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RMS: Redundancy-Minimizing Point Cloud
Sampling for Real-Time Pose Estimation

Pavel Petracek1, Kostas Alexis2, and Martin Saska1

Abstract—The typical point cloud sampling methods used
in state estimation for mobile robots preserve a high level of
point redundancy. This redundancy unnecessarily slows down
the estimation pipeline and may cause drift under real-time con-
straints. Such undue latency becomes a bottleneck for resource-
constrained robots (especially UAVs), requiring minimal delay for
agile and accurate operation. We propose a novel, deterministic,
uninformed, and single-parameter point cloud sampling method
named RMS that minimizes redundancy within a 3D point cloud.
In contrast to the state of the art, RMS balances the translation-
space observability by leveraging the fact that linear and planar
surfaces inherently exhibit high redundancy propagated into
iterative estimation pipelines. We define the concept of gradient
flow, quantifying the local surface underlying a point. We also
show that maximizing the entropy of the gradient flow minimizes
point redundancy for robot ego-motion estimation. We integrate
RMS into the point-based KISS-ICP and feature-based LOAM
odometry pipelines and evaluate experimentally on KITTI, Hilti-
Oxford, and custom datasets from multirotor UAVs. The ex-
periments demonstrate that RMS outperforms state-of-the-art
methods in speed, compression, and accuracy in well-conditioned
as well as in geometrically-degenerated settings.

Index Terms—Localization, Range Sensing, Aerial Systems:
Perception and Autonomy
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I. INTRODUCTION

FOR the accurate and real-time ego-motion estimation of a
resource-constrained robot, the amount of data provided

in a 3D LiDAR point cloud is plentiful. To achieve conver-
gence under real-time constraints (i.e., number of iterations,
comp. time, convergence rate), the point clouds must be re-
duced. Apart from cardinality reduction, the objectives of such
point cloud sampling are twofold — preserve the quality of
the points and be computationally fast. While the latter is
subject to algorithm efficiency and available computational
resources, the former must preserve the overall information
available in the point cloud. In the task of point cloud match-
ing, the contribution (i.e., information) of a point has been
shown to be quantifiable via its point-map correspondence and
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Fig. 1: A fast and noise-filtering 3D point cloud sampling can speed up real-
time estimation pipelines. (a) An example of a single-frame sampling at the
crossroad highlighted in (b) by each of the given methods (input point cloud
in black). (b–c) Although sampling in the input space is uninformed about
point-map correspondences, such sampling can improve performance if the
sampling is fast and preserves the quality of the points (e.g., removes non-
informative points). (b) Trajectory estimated by KISS-ICP [7] odometry on
KITTI seq. #00 when preceded by one of the sampling methods (ground truth
in black). Similarly, (c) shows trajectory estimated on-board a UAV using
LOAM [8] odometry in a vertically self-symmetrical church in Stará Voda [6].

the shape of the loss function [1]–[4]. However, information-
aware sampling of an input point cloud without the knowledge
of these point-map correspondences (uninformed sampling) is
non-causal and remains an ongoing challenge.

The typical uninformed point cloud sampling methods in-
clude feature extraction [8], [9], point-density normaliza-
tion [7], [10], normal-space sampling [11], [12], and learning-
based inference [13]–[17]. With the individual advantages and
disadvantages of these widely used methodologies, the overall
challenges remain in their effectiveness, latency minimization,
and environment adaptability. The experimental part of this pa-
per shows that finding optimal parameters of such methods is
often a balance between speed and accuracy. Our analyses also
show that the optimal parameters are rarely adaptable to dif-
ferent LiDAR sensors, estimation pipelines, and environment
types; and need to be exhaustively tuned for every instance.

Lastly, fast and noise-removing uniformed sampling has
been shown to improve the performance of real-time pipelines
in well-conditioned settings [7], [8]. However, it has also been
shown that uninformed methods may improve performance in
environments with a low amount of salient geometrical struc-
tures if these salient structures are part of the sampled data.
We denote these settings, where the point cloud contains only
a handful of exploitable structures, weakly degenerate. These
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settings most notably emerge in geometrically symmetrical en-
vironments, such as subterranean tunnels [18] and caves [19],
and vertically-symmetrical historical monuments [6].

II. RELATED WORK

A ubiquitous point cloud sampling method is uniform sam-
pling (voxelization), which discretizes space into fixed-sized
cubes, each containing N (typically 1) points at maximum.
Typical voxel-filter implementations employ an octree struc-
ture [20] or use a simple numerical discretization, such as that
implemented in PCL [10]. The feature extraction methods con-
sist of learning-based solutions (such as PointNet++ [9]) and
hand-crafted feature (most commonly plane and line features
defined in LOAM [8]) extractors. Although these methods
perform reasonably well in geometrically rich settings when
tuned properly, they are sensitive to parametrization. More-
over, learning-based methods lack sampling guarantees and
require each environment to be part of the training data.

A deterministic sampling method [11] selects points such
that their normals uniformly fill the normal-vector space. The
covariance-based sampling (CovS) [12] iteratively selects the
points, which maximize the expected normal-based contribu-
tion to the DoF least constrained in the eigenspace of the
sampled set. Both methods [11], [12] have shown that point
normals can be a helpful mechanism in guiding the sampling
under weak geometrical degeneracy. However, obtaining the
point normals cheaply, correctly, and reliably is challenging,
especially given the projection nature of modern 3D LiDARs
that generate data with uneven density and surface occlusions.
PFilter [21] and ROI-cloud [22] are designed for use in a robot
ego-motion estimation by employing previous LiDAR scans.
PFilter [21] assigns each point a persistency-index, quantifying
how persistent the point is over a short history of measure-
ments. Static points, favorable in correspondence matching,
tend to score higher in persistence. The ROI-cloud [22] divides
space into cubes weighted by the amount of inlying geometri-
cal features. [22] then propagates virtual particles representing
past measurements and fuses them with the weighted cubes.
Points are then sampled in areas where the weighted cubes
align with the particles’ distribution.

Among data-based sampling methods lies SampleNet [13],
which learns task-specific sampling for object classification
and geometry reconstruction. The method in [14] learns fea-
tures and selects the points with the greatest contribution to
the global max-pooling. DGCNN [15], FoldingNET [16], and
KCNET [17] convert the point cloud into a graph and resample
based on graph-based max-pooling, which takes the maximum
features over the neighborhood of each vertex using a pre-
built k-NN graph. The disadvantage of these methods is the
absence of deterministic guarantees that the sampling will be
invariant to the type of environment, and that it will maximize
point relevancy in estimation.

Among the relevant redundancy-minimizing methods
is [23]. Therein, the authors show that fewer correspondences
are better in global registration, given that the correspondences
are accurate. A map-compressing method [24] then applies
concepts of feature similarity to select only one of the nearby

features, marking the rest redundant and removing them. How-
ever, being formulated for expensive global registration and
map compression, [23], [24] are inapplicable in front end of
a real-time ego-motion estimation of a robot.

It has also been proposed that sampling is to be performed at
the optimization level once the point-to-map correspondences
are found. The greedy-based method [2] selects the optimiza-
tion residuals such that the log-determinant of the approxi-
mate Hessian of the optimization problem is maximized. KFS-
LIO [3] does so similarly, but maximizes the inverse trace of
the Hessian. X-ICP [4] filters out residuals with non-parallel
plane normals per each DoF, similarly to the normal-space
equalization proposed in [11]. Simplified version Xs-ICP [4]
does similarly to X-ICP but reuses the residuals computed
in the first iteration as a prior in subsequent iterations. The
advantage of sampling at the optimization level (informed) is
the possibility to relate to the information theory, allowing to
formulate awareness to degeneracy in the optimization. In par-
ticular, [2]–[4] utilize the eigenspace of the information matrix
to quantify the degeneracy in the optimization, as introduced
in [1]. However, residual-space sampling is sensitive to noise
in correspondences and variability in point density and comes
at a cost of re-sampling in every iteration of an estimation
pipeline (see Fig. 2). Uninformed input-space sampling is
computed only once per point cloud, but cannot directly relate
to the degeneracy without the correspondence pairings.

The contributions of this paper include a novel out-of-the-
loop 3D point cloud sampling named Redundancy-Minimizing
Sampling (RMS). The method minimizes point redundancy
within a point cloud by maximizing the entropy of the gradient
flow in the sampled set. It builds upon the fact that hyperplane
surfaces (i.e., linear and planar surfaces) contain a high level of
redundancy propagated into the iterative estimation pipeline.
Instead of classifying points into surface types, we propose a
gradient flow heuristic (GFH) quantifying the potential of a
point to lie on a hyperplane surface based on its local point
distribution. The method is fast, uninformed, and deterministic
and does not need point-normals to be known, is independent
on the environment, is effectively parametrizable by a sin-
gle parameter only, and is integrable into most state-of-the-
art LiDAR-based odometries and SLAMs, both dense (using
entire point clouds) and feature-based.

III. PROBLEM DEFINITION

The underlying problem of a six DoF robot ego-motion
estimation from LiDAR data is scan matching. Scan match-
ing can be formulated as finding the parameters θ ∗ ∈ SE(3),
minimizing the squared sum of the residual functions r ∈ R3

over two point sets P = {p ∈ R3} and Q= {q ∈ R3}
argmin
θ∈SE(3)

gθ (P,Q) = argmin
θ∈SE(3)

∑
(p,q)∈CP

Q

ρ
(
||r(θ ,p,q)||22

)
, (1)

where CP
Q represents the set of correspondence pairs from P

to Q and ρ is a robust kernel with outlier rejection properties.
Formulated as a pose estimation task, θ = {t,R} consists of a
translation t∈R3 and a rotation R∈ SO(3) of the pose change
from P to Q. Note that, P and Q can be entire LiDAR scans
in dense or extracted features in feature-based formulations,
and that the most prevalent r functions in common iterative



3

Correspondence
search

Residual computation
& linearization

CPQ = {pi ,qi}

Residual
sampling

CPQ = {pi ,qi ,ri ,Ji}

Iterative
optimization

C̄PQ ⊆ CPQ
a)

P
Q

θ∗

θ0 θk Expensive iterative estimation pipeline with residual sampling

Point
sampling

Correspondence
search

P̄ ⊆P

Residual computation
& linearization

CP̄Q = {pi ,qi}

Iterative
optimization

CP̄Q = {pi ,qi ,ri ,Ji}
b)

P

Q
θ∗

θ0 θk Iterative estimation pipeline of reduced complexity

Fig. 2: Pipeline of an iterative pose estimation pipeline extended with (a) in-
the-loop residual sampling and (b) a single-shot input data sampling. (a) The
formulation (used in [2]–[4]) utilizes the full point cloud P and introduces a
significant overhead in each iteration. (b) The proposed architecture includes
a single-shot out-of-the-loop sampling, which lowers the overall complexity
by reducing the input size.

scan matchers are the point-to-point, point-to-plane, and point-
to-line metrics, which are for a pair (p,q) ∈ CP

Q given as

r• = θp−q, r� = (nᵀr•+d)n, r| = r•− ((r•)ᵀ v)v, (2)

where (n, d) is the parametrization of a plane that q lies on
(n is a unit surface normal), v is a unit direction of a line that
q lies on, and θp = Rp+ t.

In the related correspondence selection methods [2]–[4],
the selection is formulated as finding a minimum-information
correspondence subset that improves the performance of an
iterative matching process in degenerate scenarios. Commonly,
these works formulate the problem as a minimization task

minimize
θ∈SE(3)

∑
(p,q)∈C̄P

Q

ρ

(
||r(θ ,p,q)||22

)
, (3)

subject to C̄P
Q ⊆ CP

Q, C̄P
Q 6= /0, (4)

where C̄P
Q is a fixed-cardinality subset of correspondences

selected from CP
Q with respect to the log determinant [2] or

inverse trace [3] of the information matrix, and as a sum of
constraints per optimization direction in the objective func-
tion [4]. Finding point-map correspondences CP

Q and then
identifying the optimal subset C̄P

Q is expensive, especially
when repeatedly computed within iterative algorithms.

Proposed formulation decreases the problem dimensionality
by selecting points in the input scan P before the iterative
process of correspondence search, linearization, residual sam-
pling, and optimization. We formulate the pose estimation as

argmin
θ∈SE(3),
P̄⊆P

gθ (P̄,Q) = argmin
θ∈SE(3),
P̄⊆P

∑
(p,q)∈CP̄

Q

ρ

(
||rθ (p,q)||22

)
, (5)

where CP̄
Q is a set of correspondence pairs from P̄ to Q and

P̄ = argmin
Ω∈{Θ |Θ⊆P ,Θ6= /0}

|Ω|, (6)

subject to argmin
θ∈SE(3)

gθ (P,Q) = argmin
θ∈SE(3),P̄⊆P

gθ (P̄,Q). (7)

In other words, we formulate the problem as finding a
minimum-cardinality subset P̄ ⊆ P over which the minimiza-
tion problem converges to the same optimum as in the original
formulation. Differences in iterative pipelines using formula-
tions in Eq. (3) and Eq. (5) are shown in Fig. 2.

IV. INFORMATION REDUNDANCY MINIMIZATION

The problem formulated in Eq. (5)–(7) requires finding
a minimal-cardinality non-empty subset of points P̄ ⊆ P
over which the estimation converges to the optimum without
prior knowledge about the correspondences among point sets

P and Q. This makes the formulation NP-hard and non-causal
as the information about a point contribution to the optimiza-
tion is unknown without its target correspondence. When a
correspondence (pi,qi) is known, the related works [2]–[4]
define its contribution in relation to the eigenspace of the
information matrix iJᵀ

θ

iJθ , where

iJθ =

[
∂rθ (pi, qi)

∂ t
,

∂rθ (pi, qi)

∂R

]
(8)

is the Jacobian of the residual function rθ (e.g., r�
θ

from
Eq. (2) in [2]), or with relation to the approximate Hessian
of the opt. problem [1] given as (PJθ )

ᵀPJθ , where PJθ =

∑
|CP

Q|
i=1

iJθ . Although this makes the problem causal, finding
the optimal minimum-cardinality subset is still NP-hard; and
remains an open challenge.

To tackle this problem, we propose to approximate the so-
lution to the problem formulated in Eq. (5)–(7) by defining,
finding, and removing redundancy within a point set without
knowledge about the correspondences. When applied to a
typical iterative process of a robot’s ego-motion estimation,
the proposed solution inherently removes noise and lowers
the computational latency. When under real-time termination
criteria (e.g., number of iterations, rate of change), the lowered
cost improves the rate and accuracy of convergence.

A. Redundancy in a Point Set

Every perceived environment can be decomposed into a set
of S atomic surfaces S=

⋃
s∈〈1,S〉Ss of arbitrary complexities,

ranging from linear and planar to quadratic and other non-
linear areas. In this work, the environment is assumed to be
decomposable into linear and planar (hyperplane) surfaces. An
input point set P can then be understood as a discretization
of the observed hyperplane surfaces P =

⋃
s∈〈1,S〉Ps, where Ps

represents a set of points observed on the surface Ss.

Definition 1. A single-surface point set Ps contains informa-
tion redundancy if removing one or multiple points from the
set does not change its rate of information (average entropy)
regarding the optimization problem.

Remark 1. In the optimization task defined in Eq. (1)-(5), the
redundancy represents points that generate identical (parallel
and of the same magnitude) residuals, whose removal does not
alter the loss function, nor does it change the global optimum
of the objective function.

Without the loss of generality, the robust kernel in Eq. (1)-
(5) can be omitted for now, and a set-residual function (the
objective function) can be defined as the sum of the point
residuals

rθ (P) = ∑
(p,q)∈CP

Q

||rθ (p,q)||22 (9)

to be minimized. Given the set of atomic surfaces S and
their corresponding point sets Ps, Eq. (9) can be equivalently
defined as a sum of surface-subset residuals

rθ (S) = ∑
Ps∈S

∑
(p,q)∈CPs

Q

||rθ (p,q)||22. (10)
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Definition 2. Without altering the translational optimum, the
objective function can be defined as a sum of set-residual rates

r̄θ (S) = ∑
Ps∈S

rθ (Ps) = ∑
Ps∈S

1∣∣∣CPs
Q

∣∣∣ ∑
(p,q)∈CPs

Q

||rθ (p,q)||22. (11)

Proof. The Jacobian of the obj. function defined in Eq. (9) is

PJθ =
∂

(
∑(p,q)∈CP

Q
||rθ (p,q)||22

)
∂θ

= ∑
(p,q)∈CP

Q

∂ ||rθ (p,q)||22
∂θ

= 2 ∑
(p,q)∈CP

Q

rθ (p,q) (12)

and the Jacobian of Eq. (10) is given as

SJθ =
∂

(
∑Ps∈S ∑(p,q)∈CPs

Q
||rθ (p,q)||22

)
∂θ

= ∑
Ps∈S
|Ps|

∂ || srθ (p,q)||22
∂θ

= 2 ∑
Ps∈S
|Ps| srθ (p,q), (13)

where srθ is a common residual for the redundant surface s.
As each hyperplane surface s contains |Ps| identical residuals
(see Def. 3), the simplification ∑(p,q)∈CPs

Q
||rθ (p,q)||22 = |Ps| ·

|| srθ ||22 makes the Jacobians in Eq. (12) and Eq. (13) identical,
assuming perfect point-to-surface associations. The Jacobian
of Eq. (11) is derived similarly as in Eq. (12) and (13) as

SJ̄θ =
∂
(
∑Ps∈S r̄θ (Ps)

)
∂θ

= ∑
Ps∈S

1
|Ps|

∂

(
∑(p,q)∈CPs

Q
||rθ (p,q)||22

)
∂θ

= ∑
Ps∈S

1
|Ps|

∂
(
|Ps| · || srθ ||22

)
∂θ

= 2 ∑
Ps∈S

srθ . (14)

The Hessian matrices of all three formulations are given as

PHθ = 2
|P |

∑
i=1

iJθ ,
SHθ = 2

|Ps|

∑
s=1
|Ps| sJθ ,

SH̄θ = 2
|Ps|

∑
s=1

sJθ , (15)

where sJθ is the Jacobian of srθ , as per Eq. (16)–(18) below.
The Jacobians of the residual functions (defined in Eq. (2))

are given analytically according to Eq. (8) as
iJ•θ = [I, −R[pi]×] , (16)
iJ�θ =

[
nᵀi ni, −nᵀi niR[pi]×

]
, (17)

iJ|
θ
=
[
I−viv

ᵀ
i , −

(
I−viv

ᵀ
i
)

R[pi]×
]
, (18)

given that I ∈ R3×3 and ∂

∂R (Rpi) = −R[pi]×, where [pi]× ∈
R3×3 is the skew-symmetric matrix of pi. It is clear that in
the translational space (the ∂/∂ t part of the Jacobians), the
change in residuals is, for the most common metrics, either
constant or a function of the surface parameters. Since the
translational change depends only on the surface s, selecting a
single residual rs per surface preserves the basis of the trans-
lational eigenspace of both the Jacobian and Hessian matrices.
Thus, the global optimum in the translational space of the
objective function remains unchanged. �

Remark 2. Although this reformulation does not alter the
translational optimum, it reshapes the respective part of the ob-
jective func. gθ to ḡθ without changing its monotonic intervals

∀x,y ∈ RD, gθ (x)�gθ (y)⇒ ḡθ (x)� ḡθ (y), (19)

where � is any linear inequality operator and D is the problem
dimensionality.

Remark 3. When constrained to an ego-motion estimation
task, we can assume the rotation changes to be small. Under
this assumption, the first-order linearization of R is given as
R ≈ I+ [b]×, where b = [α,β ,γ]ᵀ is vector of the three ro-
tational DoFs. Then, the rotational space in Eq. (16)–(18) re-
duces to a function of surface parameters and [pi]×, which de-
notes that sensitivity to rotations increases with point distance.
This means that two points are also redundant in the rotational
space if they belong to the same surface and have equal [pi]×.

Definition 3. Assuming zero noise, every hyperplane surface
Ss generates |Ps|−1 redundant residuals.

Proof. Given the hyperplane surfaces and their point-set obser-
vations Ps, the set-residual rate r̄θ (Ps) = r̄θ (Π) applies for all
Π∈ {π |π ⊂Ps,π 6= /0}. Eq. (14) then shows that reducing the
cardinality of Ps from |Ps| to 1 preserves the translational opti-
mum, which implies that |Ps|−1 residuals are redundant. �

Fig. 3 shows an idealized case demonstrating redundancy
in surface-point sets, as defined in Def. 2 and 3.

Definition 4. Assuming the presence of noise, Def. 2 and
3 can be generalized to find the min-cardinality non-empty
subset P̂s ⊆Ps whose set-residual rate matches the one of its
superset

P̂s = argmin
Ω∈{Θ |Θ⊆Ps,Θ6= /0}

|Ω| (20)

subject to r̄θ (Ω) = r̄θ (Ps) , (21)

for each set of surface points Ps. Given this formulation, each
surface contains |Ps \ P̂s| redundant residuals. Substituting
Eq. (20) into Eq. (11) yields the obj. function in the form of

rθ (S) = ∑
Ps∈S

rθ (P̂s). (22)

Remark 4. The reformulation is feasible since the Def. 2 main-
tains the convergence properties exploitable by the nonlinear
solvers. The optimum consistency further satisfies Eq. (7).

In practice, the data are usually unstructured and are sub-
jected to noise, making it expensive to segment the input
point set P into a set of surfaces, even trivially. Instead of
finding and segmenting the underlying surfaces (as defined in
Def. 3 and 4), we propose in Sec. IV-B a heuristic for the
direct quantification of the redundancy without point-surface
associations. In Sec. IV-C, we then propose a redundancy-
minimizing algorithm robust towards noise, independent of
correspondence matching, and invariant to small rotations.

B. Quantifying the Redundancy

As discussed at the beginning of Sec. IV, our objective
is to find redundancy within a point set P without knowing
the correspondences CP

Q beforehand. We tackle this by intro-
ducing a gradient flow heuristic quantifying the uniqueness
of a point by local flow of a geometric gradient. The GFH
maximizes the potential of points in bringing unique informa-
tion to the optimization once their correspondences are found.
Instead of expensive segmentation of the set P into surface
observations Ps (as formulated in Def. 3 and 4), the GFH
quantifies whether a point is locally a part of any hyperplane.
Since generating multiple residuals on a single hyperplane is a
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Fig. 3: Simplistic case of point redundancy (Def. 2 and 3) for a robot
translating from the position tk−1 ( points) to tk ( points). (a) The point-
to-point metric generates identical residuals, which makes the residual rate
constant for any positive number of residuals used, e.g., a single residual
generates r̄(P) = ∗r•. (b) The point-to-hyperplane metrics generate identical
residuals per surface (in this example, the surfaces comprise three planes
and a single line). The minimized objective function remains constant if any
positive number of points is sampled per each surface. In this case, using the
minimum amount of samples yields the residual rate r̄(P) =

∗
r|1 +∑

3
i=1
∗r�i .

This example assumes perfect correspondences, which is unrealistic under
noise and rotation. The point sampling method proposed in Sec. IV-B is
designed to be robust to cases where this assumption is not met.

a)

p j1
j2

∆p = 1
2
(
j1 + j2 −2p

)

ji

∆p = 1
6 ∑

6
i=1

(
ji −p

)
= 0

b) P̂ =
{

p |∆p > 0,p ∈Pν

} c) P̂ =
{

p |∆p > ε∆ ,p ∈Pν

}

Fig. 4: Proposed gradient flow heuristic for quantifying redundancy in a point
set. (a) GFH is computed for each point in a voxelized point set Pν . (b) Points
on the perceived borders have generally non-zero ∆p, whereas (c) corner
points yield the maximum ∆p (herein thresholded by an abstract value ε∆).
Keeping the max-∆p subset (c) ensures that all directions remain constrained,
as shown by the black axes representing which translational directions the
points constraint.

source of the redundancy (as defined in Def. 1–4), this opens
a way to the redundancy minimization discussed in Sec. IV-C.

The GFH emerges from Def. 2 and 3, which define that
identical (in orientation and magnitude) residuals are redun-
dant in structuring the objective function and that on a single
hyperplane, the residuals are identical inherently. To quantify
the uniqueness of points (and thus, the potential of future
residuals), the GFH finds the neighbors of each point p ∈ P
within a spherical neighborhood with radius λp (m)

Np = {j | ||j−p||2 < λp, j 6= p, j ∈ P}, (23)

and defines the gradient flow (in meters) as

∆p =
1
|Np| ∑

j∈Np

j−p. (24)

As demonstrated in Fig. 4, the GFH scores high for points
lying on the borders of a surface and low for points lying
inside the borders (inliers). Maximizing GFH thus leads to pri-
oritizing the borders of surfaces rather than the surface inliers,
which is important for two reasons. First, the borders in P have
the largest potential for correct correspondence matching with
the borders of the corresponding physical surface. Second, the
inliers can generate erroneous local minima and resist sliding
along the directions of a hyperplane when using the point-
to-point metric. As discussed in [25], the point-to-hyperplane
metrics do not suffer from this deficiency, but it is still valuable
to remove the redundancy to increase efficiency.

Every point-set matching algorithm more or less voxelizes
the input set by a constant voxel size factor ν in order to reduce
the cardinality of the input point set to Pν ⊂P . We exploit this

by setting λp = 2ν for unstructured point sets. In structured
point sets coming from a rotating 3D LiDAR (e.g., Ouster), the
neighborhood radius instead respects the projective properties
of these sensors as

λp = 2max
[

ν , ||p||2 max
(

sin
2π

C
, sin

θv

R−1

)]
, (25)

where θv is vertical and 2π is a horizontal field of view of
the sensor, which data are generated in a matrix form with R
rows and C columns.

The neighborhood search of Eq (23) is the only expensive
part of the proposed methodology. We construct a KD-tree
from the voxelized point set Pν to lower the cost. Using
Pν lowers the construction cost of the KD-tree and reduces
the number of KD-tree queries to |Pν |. With construction
complexity O (n logn) and worst-case complexity of n-query
radius search being O

(
n2 logn

)
(where n is |P| in the full and

|Pν | in the voxelized case), the overall complexity is reduced
since |Pν | < |P|. We show in Sec. V that the overhead for
computing the GFH for all the points lowers the complexity
of the ego-motion estimation and accelerates the full pipeline.

C. Removing the Redundancy

Although a redundancy might be beneficial for reducing the
effects of noise and outliers, it makes the iterative process
of correspondence finding, residual generation, linearization,
and optimization more expensive. Under the presence of ter-
mination criteria, the process may be undesirably hindered by
accurate in-time convergence.

To find a solution to the NP-hard problem formulated in
Eq. (20)-(22), we could propose to solve an optimization task

P̂ = argmin
Ω∈{Θ |Θ⊆Pν ,Θ 6= /0}

Γ∆(Ω), subject to |Ω|= NΩ, (26)

minimizing redundancy Γ∆ in the gradient flow of the subset
Ω under a constraint on fixed cardinality of the output set
NΩ ∈ (1, |Pν |〉. Although the concept of a fixed-cardinality
constraint is common within the related works [2], [3], the
notion of redundancy allows for a more rigorous formulation.
Since minimizing redundancy in data can be understood as
maximizing the data entropy, we instead define a dual task

P̂ = argmax
Ω∈{Θ |Θ⊆Pν ,Θ6= /0}

H∆(Ω), subject to H̄∆(Ω)≤ λH̄ , (27)

maximizing the entropy of information H∆ in the gradient
flow of the subset Ω under the termination criteria on the
relative information rate H̄∆ (defined in Eq. (30)), given a max-
imum relative entropy rate λH̄ (%). The termination criteria in
Eq. (27) replaces the constraint on a fixed cardinality, which
allows the selection to emergently adapt to the distribution
of the points, making this method invariant to the type of
environment. By thresholding the relative information rate via
λH̄ , a certain level of redundancy is introduced into the system,
possibly increasing robustness towards noise and outliers.

Let an entropy rate be an average entropy per point in set Ω

µ̄∆(Ω) =
1
|Ω|

H∆(Ω), (28)

where the entropy of the set is given as

H∆(Ω) =− ∑
p∈Ω

p(∆p) log p(∆p), (29)
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and p represents the probability of observing the GFH value
∆p. The relative entropy rate (conditioned in Eq. (27)) is
defined as the normalized entropy rate

H̄∆(Ω) =
1

µ̄∗
∆
(Ω)

µ̄∆(Ω), (30)

where
µ̄
∗
∆(Ω) = max

Ψ∈{Θ |Θ⊆Ω,Θ 6= /0}
µ̄∆(Ψ) (31)

represents the maximum entropy rate of all non-empty subsets
Ψ ⊆ Ω. Note that the entropy rate is an inverse function to
redundancy within the data, which allows us to formulate the
dual task in Eq. (27).

The probability function p is a function of the data Pν ,
which are a function of the environment. To maintain invari-
ance to the environment, p can not be modeled with a probabil-
ity density function. Instead, we propose to use a frequentist’s
approach to approximate the probability function p. First, the
GFH of each point in Pν is converted to its normalized norm

∆̄Pν
=

{
||∆p||2

max ||∆Pν
||2

∣∣∣∣p ∈ Pν

}
, (32)

where max ||Pν ||2 represents the maximum ||∆p||2 of any point
p ∈ Pν . Second, a histogram H∆ with K bins bounded in
interval 〈0,1〉 is created out of the normalized GFH norms
∆̄Pν

, where each bin k ∈ 〈1,K〉 holds a point set kH∆. The
probability of a bin k is then approximated by pk =

| kH∆|
|Pν | .

In Alg. 1, we propose a point sampling routine following
formulation in Eq. (27). Given the fact that the uniform dis-
tribution function yields a maximum entropy, Alg. 1 maxi-
mizes uniformity in the GFH by normalizing GFH values in
histogram H∆. The routine constructs an empty histogram Ĥ∆

and iteratively moves points from H∆ to Ĥ∆. This is done by
per-row sampling from H∆ via cyclic iterative selection, going
from greater to lower bins and moving a single point in each
of the bins k (if there is any) to the corresponding bin k in Ĥ∆.
The primary and secondary keys of sampling from a bin k are

pk = argmax
p∈kH∆

∆p, pk = argmax
p∈kH∆

||p||2. (33)

RMS does not balance rotation-space observability but exploits
the fact that the rotational rate of residuals is a function of
||p||2, as defined in Rem. 3. This is done via the secondary key
in Eq. (33), which values points by their potential for being
part of a large-magnitude residual in the later correspondence-
matching part of the estimation. Note that when the assump-
tion of small rotations in Rem. 3 is not met, the invariance to
rotations no more applies, leading to suboptimal sampling.

The iterative sampling process is terminated once the ter-
mination criteria in Eq. (27) is satisfied and i≥ K. Since the
entropy reaches its maximum at K steps, the maximum entropy
rate µ̄∗

∆
is guaranteed to be found at K steps at maximum. The

i≥ K condition thus allows redefining Eq. (31) as

µ̄
∗
∆(Pν) = max

i={1,...,K}

(
µ̄∆

(
iP̂
))

, (34)

where
iP̂ is the sampled point-set at iteration i. After terminat-

ing the routine at iteration i ≥ K, the sampled points P̂ =
iP̂

equal to all the points sampled up to iteration i.
This entropy-maximizing approach normalizes the spectrum

of ∆, and thus introduces a certain level of redundancy defined

in Sec. IV-A (by including points with low ∆). A certain
level of redundancy helps in maintaining the original spatial
distribution of the points (similar to voxelization), which is
beneficial in reducing the effects of noise and outliers. It has
been verified experimentally that the entropy maximization of
GFH is more resilient than maximizing the cumulative sum
of GFH, which tends to under-constrain the problem and is
sensitive to noise and outliers.

Algorithm 1 Information-maximizing point selection
1: Input:
2: P = {p} , p ∈ R3 . input point set
3: ν ∈ R+ . voxel size in meters
4: K ∈ Z+ . number of histogram bins
5: λH̄ ∈ 〈0,1〉 . entropy-rate termination criteria (Eq. (27))
6: C,R ∈ Z+ . number of columns and rows (if P in matrix form)
7: θv ∈ R+ . vertical field of view of the sensor (if P in matrix form)
8: Output:
9: P̂ ⊆P . point subset maximizing GFH entropy, Eq. (27)

10: Begin:
11: Pν = voxelize(P ,ν)
12: Kν = KDTree(Pν ) . construct KD-tree for efficient NN search
13: ∆Pν

= GFH(Pν ,Kν ,C,R,θν ) . Eq. (23)-(25)
14: ∆̄Pν

= normalizeGFH(∆Pν
) . Eq. (32)

15: I Construct a histogram of GFH values
16: H∆ = histogram

(
∆̄Pν

,K
)

. discretize ∆̄Pν
into K fixed-sized bins

17: Ĥ∆ = histogram( /0,K) . empty histogram of K fixed-sized bins
18: I Compute maximum entropy rate µ̄∗

∆

19: µ̄∗
∆
= 0

20: for each k ∈ 〈1,K〉 do . iterate each bin exactly once
21: kH∆ = sort

(kH∆

)
. sort bin k in desc. order by Eq. (33)

22: kĤ∆ =
kĤ∆ ∪

{kH∆.pop()
}

. move highest-value point between bins k
23: µ̄∗

∆
= max

{
µ̄∗

∆
, µ̄∆

(
Ĥ∆

)}
. Eq. (34)

24: I Entropy-maximizing selection
25: k = K . current bin-lookup index
26: while |H∆|> 0 and µ̄∆

(
Ĥ∆

)
/µ̄∗

∆
> λH̄ do . terminating via Eq. (27) and (30)

27: kĤ∆ =
kĤ∆ ∪

{kH∆.pop()
}

. move first point in bin k
28: k = k−1 if k > 1 else K . cyclic right-left iteration
29: P̂ =

⋃
k∈〈1,K〉

kĤ∆ . extract all selected points

V. EXPERIMENTAL ANALYSES

Let us compare the proposed approach with three state-of-
the-art point cloud sampling methods:
• V•: uniform sampling1 with voxel size ν = • cm,
• NS•: normal-space voxelization [11] with angular reso-

lution π = • ◦ in both azimuth and elevation, and
• CovS•: covariance-based sampling2 [12] with sampled-

to-all point ratio of ρ = •%.
All the state-of-the-art methods and the proposed approach

were integrated into two state-of-the-art odometry (no loop
closures) pipelines: KISS-ICP [7] and LOAM [8]. KISS-ICP
is a state-of-the-art implementation of the ICP algorithm, a
typical case of a dense method utilizing the point-to-point
metric. LOAM is a feature-based odometry method extracting
plane and line features. LOAM represents a basis for the
majority of the feature-based state-of-the-art methods. Since
the proposed sampling method is algorithm-independent, it has
the potential for positively improving all the other LiDAR-
based odometry and SLAM methods building upon ICP and
LOAM algorithms. To remain close to the core principles and
to reduce the effects of any additional concepts, these two
representative odometry pipelines have been chosen for their
minimalism on purpose.

1Open-source implementation taken from KISS-ICP [7].
2Open-source implementation taken from PointMatcher [26].
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To ensure a fair comparison, the best parametrizations bal-
ancing convergence and real-time processing were fine-tuned
manually for all methods, both odometry pipelines, and all
datasets. These parametrizations are given in Tab. IV. All the
experiments were performed on AMD Ryzen 7 PRO 4750U
(comparable performance verified on Intel® Core i7-10710U).

A. Datasets

The datasets used in evaluation are summarized in Tab. I.
Their selection includes custom data from UAVs (D1-D3) cov-
ering full six-DoF movements in different degraded contexts,
and KITTI (D4) and Hilti-Oxford (D5) as two of the most
prevalent datasets used in evaluating LiDAR-based methods
in the related literature. Only 3D LiDAR data are used.

TABLE I: Table of used datasets.

ID Dataset Work Platform Real world Point count

D1 X-ICP [4] Drone 7 64×1024 @ 10 Hz
D2 Dronument [6]3 Drone X 16×1024 @ 10 Hz
D3 DARPA SubT [27]3 Drone X 64×512 @ 10 Hz
D4 KITTI [5] Car X 16×1024 @ 10 Hz
D5 Hilti-Oxford [28] Handheld X 32×2000 @ 10 Hz

B. Parametrization of RMS

It has been validated empirically that out of the three sensor-
agnostic parameters in Alg. 1, K and ν have limited effect
on the performance. Thus, K = 10 remains fixed in all the
presented experiments and ν is selected such that uniform
sampling V• is the most accurate and computes in real time
in the given dataset. Tab. II presents an ablation study on the
maximum relative entropy rate λH̄ . The table demonstrates that
the algorithm is stable once λH̄ lies in a reasonable interval,
here 0.2-0.7 %. Based on Tab. II, we use λH̄ = 0.4% in all
our KISS-ICP [7] experiments as a balance between runtime,
accuracy, and stability. Since the stable interval is pipeline-
dependent, similar grid-search has been done to find optimal
λH̄ for the feature-based LOAM [8] estimation pipeline used in
Sec. V-D. In LOAM, one instance of Alg. 1 runs independently
for each of the feature types, with λH̄ being fixed to λH̄ = 0.8%
for plane and λH̄ = 15% for line features.

TABLE II: Influence of the maximum relative entropy rate λH̄ on performance
of the proposed method in experiment presented in Fig. 5.

λH̄(%) 0.1 0.2 0.3 0.4 0.5 0.7 1.0

RMSE (m) 0.31 0.22 0.25 0.24 0.27 0.29 0.43
avg. time (ms) 42 37 32 29 27 24 23
compr. rate (%) 95.3 97.0 97.8 98.2 98.5 98.9 99.2

C. Convergence Analysis

Fig. 5 demonstrates an experiment designed to compare
performance of the four sampling techniques (all fine-tuned
to the environment). In the experiment, a UAV performs a
loop inside a challenging simulation world (D1) designed to
contain various geometrical degeneracies (translational along
narrow corridors and rotational within a circular room). The
experiment shows that the proposed method outperforms the
baseline methods in terms of speed, accuracy, and robustness
(even to geometrical degeneracies), all while sampling the
least amount of points. The data show superior timing and

3Dataset available at github.com/ctu-mrs/slam_datasets.

UAV (15:1)

start & goal
50 m

F

A
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C
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E

G

(a) UAV trajectory in a virtual world (inspired
by [4]) containing geom. degeneracies (A-G).
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(c) APE, compression rate, total runtime, and eigenvalue of the opt. problem (corre-
sponding to body-frame z-axis rotation) per point sampled at the input (higher is better).

Fig. 5: Output of KISS-ICP [7] 6-DoF odometry when preceded by different
point cloud sampling methods. Parametrization: best performing for each
method, robot: multirotor UAV, sensor range: 30 m, sensor noise: none. (a)
Shows areas of translational (A, C, F) and body-frame z-axis rotational (B,
D, E, G) degeneracy. At D and G, the degeneracy arises (see low values of
the Rz eigenvalue) from large UAV tilt, which orients the LiDAR such that
its data are degenerate around the z-axis. At G, a "loop closing" emerges
naturally (see APE). (b) Due to the high compression rate and by balancing
the translational space, RMS samples points such that they yield the fastest
optimization convergence. (c) RMS yields the lowest drift, removes the largest
amount of points, produces stable and lowest runtime, and preserves the
highest information rate for optimization (only Rz shown).
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relative rate H̄∆
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90

100 K
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(
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)

Fig. 6: Rel. entropy, rel. entropy rate, and rel. redundancy of GFH at time
60 s of experiment in Fig. 5. V40+RMS sampled about 2% of points out of
65k total. Dashed lines represent the non-sampled points.

compression consistency of the proposed method, with both
reaching almost constant values with a limited number of out-
liers. This is a particularly important attribute for deployment
of small and agile resource-constrained robots with real-time
constraints, such as UAVs. Fig. 5c shows that information rate
(measured as eigenvalue per point sampled on input) extracted
in the optimization from the problem Hessian is highest in
RMS (only z-axis rotational eigenvalue Rz is shown). Addi-
tionally, Fig. 6 showcases a single-frame sampling of Alg. 1.

D. Quantitative analysis

Tab. III presents a quantitative analysis comparing the ef-
fects of the sampling methods on the two odometry pipelines.
Together with Tab. IV, the two tables show that the fixed
parametrization adapts well to various different sensors, envi-
ronments, and conditions. This is a significant practical advan-
tage, which improves the method’s applicability by reducing
the need for tuning the proposed method to every domain. The
data show superior performance of the proposed method in
• improving performance in well-conditioned settings,
• reducing odometry drift in degenerated conditions,
• sampling the least amount of points in general, and
• computing the fastest while being the most accurate.
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TABLE III: Quantitative performance of KISS-ICP and LOAM pose estima-
tion pipelines when preceded by four different 3D LiDAR point cloud sam-
pling techniques: uniform sampling V•, normal-space sampling V•+NS• [11],
covariance sampling V•+CovS• [12], and redundancy-minimizing sampling
V•+RMS (proposed). Metrics: APE |δ | (m), RPE ∆δ (m), total runtime
τ (ms), and compression rate χ (%). The best results are in bold. Trajectories
of experiments D2 and D4: KITTI #00 are shown in Fig. 1.

D
at

as
et

M
et

ri
c KISS-ICP LOAM

V• V40+
NS•

V40+
CovS•

V40+
RMS

V• V•+
NS•

V•+
CovS•

V•+
RMS

D
2:

St
ar

á
Vo

da
#0

0 |δ |rmse

failed in estimating
vertical motion

0.85 0.31 0.19 0.12
|δ |mean 0.39 0.18 0.15 0.09
|δ |max 2.56 0.91 0.45 0.39
∆δrmse 0.06 0.02 0.01 0.02
∆δmean 0.01 0.01 0.01 0.01
∆δmax 1.57 0.39 0.12 0.18
τmean 69.0 61.4 37.9 31.0
τmax 109.6 138.8 74.3 69.7
χmean 74.8 82.0 90.9 95.7

D
3:

ur
ba

n
co

rr
id

or

|δ |rmse 0.59 0.63 0.67 0.42 1.20 2.01 0.75 1.20
|δ |mean 0.50 0.52 0.63 0.38 1.14 1.78 0.69 1.16
|δ |max 1.24 1.34 1.11 0.86 1.84 4.00 1.41 1.78
∆δrmse 0.04 0.04 0.04 0.04 0.03 0.04 0.03 0.03
∆δmean 0.03 0.03 0.04 0.03 0.02 0.03 0.03 0.02
∆δmax 0.23 0.29 0.24 0.23 0.12 0.18 0.17 0.12
τmean 13.5 18.1 24.1 16.7 13.0 15.1 11.0 13.0
τmax 61.3 56.8 77.9 55.7 36.3 32.7 24.9 28.6
χmean 95.8 96.2 93.4 95.9 94.8 99.0 99.1 98.5

D
4:

K
IT

T
I

#0
0

|δ |rmse 248.60 14.31 56.01 8.35 20.72 25.11 12.28 12.76
|δ |mean 205.97 11.27 45.29 7.48 16.34 21.05 9.50 9.78
|δ |max 458.96 32.59 116.34 16.20 49.87 51.82 29.96 29.45
∆δrmse 1.41 1.27 1.27 1.27 1.27 1.27 1.27 1.27
∆δmean 1.26 1.17 1.17 1.17 1.17 1.17 1.17 1.17
∆δmax 14.86 14.71 14.64 14.67 14.79 14.72 14.70 14.69
τmean 43.3 57.1 34.2 35.7 83.0 76.3 74.9 66.9
τmax 769.1 270.8 88.4 87.7 180.8 196.9 168.1 159.6
χmean 96.6 97.2 99.2 99.3 89.4 99.2 99.1 99.4

D
4:

K
IT

T
I

#0
9

|δ |rmse 481.02 17.48 25.66 15.76 16.08 21.15 12.64 10.77
|δ |mean 418.98 13.89 19.31 13.12 11.94 15.72 9.18 8.07
|δ |max 772.04 46.24 68.67 32.61 38.86 50.01 31.49 25.59
∆δrmse 2.19 1.65 1.75 1.58 1.58 1.58 1.58 1.58
∆δmean 1.71 1.57 1.62 1.52 1.52 1.52 1.52 1.52
∆δmax 25.22 4.28 7.72 3.58 3.60 3.60 3.62 3.65
τmean 71.3 67.0 59.8 42.8 70.2 59.1 59.33 50.8
τmax 1748.3 811.3 700.5 118.0 143.4 119.2 127.3 92.7
χmean 95.9 96.4 97.1 98.8 87.1 99.0 98.5 99.4

D
5:

H
ilt

i-O
xf

or
d

#0
4 |δ |rmse

failed in estimating
quick rotational motions

0.34 0.63 0.29 0.23
|δ |mean 0.30 0.59 0.26 0.21
|δ |max 0.74 1.08 0.67 0.58
∆δrmse 0.14 0.14 0.14 0.14
∆δmean 0.10 0.10 0.10 0.10
∆δmax 0.56 0.61 0.54 0.51
τmean 67.9 55.7 54.1 42.8
τmax 138.5 133.9 120.0 77.1
χmean 90.5 95.4 95.3 97.7

D
5:

H
ilt

i-O
xf

or
d

#1
4 |δ |rmse

failed in estimating
quick rotational motions

2.22 2.85 0.84 0.76
|δ |mean 1.86 2.35 0.62 0.62
|δ |max 3.69 4.82 2.06 1.64
∆δrmse 0.16 0.16 0.16 0.16
∆δmean 0.09 0.09 0.09 0.09
∆δmax 1.91 1.91 1.91 1.91
τmean 20.7 18.2 17.3 17.2
τmax 45.1 47.6 40.4 30.3
χmean 97.9 98.7 98.7 98.8

The reported timings are for the entire pipeline, including point
or feature sampling, and the optimization. The accuracy gains
are associated with lower comp. time enabling use of all data
in real-time as well as with high noise and outlier removal.
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