h,R(p)

instead of DA
h,R(p), then all of the propositions in this

paper hold (often with simpler proofs), except for two key
Propositions: 3 and 6. The latter proposition is specially
important since it guarantees the convergence of the sequence
in (16). Thus, although convergence proofs for the algorithm
in this discrete case were not provided, it is intuitive that
as the point clouds become denser - meaning the discrete
sum approaches the integral - we get closer to achieving the
theoretical guarantees established in the continuous case.

C. Moving sets

We will also consider moving sets A(q), in which the
movement is given by rigid transformations (as in Subsection
III-E), see Figure 5. In this case, it advisable to sample the
points of A(q) in the initial q0 and perform rigid transfor-
mations in each one of them to obtain the sampled set at
another q. More precisely, suppose A(q) = E(U , q) for a
fixed set U and a rigid transformation E(·, q), parametrized
by q. Then Ã(q) = E(Ũ , q), that is, the sampled points of
A(q) = E(U , q) are obtained by sampling the fixed set U ,
obtaining Ũ , and then applying the rigid transformation E(·, q)
in every point of Ũ .

This comment is important, because we could, at each q,
resample the set at the current configuration q in a different
way. This can cause unnecessary noise in the computation of
D̃Ã

h,R(p). Furthermore, with this property, Equation (30) holds,
but with a∗h,R and b∗g,S computed from Π̃Ã

h,R and Π̃B̃
g,S instead

of ΠA
h,R and ΠB

g,S .

Fig. 5: An initial set, a rectangle, is sampled, obtaining the blue
points. Then this set undergoes a translation and a rotation,
and instead of resampling the points in a different way, we
simply apply the same transformation to all the initial points,
obtaining the points in red.

Finally, this property allows us to greatly simplify the
computation of the (h,R)-witness points. Indeed, it turns out
that it is not necessary to explicitly make the transformations
for all the points in both sets at every time step. Let E(·, q)
and F (·, q) be two rigid transformations parametrized by q.
Let A(q) = E(U , q) and B(q) = F (V, q) for two static sets
U and V .

At first glance, to implement the distance computation we
would need at every instant t to apply the transformations
E(·, q(t)) and F (·, q(t)) for all sampled points of U and V
respectively. If there are mU and mV points sampled from
U and V respectively, this implies computing mU + mV
rigid transformations on points. Then, we use the (h, g,R, S)
alternating algorithm in equation (16).
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However, for the original set U (not the sampled set),
Equation (25) shows this is not necessary. If Ã(q) = E(Ũ , q),
then an analogous result can be proven for the sampled case:

Π̃
E(Ũ,q)
h,R (p) = E

(
Π̃Ũ

h,R

(
E−1(p, q)

)
, q
)

(32)

and similarly for B̃(q) = E(Ṽ, q). With this, the alternating
algorithm becomes:

a[k] = E
(
Π̃Ũ

h,R

(
E−1(b[k], q)

)
, q
)
;

b[k + 1] = F
(
Π̃Ṽ

h,S

(
F−1(a[k], q)

)
, q
)

(33)

in which q = q(t). Hence we avoid, at every t, computing
E(Ũ , q(t)) and F (Ṽ, q(t)), which entails computing mU+mV
transformations on points. Instead, we apply four additional
transformations on points (E,E−1, F, F−1) at every step of
the iterative algorithm. Since the number of steps for conver-
gence is usually very small compared with mU + mV , this
trade pays off.

D. Numerical issues

As mentioned in Examples 1 and 2 and also in Subsection
IV-A, there are numerical issues when computing DA

h,R(p)

and ΠA
h,R(p). These also appear when computing D̃A

h,R(p) and
Π̃A

h,R(p), and the reason why is even clearer in the discrete
case: when the terms ∥p−ai∥2/(2h2) are all very large (i.e: p
is very far from the points ai and/or h is too small), the terms
e−∥p−ai∥2/(2h2) can be very small and the computation fails.

This issue is apparent in other applications in which
LogSumExpλ(u1, u2, .., um) appears. To partially alleviate
this, for each point p in which we want to compute D̃A

h,R(p),
we compute i∗(p) as the index of one of the possible
points that are closest to p. Then we factor out the term
e−∥p−ai∗(p)∥2/(2h2) in the logarithm and write the following
equivalent expression for D̃A

h,R(p) (in (31))

−h2 log

(
1

Ṽ A
R

mA∑
i=1

W̃ Ã
R (ai)e

−
(

∥p−ai∥
2−∥p−ai∗(p)∥

2

2h2

))
+

∥p− ai∗(p)∥2

2
. (34)

There are two different sets of i: a) those in which ∥p −
ai∥2 − ∥p− ai∗(p)∥2 > 0, and b) those in which ∥p− ai∥2 =
∥p− ai∗(p)∥2 = 0, the latter including at least i = i∗(p). For
the former set, we can still have that the exponential vanishes
when p is too far from the ai and/or h is small, but, for
the latter set we have the value 1. Thus, the term inside the
logarithm is at least W̃ Ã

R (ai∗(p))/Ṽ
A
R at all times, avoiding

the numerical issue.
A similar trick can be applied for Π̃A

h,R(p) (in (31)), by fac-
toring out the term e−∥p−ai∗(p)∥2/(2h2) in both the numerator
and denominator:

Π̃A
h,R(p) =

mA∑
i=1

W̃ Ã
R (ai)e

−
(

∥p−ai∥
2−∥p−ai∗(p)∥

2

2h2

)
ai

mA∑
i=1

W̃ Ã
R (ai)e

−
(

∥p−ai∥
2−∥p−ai∗(p)∥

2

2h2

) . (35)

E. Initialization

The sequence in (16) (or in (33)) needs an initial point
b[0]. The closer this initial point is to the final value of b∗g,S ,
the better. When we have a set that moves smoothly, b∗g,S
changes only a little from time step to time step. Thus, it is
very beneficial to use the previous value of b∗g,S as the starting
point in the next iteration.

F. Convergence of the iterative algorithm

Note that Proposition 6 allows us to bound the convergence
rate of the algorithm. We start from the fixed point equation
b[k + 1] = ΠB

g,S(Π
A
h,R(b[k])). From this, since the Jacobians

of ΠB
g,S and ΠA

h,R are norm bounded by 1−1/(1+S2/g2) =
S2/(S2 + g2) and 1 − 1/(1 + R2/h2) = R2/(R2 + h2)
respectively (see Proposition 6), the norm of the Jacobian of
the composition of both is upper bounded by the product of
both bounds: ch,g,R,S ≜ S2R2

(S2+g2)(R2+h2) < 1. Thus, we can
bound the convergence of b[k] towards the fixed point b∗g,S by
the inequality:

∥b[k + 1]− b∗g,S∥ ≤ ch,g,R,S∥b[k]− b∗g,S∥ (36)

which implies linear convergence with a worst-case rate
ch,g,R,S . However, this convergence bound can be conserva-
tive, since the algorithm can actually converge much faster
than that. To test this experimentally, we generated 36000
test cases with random objects (boxes, cylinders and spheres)
placed on random orientations, with different values of h and
R. In this experiment, for computing DA,B

h,g,R,S , we assumed
h = g and R = S. We then, for each experiment, estimated
the convergence factor of the run as C = limk→∞ ∥b[k] −
b∗h,R∥1/k. We then grouped these factors by the quantity
Ω ≜ R2/(R2 + h2), and computed the maximum value of
C and the mean value of C for each group. The result is
in Figure 6, in which we can see the following: as the ratio
Ω increases, the worst-case convergence rate becomes worse,
since C increases, but the average convergence rate stays
mostly constant, with a value of about 0.17. Note that when
h = g and R = s our worst case prediction for the linear
rate ch,g,R,S is ch,h,R,R = Ω2. In the experiments, the worst
case C (maximum) was very close to this prediction, being
approximately 0.9287Ω2.
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Fig. 6: Mean and maximum convergence factor C for different
values of Ω, computed experimentally.
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G. Computational time

The previous subsection discussed the convergence rate of
the algorithm for computing the smooth distance between
objects, which is related to the number of iterations the
iterative algorithm b[k + 1] = ΠB

g,S(Π
A
h,R(b[k])) needs to

converge (given a tolerance). This is a more computer-agnostic
analysis of the complexity of the algorithm. However, the time
taken for each iteration—and consequently the overall running
time of the algorithm—is also important. This is, however,
more computer-dependent since it depends on the hardware
and implementation details of the algorithm.

Note that a single iteration of b[k+ 1] = ΠB
g,S(Π

A
h,R(b[k]))

requires the computation of two projections. The number of
iterations primarily depends on the accepted tolerance—how
close the current iteration is to the true value of the smooth
projection. It is very rare, occurring in less than 3% of half a
million test instances, for the number of iterations to exceed 5
when the tolerance is set to 0.001 meters. Therefore, we can
confidently state that the computational time for the algorithm
is generally less than 2×5× t, where t represents the average
time needed to compute each projection. Thus, this subsection
will focus on the computational cost of computing projections.

There are two distinct situations that need to be considered:
when the object is represented using primitives (the original
formulation proposed in Section III), and the extension using
point clouds (presented in Subsection IV-B). The extension
using point clouds, although more generic, is expected to
be more computationally costly than the representation using
primitives.

The following numbers were obtained using an 11th Gen
Intel Core i7 with 2.30 GHz, in a C++ code. For primitive
objects, the average computational time per smooth projection
ΠA

h,R(p) is 0.3µs, utilizing the approximations for the inte-
gral explained in [30]. The time taken for computing each
projection does not significantly vary with the type of object
(whether boxes, cylinders, or spheres) nor with the parameters
h,R, provided that h > 0. However, it is worth noting
that when h = 0 (corresponding to the traditional Euclidean
distance), the projection can be computed within an average
of 0.02µs. Therefore, the additional time is a trade-off for
achieving smoothness.

For the point cloud case, Figure 7 shows the average
computational time for Π̃Ã

h,R(p) considering different number
of samples, mA. As expected, the time grows linearly with
the number of points. From this plot, we can infer that the
computational time seems to be roughly 9.0 ns per sample.

This computation can be improved by parallelization: the
terms exp(−∥p − aj∥2/(2h2)) can be computed in parallel
for different values of j, significantly benefiting from the use
of GPUs.

V. APPLICATION TO ROBOTICS

We will now present a second-order control framework that
benefits from the properties of the present smooth distance.
Theoretical guarantees and an experiment are presented as
well.
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Fig. 7: Computational time for Π̃Ã
h,R(p) for different number

of samples (mA).

A. Second order control framework

Let our robotic system correspond to a double integrator,
q̈ = u. Let r(q) be a twice differentiable task function such
that r(q) = 0 if and only if the task is achieved (e.g., a
task function to achieve a given pose). We consider obstacles
that need to be avoided. These are either controlled by the
configuration (e.g., links of the manipulator, in which we
want to avoid inter-link collision) or static obstacles. We also
consider joint limits, joint velocity limits and joint acceleration
limits. Let Jr(q) ≜ ∂r

∂q (q) = Jr. We obtain our control input u
by solving the following strictly convex quadratic optimization
problem:

u = argmin
a

∥∥∥Jra+J̇r q̇+2αṙ+α2r
∥∥∥2 +β∥a+ ζq̇∥2

subject to: Aa ≤ b (37)

in which α, β, ζ are positive scalar constants and A(q, q̇) and
b(q, q̇) are constraint matrices that represent the constraints
(such as obstacle avoidance) that are considered in the motion.
We also have that ṙ = d

dtr(q) = Jr q̇ and J̇r = d
dtJr(q) ≈

Jr(q+q̇ϵ)−Jr(q−q̇ϵ)
2ϵ in which ϵ is a small number. Note that,

since β > 0, the quadratic optimization problem is strictly
convex (the matrix J⊤

r Jr +βIn×n is always positive definite)
and therefore there is always a single solution as long as the
set {a | A(q, q̇)a ≤ b(q, q̇)} is always nonempty during the
trajectory of q(t).

The first term in the objective function in (37) exists to
enforce that the desired task will be achieved. The second term
exists to guarantee that there will be no spurious movements
in the null space of the task Jacobian. If the robot has more
degrees of freedom than the task demands, without this term
the controller can induce permanent movements in the robot,
that do not disturb the task, when the task is already achieved.
This behavior is, of course, undesired. If there is no freedom
left for the robot in the task, we can set β = 0 safely. Note
that in this case the optimization problem is still strictly convex
even with β = 0, because the task Jacobian Jr will be full
column rank and thus J⊤

r Jr will be a positive definite matrix.
Lyapunov stability can be guaranteed under certain con-

ditions. The following proof borrows the same idea of the
one of our previous work [32], but adapted for second order
dynamics.



12

Proposition 11. Let α, β, ζ > 0. Suppose that for all q, q̇ there
exists at least one â such that:

(i) Aâ ≤ b;

(ii) Jrâ+ J̇r q̇ + αṙ = 0; (38)
(iii) ∥Jru+ J̇r q̇ + αṙ∥2 + β∥u∥2 ≥ β

(
2ζq̇⊤â+ ∥â∥2

)
in which u = u(q, q̇) is computed according to (37). Then, the
control loop q̈ = u(q, q̇) with u obtained by solving (37) is
Lyapunov stable for the set {(q, q̇) | r(q) = 0 , q̇ = 0}.

Proof. Consider the Lyapunov function:

V (q, q̇) ≜ α∥ṙ + αr∥2 + ζβ∥q̇∥2. (39)

This Lyapunov function is nonnegative and zero only if ṙ +
αr = 0, and q̇ = 0, which, together, implies r = 0.

Since V̇ = 2(αṙ + α2r)T (Jru + J̇r q̇ + αṙ) + 2βζq̇⊤u,
we will show that V̇ ≤ 0. For this, let F (z) ≜
∥Jrz+J̇r q̇+2αṙ+α2r∥2+β∥z + ζq̇∥2 describe the objective
function of the optimization problem in (37). Let u be the
optimal solution and â any vector that satisfies (38). Solving
this minimization problem with â being in the feasible set
(guaranteed due to (38)-(i)), we must have F (u) ≤ F (â). After
expanding the two norms squared in the objective function,
this inequality can be rewritten as:

∥αṙ + α2r∥2 + ∥Jru+ J̇r q̇ + αṙ∥2 + β∥u∥2 + 2βζq̇Tu

+βζ2∥q̇∥2 + 2(αṙ + α2r)T (Jru+ J̇r q̇ + αṙ) ≤
∥αṙ + α2r∥2 + ∥Jrâ+ J̇r q̇ + αṙ∥2 + β∥â∥2 + 2βζq̇T â

+βζ2∥q̇∥2 + 2(αṙ + α2r)T (Jrâ+ J̇r q̇ + αṙ). (40)

Inequality (40) can be further simplified since Jrâ+J̇r q̇+αṙ =
0 (due to (38)-(ii)). Furthermore, the term ∥αṙ + α2r∥2 +
βζ2∥q̇∥2 can be canceled in both sides. Finally, from (38)-(iii)
∥Jru+ J̇r q̇+αṙ∥2+β∥u∥2−β(2ζq̇T â+∥â∥2) ≥ 0. Thus, we
can rewrite (40) as: 2(αṙ+α2r)T (Jru+J̇r q̇+αṙ)+2βζq̇⊤u ≤
0 which corresponds to V̇ ≤ 0.

Note that Lyapunov stability (i.e., V̇ ≤ 0) was established,
but not asymptotic Lyapunov stability (i.e., V → 0). This im-
plies that the controller will prevent the system from becoming
unstable and will continue to approach task completion, but
it does not necessarily guarantee that the task will indeed be
completed. There exists a possibility that the system reaches
a spurious equilibrium point, that is, it may stop at a con-
figuration q where the task remains unachieved (r(q) ̸= 0).

Guaranteeing that â satisfies (38) seems to be a non-trivial
assumption, while the condition (38)-(iii) requires particular
attention. Note, however, that since ∥Jru+J̇r q̇+αṙ∥2 ≥ 0, we
can always force (38)-(iii) to hold if we make β a sufficiently
small positive number. In fact, when β → 0+ it holds trivially.
As discussed before, we can set β = 0 when the task requires
the same number of degrees of freedom that the robot has.
When this is not the case (the task requires less), we can pad
out the task with artificial sub tasks to ensure this.

Thus, the real challenge lies in enforcing (38)-(i) and (38)-
(ii). The intuitive reasoning of this condition is the following:
this set of constraints exists to guarantee that there is always

a feasible ((38)-(i)) control action u = â that can make the
robot decelerate and stop the task. Indeed, if u = â, (38)-(ii)
can be written as r̈ + αṙ = 0, which implies that ṙ → 0. The
requirement that such action is always feasible mirrors our first
order kinematic control results in [32], that has a requirement
that u = q̇ = 0n×1, is always feasible. This, of course, implies
that ṙ = 0 as well. Thus, the conditions in (38) are the second-
order version of the constraint that the robot always has the
option to stop (either immediately, in the first order case, or
in steady state, in the second order case).

B. Obstacle avoidance constraints

The work [13] proposes first order (single integrator system
q̇ = u) constraints to ensure obstacle avoidance. These will be
adapted here for the second order dynamics q̈ = u.

Given a function c(q), c : Rn 7→ R, in which we want to
guarantee that c(q(t)) ≥ 0, ∀t, we can impose the following
constraint:

c̈+ 2γċ+ γ2c ≥ 0 (41)

for γ > 0. This is essentially a second order Control Barrier
Function [33]. The Strong Comparison Lemma [34] allows us
to compare the solution of this inequality with the solution of
the corresponding equality c̈+ 2γċ+ γ2c = 0. Therefore, we
can conclude that this inequality implies:

c(q(t)) ≥
(
c0 + (ċ0 + γc0)t

)
e−γt ∀t (42)

Thus, if c0 ≥ 0 and ċ0 + γc0 ≥ 0, then c(q(t)) ≥ 0 for all
t ≥ 0.

Let Jc = ∂c
∂q . Using the system dynamics q̈ = u in (41)

and rewriting, we have the following constraint of the form
A(q, q̇)u ≤ b(q, q̇):

−Jcu ≤ J̇cq̇ + 2γċ+ γ2c (43)

in which ċ = d
dtc(q) = Jcq̇ and J̇c = d

dtJc(q) ≈
Jc(q+q̇ϵ)−Jc(q−q̇ϵ)

2ϵ for a small scalar ϵ. To guarantee obstacle
avoidance between objects i and j, we can use cij(q) =
Λij(q)− δij , in which Λij(q) is the (h, g,R, S)-half squared
distance between the objects i and j (see Subsection III-E)
and δij is a positive margin. This positive margin is needed
for h, g > 0 because the smoothed distance can be greater
than zero when the two objects are colliding.

It is very important to note that, to implement this con-
straint, the function c must be at least twice differentiable
on the variable q. Otherwise, not only J̇c would be formally
undefined, but if we try to approximate J̇c using any numerical
differentiation scheme, we may obtain a very large value.
This can render the inequality (43) impossible to be met.
Since, from the chain rule, J̇c = q̇⊤ ∂2c

∂q2 (q), there are two
potential sources of this problem: q̇ being too large and/or
∂c
∂q (q) = Jc(q) not being continuous on q (that would imply
an “infinite” derivative ∂

∂q (
∂c
∂q (q)) ). The former issue can be

eliminated since, as it will be shown in the next subsection,
we can explicitly enforce q̇ to be bounded. The second one
can be guaranteed by ensuring that Jc(q) is differentiable on
q, which is a stronger condition than continuity. Equivalently,
this means that c is twice differentiable on q. This justifies the
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use of the smoothed distance, which is guaranteed to be twice
differentiable, as opposed to the traditional distance, which is
not always twice differentiable.

C. Joint position, speed and acceleration constraints

We will also consider constrained joint position qmin ≤ q ≤
qmax, joint velocity q̇min ≤ q̇ ≤ q̇max and joint acceleration
q̈min ≤ q̈ ≤ q̈max. These limits are described as vectors
containing limits for each joint.

The acceleration constraints are easy to implement:

u ≥ q̈min , u ≤ q̈max. (44)

The velocity constraints are

u ≥ −ξ(q̇ − q̇min) , u ≤ −ξ(q̇ − q̇max) (45)

for a positive scalar ξ. Since q̈ = u, the aforementioned Strong
Comparison Lemma implies that q̇(t) ≥ (q̇(0)− q̇min)e

−ξt +
q̇min and q̇(t) ≤ (q̇(0) − q̇max)e

−ξt + q̇max. Thus, if q̇min ≤
q̇(0) ≤ q̇max, these bounds are valid ∀t.

The joint limits can be implemented using (41) with c(q) =
q − qmin and c(q) = qmax − q. We have, therefore:

u ≥ −2χq̇−χ2(q− qmin) , u ≤ −2χq̇−χ2(q− qmax) (46)

in which γ in (41) was renamed to χ (γ will be used
exclusively for the obstacle avoidance constraints). Combining
(44), (45) and (46) we have:

u ≥ max
(
q̈min,−ξ(q̇ − q̇min),−2χq̇ − χ2(q − qmin)

)
u ≤ min

(
q̈max,−ξ(q̇ − q̇max),−2χq̇ − χ2(q − qmax)

)
(47)

in which the min and max are taken componentwise.

D. Choosing the parameters

In order to implement the controller, we need to choose
the parameters α, β, ζ, γ, ξ and χ. We will now describe their
impact on the system, therefore guiding the tuning process.

• The larger the α, the faster the convergence, but more
acceleration is required from the robot;

• β is the weight of the regularization term ∥a+ζq̇∥2 in the
objective function (37): the larger it is, the smoother is
the control input q̈, but the system is more prone to reach
spurious stable equilibrium points (i.e., to fail to reach the
target and to stop somewhere else). So we know that β
should be relatively small when compared to the weight
of the other term, which is 1. We suggest that it should
be at least two orders of magnitude less.

• The clue on how to tune ζ comes from the Lyapunov
candidate in eq. (39). There, we see that the product
ζβ is the weight of another regularization term for the
Lyapunov function, weighting the term ∥q̇∥2. So ζβ
should be relatively small when compared to the weight
of the other term, α. At least two orders of magnitude
less, from our experience;

• The larger are γ, ξ, χ, the more the robot is willing
to approach obstacles and violate velocity/joint limits,
respectively, to complete the task. This is specially impor-
tant in tasks as the one we propose in Section VI (going

through a hole), because the robot has to be close to
collision to the edges of the hole in order to complete
the task. As we increase these parameters too much,
we increase the risk of having collisions and violating
velocity/joint limits, i.e., the safety is reduced. This is
important because our dynamical model q̈ = u is not
perfect, and non-modeled dynamics together with reduced
safety margins can lead the system to a collision.

VI. EXPERIMENTAL STUDIES

In the experimental setup, we consider a 7 DoF robot Kuka
LBR iiWA R8202 that must achieve a pose that is behind a
styrofoam-wall with a hole. Thus, the manipulator should go
through the wall using the hole and achieve the desired pose
without colliding with the wall. Figure 8 shows the 3D starting
(left) and final (right) configuration of the arm.

Fig. 8: Snapshots of the experiment.

The task can be represented by the desired end-effector
position vector pdef and desired orientation, represented as
the desired orthonormal axis vectors xd

ef, y
d
ef, z

d
ef, all expressed

in the world frame. Let pef(q), xef(q), yef(q), zef(q) be the
respective vectors (current position and current orthonormal
axis vectors) for the robot at the current configuration q, also
expressed in the world frame, which can be obtained with
standard forward kinematics. We use as the task function r(q)
the 6-dimensional vector

r(q) =


pef(q)− pdef

1− (xd
ef)

⊤xef(q)
1− (ydef)

⊤yef(q)
1− (zdef)

⊤zef(q)

 . (48)

It can be shown that r(q) = 0 if and only if pef(q) = pdef,
xef(q) = xd

ef, yef(q) = ydesef and zef(q) = zdef. For the last three
components, we use the fact that if a, b are two normalized
vectors, 1 − aT b = 0 iff a = b. This task function is also
related to the task in the “decoupled controller” in [35], but
with a homogeneous transformation matrix approach instead
of a dual quaternion approach.

2https://www.kuka.com/en-de/products/robot-systems/industrial-robots/lbr-
iiwa.
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The robot collision model is composed of 11 primitive
objects: 4 spheres (Si), 1 box (Bi) and 6 cylinders (Ci), as
shown in Figure 9. The obstacle is a 10 cm thick styrofoam
wall with a 50 cm square hole in its middle, composed of
4 boxes. Thus, we will have 11 × 4 = 44 distances to be
computed, Λij(q), since the robot’s primitives i ∈ 1, . . . , 11
and the obstacle’s primitives j ∈ 1, . . . , 4. This implies
44 constraints in the form of (43). Furthermore, we have
2× 7 = 14 maximum and minimum joint limit constraints as
in (45) resulting in 44+ 14 = 58 constraints for the quadratic
program.

C1S1

S2C2

C3

S3

S4

C4

C5B1

C6

Fig. 9: Collision model of the robot, showing the Spheres (S),
Cylinders (C) and Boxes (B).

In the control framework that we used, the joint velocity is
computed numerically (in combination with a low pass filter)
from the joint position measurement. We then compute the
target acceleration, integrate it twice numerically and, finally,
send to the robot the next joint position. In a 11th Gen
Intel Core I7 with 2.90 Ghz, the average computational time
for the whole control loop was around 5ms. Everything was
implemented in C++ using the iiwa_stack package [36]
for ROS communication. The controller runs at 100 Hz.

The parameters used are:
• Equation (37): α = 2 s−1, β = 0.005, ζ = 0.5 s−1;
• Equation (43): γ = 0.5 s−1, h = g = 0.05 m, R = S =

10 m (for all 44 pairs of objects) and δij = 0.2 m2 (for
all 44 pairs of objects);

• Equation (47): χ = 0.5s−1, qmax = −qmin =
[165o 115o 165o 115o 163o 115o 170o]⊤ (in degrees),
No explicit limits for joint velocity and joint acceleration
were implemented.

Figure 10 shows , for this experiment, the joint angles qi and
joint angular velocities q̇i, i = 1, . . . , 7. These are expressed
in degrees and degrees/s, respectively and the motion spans a
wide range of motion for the angles. Note that the joint limits
were respected and, although no explicit joint speed limits
were enforced, the values fall within the robot’s capabilities
(75 degrees/second).

Figure 11 shows the control inputs ui, i = 1, . . . , 7,
which are the accelerations used in each joint expressed in
degrees/second2. For some joints, there is a fast spike of
acceleration (around ±40 degrees/second2) at the beginning,
not displayed in order to not distort the view for the remainder
of the graph. This is expected because we are applying a
“step error input” (i.e., from zero error to the maximum error
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Fig. 10: Experimental joint angles and angular joint velocities

without any smooth transition between the two states) for the
system, so from the very beginning there is a relatively large
error r(q0) that causes a spike of the control input. Overall,
there is significant motion during the first second while the
robot adjusts its pose so that it can enter the square cavity
followed by similar action around 15 seconds where after
the robot’s end effector has passed through the cavity it then
adjusts its body to move around the cavity.

The time evolution of the Lyapunov function V (q, q̇) de-
fined in (39) is shown in Figure 12. The Lyapunov function
decreases steadily towards zero and, after 30 seconds, the error
is 0.2 mm in position and 4◦ in orientation.

The smallest distance (i.e., smooth distance with h = g =
0) between the robot’s primitive objects and the styrofoam-
wall (obstacle) is shown in Figure 13. The minimum (positive)
observed value was 13 mm at t ≃ 20 s implying that no
collision occurred.

Figure 14 shows a snapshot of the 3D-visualization of the
experiment in which we can see some of the (h,R)-witness
points between the robot’s primitives and the obstacles. A pair
of witness points (a∗h,R, b

∗
g,S) computed from the (h, g,R, S)

projection algorithm in (16) (one on the obstacle and other on
the robot) shares the same color, and the color also matches
the color of the respective primitive. These points can also be
seen in the interactive replay [37] of the experiment.

For comparison purposes, we also implemented the algo-
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Fig. 11: Experimental control inputs ui, i = 1, . . . , 7.
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Fig. 12: Experimental evolution of the Lyapunov function
V (q, q̇).
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Fig. 13: Experimental evolution of obstacle avoidance mini-
mum distance.

Fig. 14: Witness points between the robot’s primitives and the
obstacles.

rithm with the same utilized parameters having h = g = 0
(i.e., using the traditional Euclidean distance) and δij = 0.02
m2. The QP became unfeasible, due to the term J̇cq̇ in
(43) being a very large negative number for several pairs
of obstacles and primitives, thus rendering the feasible space
of the QP empty. This was anticipated since at the initial
configuration, several robot primitive-cylinders are parallel
to the obstacle (see Figure 8-left and also Figure 15), a
situation in which the pair of witness points for the traditional
Euclidean distance are non-unique. Thus, a small movement
changes the witness points drastically, resulting in large J̇cq̇.
The same situation happens when using other approaches
that provide non-differentiable distance functions in this case.
For example, using the scaling factor in [10], the distance
function between the robot primitive-cylinders and the wall at
the starting configuration is non differentiable. Furthermore,
the same would happen if we used the pills proposed in [5]
instead of cylinders. However, this situation is avoided when
using smooth distances.

Fig. 15: 3D reproduction of the initial configuration of the ma-
nipulator. At this starting configuration, the shortest distance
between the robot and the wall are achieved with more than
one point, with some of them represented in green. In this
case, the traditional Euclidean distance is non-differentiable.

As mentioned in the introduction, [11] proposes an alter-
native method, the bundled objective/gradient, to smooth any
function/gradient. In particular, it can be used to smooth the
distance function. In this case, the true Euclidean robot-to-
environment distance function Λ0(q), which is defined in (19)
with h = g = 0, is calculated at N configurations qi and then
averaged (with weights) to obtain a single smoothed instance
of the distance function. This contrasts with our approach,
which involves a single computation of Λ(q) in (19) with
h, g ̸= 0. The noteworthy aspect is that a single computation
of the true distance Λ0(q) is less expensive than a single
computation of Λ(q) with h, g ̸= 0. However, the averaging
process requires many computations of Λ0(q). Consequently,
there is a threshold number of samples N beyond which, from
a computational time perspective, the method no longer offers
a benefit. This threshold depends on several factors, but most
notably on the number of primitives composing the robot. For
instance, in the case of the Kuka robot used in this experiment,
which consists of 11 primitives, a single computation of Λ0(q)
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with the respect to an obstacle composed of one primitive (e.g.,
one of the boxes composing the wall-with-a-hole environment)
takes an average of 6 µs on an 11th Gen Intel Core i7 with 2.90
GHz, whereas Λ(q) takes about 24 µs. Since 24/6 = 4, this
means that if the number of samples N exceeds 4 the bundled
objective/gradient approach ceases to be more efficient. Only
four samples is a very low threshold: to illustrate, [11] presents
results with N = 100.

An interactive replay of this experiment, using real data
collected from the robot, can be seen in [37]. It also shows the
robot’s primitives in movement, along with the (h,R)-witness
points at the robot and at the obstacles for the last three links;
a video highlighting the robot’s trajectory can be seen here
https://youtu.be/j4QkzO3n978 and snapshots of the
experiment can be seen in Figure 16.

VII. CONCLUSIONS

In this paper, we proposed a modified point-to-set distance
(Definition 5) that is guaranteed to be smooth (i.e., infinitely
differentiable). We then proved that a modified form of Von
Neumann’s projection algorithm for convex sets, obtained
simply by swapping the real distance by the modified distance,
can be used to compute the counterparts of the witness points
in this modified distance.

Using the modified witness points, we defined a set-to-set
distance (Definition 8). We then used this set-to-set distance to
define a distance function in the configuration space, between
two convex shapes when one of the shapes is attached to
a kinematic chain of a robot manipulator (Equation (19)).
Then, thanks to the definition of the set-to-set distance that
we propose, we show that the Jacobian of this distance is
structurally the same as the one we have when we use the
real distance instead of the modified one, in the sense that
we just have to change the witness points used in the original
formula by their modified counterparts.

We then proposed an acceleration-based control framework
that leverages the properties of the proposed modified distance.
This framework allows us to have collision avoidance with
obstacles. This is done by implementing as a constraint a
differential inequality, for which we use the Jacobian of the
distance in the configuration space and also for which it is
necessary to have at least the second derivative of the distance
function. This controller was implemented into a 7-DoF Kuka
LBR iiwa R820 robot and we highlighted the benefits of the
proposed smooth distance in this setting.
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