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Abstract— Optimizing a robot’s posture can be advantageous
for managing interaction forces with the environment. By
optimizing the Reflected Mass (RM) along entire trajectories,
the robot’s posture can be adjusted to minimize impact forces
for safety or maximize them for tasks that require high
force, such as pushing or striking. However, the integration
of RM optimization within motion planning remains under-
explored. To address this, we introduce two new approaches for
optimizing RM in motion planning: a probabilistic generative
model based on diffusion techniques and a sampling-based
method using Rapidly-Exploring Random Trees Star (RRT#*).
Both methods optimize the RM within the motion planning
framework, enabling new strategies for enhancing robot in-
teractions in diverse and dynamic environments. Experimental
validation in simulation and on a URS robot demonstrates the
effectiveness of these approaches in controlling RM, offering
promising directions for future research and applications.

I. INTRODUCTION

As robots are increasingly deployed in scenarios involving
close human proximity, their interaction with the environ-
ment becomes more complex. Careful motion planning is
crucial in domains like healthcare and service robotics to
prevent injuries and maintain trust [1]. In these scenarios,
optimizing the robot’s posture to minimize the impact forces
resulting from a potential collision can reduce the risk of
injury [2]. Conversely, in applications where robots need
to exert significant impact forces, such as pushing heavy
objects or delivering controlled impacts, optimizing posture
to maximize force output is essential for effective task exe-
cution [3]. This need to balance minimizing and maximizing
impact forces highlights the importance of strategies that can
dynamically regulate a robot’s posture based on the specific
requirements of the task and environment.

One key factor influencing a robot’s posture during in-
teractions is Reflected Mass (RM), which represents the
effective mass perceived at the end-effector (EE) in specific
directions during impact [4]. By adjusting the robot’s posture
to manage RM along a trajectory, it is possible to either
minimize impact forces for safer interactions or maximize
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Fig. 1. Optimizing reflected mass along the x-axis while
reaching for a bottle on the table.

them for tasks that require high impact, such as pushing or
striking.

Previous research has investigated the role of RM and the
robot’s velocity during a collision to determine the maximum
safe velocity a robot can move without causing injury to a
human [2], [5]. These methods often do not address the
entire trajectory of motion. Control-based approaches are
typically reactive, optimizing the robot’s dynamics only in
response to immediate inputs or disturbances.

In contrast, optimizing RM throughout the entire trajectory
in motion planning results in EE movements better suited to
ensure safety and performance from the start. This is particu-
larly beneficial in dynamic environments where impact forces
must be optimized despite the external object velocities not
being controllable, and pre-planned postures are essential for
the task.

Contribution: Our work aims to fill a significant gap in the
field of robotics by introducing two effective approaches for
RM optimization within motion planning. These include a
probabilistic generative model based on diffusion techniques
and a sampling-based method utilizing Rapidly-Exploring
Random Trees Star (RRT*). We validate these approaches
experimentally in a simulation study and on a real URS
industrial robot arm, demonstrating their effectiveness in
optimizing RM throughout whole trajectories.

The rest of the paper is organized as follows: Section
2 reviews related work in RM for control and motion
planning. Section 3 introduces the theoretical foundations of



the algorithms. Section 4 presents the problem formulation.
Section 5 includes the experimental validation and discusses
the results. Section 6, concludes the paper.

II. RELATED WORK
A. RM in control

Research in control-based approaches has used RM in re-
dundant robots to optimize task performance while remaining
safe. Haddadin et al. [2] devised a safety framework that
supervises the RM perpendicular to the impactor surface’s
points of interest at each time step. It then scales the velocity
down, if necessary, to be within human safe limits. However,
the approach does not guarantee an optimized posture over
the whole movement. In [5], an algorithm was introduced
that employs nullspace motion for posture optimization in
redundant robots. This method exploits the robot’s additional
degrees of freedom to change the robot’s configuration to
reduce the RM measure at each control step. However,
this approach requires knowing the local minimum of the
optimized posture at a certain Cartesian pose. In addition,
they optimize the posture on each trajectory segment locally
so that the whole trajectory is not jointly optimized. Recently,
Khurana et al. [6] developed a motion planner that frames the
robot task as a dynamical system. It then utilizes an inverse
kinematics (IK) controller and additional optimization-based
controllers to regulate the RM for object pushing or hitting.

The methods above adapt RM online for redundant robots
without considering optimizing it across the entire trajectory
during the planning phase.

B. RM in motion planning

Robot motion planning problems traditionally focus on
generating collision-free trajectories while often optimizing
for primary objectives such as shortest path or smoothness.
Integrating RM into motion planning has been explored in
limited capacity. A method for incorporating RM into motion
planning was introduced in [7]. In this approach, RM is
utilized to guide a graph search algorithm in finding a safe
time-optimal trajectory in the discretized robot’s workspace.
However, the primary focus is on maximizing the robot’s
velocity, rather than optimizing RM across the entire path.

III. PRELIMINARIES

This section provides a brief overview of the Rapidly-
Exploring Random Trees Star (RRT*) algorithm, diffusion
models (DM), and the definition of RM in robotic systems.

A. RRT*

Rapidly-exploring Random Trees (RRT) [8] are a popular
algorithm class for path planning. The original RRT algo-
rithm does not guarantee convergence to optimal paths. RRT*
[9] enhances the RRT algorithm by incorporating a rewiring
step that continually improves the tree structure, leading to
an asymptotically optimal solution. This improvement allows
RRT* to find paths that are not only feasible but also optimal
in terms of a given cost function, making it a powerful tool
for complex path planning problems.

B. Diffusion Models

Diffusion models are state-of-the-art generative models
known for their ability to fit complex, multimodal distribu-
tions with robust sampling performance [10]. In this work,
we utilize diffusion models to fit a complex distribution of
robot trajectories within its workspace.

Let a T denote a random variable for a sequence of robot
joint states (6;)L, over a horizon H. Let D := {7()}2; be
a dataset of trajectories from an unknown distribution, such
that 7(*) ~ q(7). Diffusion models can approximate q(7)
by learning a parameterized model p,(7) through a Markov
chain of T' diffusion steps. To sample from p,(7), diffusion
models employ a reversed Markov chain of denoising steps.

1) Forward diffusion process: A sample TO(Z) ~ q(T) is
perturbed by Gaussian noise €; at each step ¢, transforming
the sample into a multivariate standard Gaussian distribution
after T diffusion steps, T}z) ~ N(O|I). This is called the
forward diffusion process, 7" <& 7" €2 7(0) €T, 20
We employ a Markov diffusion kernel' defined as

q(me|mi—1) = N (7|1 = i1, BiD), (D

where the parameter [; is the diffusion rate chosen by
a variance scheduler [11]. In this work we use a cosine
schedule. The noisy samples obtained are then used to train
a neural network model to predict the noise added to the data
point at each time step.

2) Reverse denoising process: The goal is to reconstruct
the original information by denoising a Gaussian sample
7r ~ N(0,I). When (3, is sufficiently small, the functional
form of the Markov diffusion kernel is preserved; that is,
each transition can be approximated as some data point
centered at p, slightly perturbed by small noise [10]. This
allows to define the reverse Markov transition kernel also as
Gaussian. Thus, the entire reverse denoising process can be
computed utilizing a parameterized model p,(7;_1|7:) as the
reverse Markov transition kernel such that

Po(Ti—1|Te) = N(Ti—1|po(Te, 1), Bo (e, 1), (2)
where the mean function pe(7¢,t) can be written with
respect to the current diffusion step and a predicted noise

69(Tt,t)). 3)
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3) Training: The noise of the mean function in Eq. 3 can
be learned using the simplified objective from [12],

L(0) :=E; r . Me — €9 (VarT + V1 — age,t) HZ} . @

4) Guided sampling: To obtain trajectories from p,(T)
that meet specific goals or minimize a predefined cost, we
use classifier guidance [13]. Here, the gradient of the log-
likelihood of the desired objective is used to modify the
reverse Markov transition kernel. The conditioned Markov
kernel for guided sampling is defined as:

Po(T¢|Te41,0) = N (7| peg1 + g, %), (5)

IJ’G(Tt? t) =

'Note that we dropped the superscript ¢ denoting the i-th sample of the
distribution to avoid cluttering notation
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where o is a random variable denoting the fulfillment of task-
specific goals or costs, and the guidance term g is defined as
g =V, logpy(o|Tis1)|ri1=pis, - Hi41 denotes the mean
function of the reverse transition kernel in (2) at step ¢ + 1,
and ¥ is its covariance.

C. Reflected Mass (RM)

The equations of motion of a rigid body manipulator can
be written in the following matrix vector form

M(6)0 + C(6,6) +g(0) =T, (6)

where 8 € R™ is the robot’s generalized coordinates,
M(0) € R™*" is the configuration dependent inertia matrix,
C(6,6) € R™ is the Coriolis and centrifugal joint torques
vector, and g(@) € R™ the gravity joint torque vector.
T € R" is the vector of generalized joint torques.

Reflected mass, in the context of robot manipulation,
refers to the effective mass perceived at the robot’s end
effector when colliding with an external object, e.g., a human
[4]. Tt can be computed from the Cartesian mass matrix,
derived from the definition of kinetic energy as shown by
[4]. Consequently, we can write the Cartesian mass matrix
as follows,

A0) = (J(OM(8)IT(6)) ", (7)

where J(0) € R6*" is the Jacobian matrix that maps joint
velocities to the EE velocities. As shown in [4], the Cartesian
mass matrix can be decomposed into a linear v and angular
w component,

Afl

wv

Afl

w

Afl
Aqil

vWw

(6) (9)
(6) (9)

Finally, given a unit direction u € R? of potential collision
the RM at configuration @ can be written as,

m,(0) = (u" A, (6)u) ©)

where m,,(0) € R represents the RM of the EE in the
direction u of collision.

AHO) = ()

—1
)

IV. PROBLEM FORMULATION

In this work, we aim to plan trajectories that reach a
desired EE pose while optimizing RM in a given direction u.
Additionally, the algorithm should achieve it independently
of the robot’s redundancy resolution capabilities. To address
this, we propose two distinct motion planning algorithms.

A. RRT*-RM

We present a novel adaptation of the RRT* algorithm
specifically designed for RM optimization. Drawing inspi-
ration from [14], our method incorporates a modified cost
function to prioritize paths within the tree that achieve
desired RM values. The cost function is defined as:

O(xnewy Gnew) = /Bc’d(mnew) + (1 - B)CRM(gnew)a

where Cy : R? — R represents the accumulated euclidean
distance cost function and Cry : R™ — R denotes the
average RM cost function up to the current explored node.

(10)
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The parameter [ is a weighting factor that balances the
contributions of both terms, with 8 = 0.5 in our study.
To enforce RM reduction at each Cartesian space node
of the tree, we employ a closed-loop inverse kinematic
solver (CLIK). Following the approach in [15], we use the
robot’s Jacobian pseudo-inverse and its nullspace projector to
generate the desired configurations. Since the URS is a non-
redundant robot, we truncate the last three rows (orientation
part) of J(@) € R5*", By removing the angular Jacobian J,,,
we obtain a three-dimensional null space N'(J,) onto which
the objective function can be projected using the nullspace
projector N = I — J'J, where I € R™™™ is the identity
matrix, and J© € R"*3 is the right pseudoinverse. Using
differential kinematics, the updated joint configuration 6,,.,,
can be obtained via forward Euler integration of the joint
space velocity

6 =J'e, + Ng, (11)

where e, = ¢, — @ is the Cartesian position error. The
second term denotes the projection of the secondary joint
velocity g, onto A/ (J,), which is determined by the negative
gradient of the RM equation
T
) em

. Omy,(0)
& = Oé( EY)
where « is step size for the gradient descent.

The RRT*-RM solution’s smoothness is enhanced by
fitting cubic splines through the Cartesian nodes and a
trajectory is created with a trapezoidal velocity profile.

(12)

B. Diffusion model with RM optimization (DM-RM)

We train a diffusion model, denoted as py(7), on a
dataset O composed of robot trajectories represented in joint
coordinates.

The neural network architecture employed for training the
noise predictor €y(7y,t) is a Temporal U-Net, as described
in [16].

1) Initial robot configuration 6;,;;: To ensure that the
sampled trajectories are consistent with the initial robot
configuration 6;,,;, we use a Dirac delta function to guide
the denoising process defined as

—00,
69mit (T) = {0

where dg,,,,(7) imposes a cost of —oo when the state 6
matches the initial configuration 8;,,;;, and zero otherwise.
The function is implemented by directly enforcing the initial
robot joint configuration on the 7.

2) RM optimization over the trajectory horizon: To op-
timize the RM during trajectory generation, we guide the
denoising process towards regions of the learned distribution
corresponding to trajectories with optimized RM. To achieve
that we define the following function,

if 00 = Oinit

13
otherwise (13)

H
Tru(T) =Y mu(6:), (14)
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Fig. 2. Performance test cube as per ISO 9283 Standard
[17] with points of interest (C1 to C14).

where Jgas(T) represents the cumulative RM along a spec-
ified direction u, as introduced in section III-C over the
horizon H.

To further condition the sampling process to generate
trajectories that bring the robot’s EE to a desired goal pose,
we define the following likelihood function,

H

S llZgont -

f(6:)]]2
i=H—h

+72||LogMap(Q; + Q, 1)) |2,

where the g4 € R3 is the Cartesian goal position vector,
f : R™ = R3 is the forward kinematics function that maps
the robot’s joint angles to the EE’s position, and Q; and
Qgoa are the EE’s unit quaternions at horizon step ¢ and at
the goal, respectively. The LogMap operation maps elements
of the SU(2) manifold to so(3) Lie-algebra vectors. The
parameters v1,7v2 € R are weighting factors to balance the
position and orientation cost. Finally, we use the last 5 time
steps to attract the robot towards the goal position (h = 5).

3) Trajectory generation: The gradient of the likelihood
functions is computed and utilized to shift the mean value
L at each time diffusion step. Therefore, we can directly
denote the gradient of the log-likelihood as

JGoal (T) -

5)

V. log py(o|m) = MiVr, Jrm (1) + X2V, Jaoar (Tt),
(16)

where the parameters A;, Ao are the importance weights
or likelihood temperatures. Algorithm 1 summarizes the
process of generating optimized RM trajectories using guided
denoising.

V. EXPERIMENTAL VALIDATION

This section presents the validation experiments conducted
with the RRT*-RM and DM-RM algorithms. It begins with
a description of the simulation used to evaluate the proposed
methods, followed by an explanation of the data generation
process for training the diffusion model. Next, the implemen-
tation and experiment description are introduced. Finally, the
results of each method are analyzed and discussed.

A. Simulation

We aim to study the application of the proposed methods
to a non-redundant robot. A simulation environment was
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Algorithm 1 Guided diffusion

Input: Pre-trained noise predictor €y, start state (0;pz,
temperatures J\;, scheduling terms (o, day, o), Batch
size B.
Sample a batch of trajectories
= {(r}2, ~ N(0.1)
Hard set start state (apply de,.,, (TN))
0i=0 < Oinit
fort=N,...,1do
Compute the diffusion step mean
Mt = \/%—t (Tt - \}%EO(HJD
Compute weighted gradient of costs
g=—-MV:Jrm (1) — AaVrJgoa(Tt)
Sample from the diffusion step posterior
1 =m+gt+oz, z~N(0I)
Hard set start state (apply dg,, ,, (Tt—1))
0i—0 < Oinit
end for
Compute the MAP estimate
T = arg maxr,c7; p(70/0)
Output: Probabilistically optimal trajectory 7

developed using CoppeliaSim (formerly V-REP) to emulate
a service robot scenario. A URS industrial robot arm is
mounted on a workbench with a cup and a human hand,
where the robot needs to reach a target position while
minimizing RM in desired directions.

B. Dataset

The standard ISO 9283 [17] was used to define a cubical
volume inside the reachable robot’s workspace to generate
standardized trajectories for training the generative model
along predefined Cartesian point pairs within the cube. The
chosen side length of the test cube for our experiments
was 300 mm. Figure 2 depicts examples of reference points
chosen for trajectory generation.

Using cubic splines, we recorded 50,000 joint state trajec-
tories generated by CoppeliaSim’s inverse kinematics solver
between these randomly selected point pairs. Moreover, the
orientation and position of the spline’s support points were
randomly varied to achieve an extensive coverage of the
robot’s configuration space. We aimed to produce such a high
number of trajectory observations to create a sufficiently rich
dataset for training the diffusion model. The Diffusion model
was trained using 25 diffusion steps and a horizon H = 48.

C. Implementation

Both methods were implemented in Python 3.8 on a
workstation with an 8-core Intel i7 processor running at
4.80 GHz and an NVIDIA RTX A5000 graphics card. The
diffusion model is based on the work of [16] and [18].
The robot’s forward kinematic functions and mass matrix
were implemented using the PyTorch framework [19]. The
dynamics parameters utilized were extracted from the robot’s
URDEF. This approach enabled parallel computation on the
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Fig. 3. RRT*-based trajectory planning: Trajectories and RM values obtained by RRT* (left side) and RRT*-RM (right
side) along the x-axis of the C10-C14 path. RRT*-RM reduces cumulative RM by 31% compared to RRT*. The
red line denotes the mean RM value and the shaded area the 42 standard deviation.

GPU and facilitated automatic differentiation, allowing for
efficient gradient calculations of the guiding functions during
each denoising step across a batch of trajectories. For the
RRT* case, we used a CaSaDi-based pinocchio framework
to compute the gradients of the reflected mass function.

D. Setup

We selected random pairs of points of interest from the
ISO-Cube as initial and goal poses to evaluate the proposed
methods. For each pair, 100 trajectories were generated using
the RRT*-RM and DM-RM methods. In these experiments,
the orientation term in Equation 15 was omitted, allowing the
methods to optimize the goal orientation freely. Due to space
limitations, we present only the study of trajectories from
C10 to Cl14. This path requires the EE to primarily rotate
and extend along the x-direction. We compared the trajectory
distributions optimized for RM along the robot’s base x-axis.
This simplification facilitates testing and simulates scenarios
where potential collisions do not align with the robot’s
primary direction of motion.

E. RRT*-RM

Figure 3 illustrates the trajectory distributions for RRT*-
based methods in Cartesian space. The RRT*-RM method
(right) significantly reduces RM values compared to the
RRT* (left). RRT*-RM reduces the cumulative RM by 31%.

To better understand the distribution of RM values and
the location of high RM values, Fig. 3 depicts beside the
Cartesian plots the RM values over each time step of the
trajectory. It is evident that, in the standard RRT*, there is a
noticeable upward trend in RM values, particularly between
time steps 10 and 30. This period corresponds to the transi-
tion phase, where the robot shifts from rotating to extending
its arm. During this phase, the robot’s configuration changes
dynamically, increasing RM. However, RRT*-RM effectively
minimizes this transition’s impact, maintaining more consis-
tent and lower RM values throughout the trajectory.

F. DM-RM

We sample batches B = 64 of Standard normal noise
distributions to initialize the denoising processes. We gener-
ate 100 trajectories with DM-RM and the unguided variant.
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In Fig. 4 the Cartesian trajectories generated for the X-
Directional extension for the unguided Diffusion model (left)
and DM-RM with respect to the robot’s base X direction
(bottom) are depicted. The RM values in the unguided case
are overall higher than in the RRT* case. DM-RM reduces
the RM values by 38%.

To investigate the origin of the high RM values, we
graph them at each time step in Fig.4 beside the Cartesian
plots. It is observed that the majority of the RM values lie
within the shaded region around the solid red line, which
denote the mean value and the 42 standard deviations. The
concentration of outliers towards the end of the trajectory is
attributed to the influence of the goal cost Jgoa(7¢) in Eq.
15, which acts on the set of last five points near the goal. In
this region, the effects of the RM gradients during sampling
are diminished as the priority shifts towards minimizing the
distance to the goal rather than RM. This reflects a necessary
trade-off, where the importance of accurately reaching the
goal position outweighs the RM minimization efforts in the
final steps. Table I summarizes the results obtained for both
methods?. The results show that RRT*-RM outperforms DM-
RM in RM values, as expected, due to its greater flexibility
in following gradients since DM-RM is constrained by its
training data. On the other hand, DM-RM leverages the
trajectory smoothness from the training data.

G. Real robot experiment

We further validate our methods on a mobile manipulator
for a reaching task. For simplicity, only the right arm of the
robot is modeled and trained. The results are demonstrated
in the accompanying video.

Method RM (Kg, min-max) Cumulative RM (Kg, min-max)
RRT* 0.098 + 0.032 (0.064,0.195) 4.72 + 0.42 (3.86, 5.80)
RRT*-RM 0.067 £ 0.006 (0.060, 0.096) 3.26 £ 0.05 (3.16, 3.39)
Unguided DM 0.160 £ 0.096 (0.066, 0.875) 7.70 £ 2.09 (4.61,17.51)
DM-RM 0.100 + 0.037 (0.066,0.278) 4.79 + 0.32 (4.09, 5.42)

TABLE I. RM and cumulative RM values with ranges.

2The table values are based on robot parameters from a publicly available
URDF and are for visualization purposes, as they do not reflect the actual
robot. RM is evaluated at the EE but can also be assessed at other points
using the Jacobians in Eq. 7.
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Fig. 4. Diffusion model trajectory planning. Trajectories and RM values obtained by the unguided DM (left side) and
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DM. The red line denotes the mean RM value and the shaded area the +2 standard deviation.

VI. CONCLUSION

This work addresses the gap in optimizing RM along
entire trajectories via motion planning by employing two
distinct approaches: a diffusion model and an RRT*-based
method. Moreover, the proposed algorithms work on redun-
dant and non-redundant robots. In our study, both methods
successfully reduced RM compared to unoptimized base-
lines. RRT*-RM reduces RM by 31% and DM-RM by 38%.
Experiments on a URS industrial robot further validated these
findings in real-world scenarios.

In future work, we plan to address the DM-RM’s tendency
to prioritize reaching the goal over the cumulative RM
optimization near the end of the trajectories. This limitation
could be mitigated by improving the training data or incor-
porating explicit RM constraints toward the horizon’s end
during inference. Additionally, while the RRT*-RM method
effectively reduces RM, it produces non-smooth paths typical
of sampling-based methods. Future work could explore post-
processing techniques and hybrid approaches to improve path
smoothness. Comparative studies between motion planning
and control methods for RM optimization would be valuable,
as control methods operate locally, providing additional
insights into effectiveness and applicability.
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