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Abstract— In recent years, the demand for industrial robots
has been increasing year by year and is expected to continue to
grow in the future．On the other hand, efforts toward the Sus-
tainable Development Goals (SDGs) and carbon neutrality are
spreading worldwide．This paper aims to develop a lightweight
reduction gear for energy-saving robots. To reduce the weight
of robots, it is necessary to replace conventional metal materials
with new lightweight materials. However, weight reduction
generally reduces rigidity, which tends to lower the high-speed
and high-precision performance required of industrial robots.

The authors have studied the possibility of replacing metal
parts with machined CFRP, POM, and 3D printer resin
parts, and have examined the adaptability of these parts. In
the previous report, we experimentally compared the weight,
no-load running torque, torque–torsional characteristic, and
dynamic torque transfer efficiency of 20 combinations of metal
and resin reduction gears. In this report, we focus on the
yield strength of materials and analyze the load distribution,
stress of reduction gear components, taking into account the
effects of assembly and fabrication errors. We then calculate
and compare the output torque per volume and weight of four
types of reduction gears using metal and resin combinations.
Under the condition of designing within the elastic range of
the materials, it was demonstrated that using resin gears could
increase the maximum output while saving space and reducing
weight. Additionally, the validity of the theoretical values was
verified by comparing them with FEM analysis results.

I. INTRODUCTION

In recent years, the demand for industrial robots has
been increasing year by year and is expected to continue
to grow in the future[1]．This is due to a decrease in the
working-age population, rising wages in emerging countries,
and expansion of quality improvement. Conventional robots
were mainly used in the manufacture of automobiles and
electronic devices, but as robots themselves have become
more sophisticated and less expensive, the cost of introducing
them has decreased, and robots are being introduced into a
variety of industries, including food, medical, and service[2],
[3], [4], [5]．Furthermore, the development of cooperative
robots that work side-by-side with humans in the field of
industrial robotics is advancing, and the industrial robotics
market is expected to expand further.

On the other hand, efforts toward the Sustainable Devel-
opment Goals (SDGs) and carbon neutrality are spreading
worldwide．Therefore, energy saving is also desired in in-
dustrial robots[6]. The power consumption of an industrial
robot is largely related to the robot’s own weight, so weight
reduction can contribute to energy conservation. To reduce
the weight of robots, it is necessary to replace conventional
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metal materials with new lightweight materials such as non-
metals, composite materials, and resins. However, weight
reduction generally reduces rigidity, which tends to lower
the high-speed and high-precision performance required of
industrial robots.

The authors have been studying the adaptability of resin
parts by replacing metal parts with parts made of materials
such as machinable CFRP, POM, which is an engineering
plastic, and resin materials for FDM 3D printers[7], [8],
which have attracted attention in recent years, in order to
reduce the weight of robots. The evaluation contents and
results using metal and plastic reduction gears were presented
for the development of the drive unit, which is greatly
related to the power and position control performance of the
robot[9], [10], [11]．In the previous report, we experimen-
tally compared the weight, no-load running torque, torque-
torsional characteristic, and dynamic torque transmission
efficiency of 20 combinations of metal and resin reduction
gears, and clarified the effects of the types of materials used
and their combinations on the performance of the reduction
gears. As a result, although the use of resin inevitably leads to
a deterioration in rigidity, accuracy, and durability, it enables
the reduction of weight in the reduction gear, and the defor-
mation of the resin material that accommodates fabrication
or assembly errors has been found to reduce no-load running
torque and improve dynamic torque transmission efficiency.
Therefore, by appropriately selecting which materials to use
for which reduction gear parts, it is possible to achieve
weight reduction while suppressing performance degradation
compared to conventional reduction gears that use all metal.

In this paper, we focus on the yield strength of materials
and analyze the load distribution, stress, and surface pressure
of reduction gear components, taking into account the effects
of fabrication or assembly errors. We then calculate and
compare the output torque per volume and weight of four
types of reduction gears using metal and resin combinations.
As a result, under the condition of designing within the
elastic range of the materials, it is demonstrated that using
resin gears could increase the maximum output while saving
space and reducing weight. Additionally, the validity of the
theoretical values was verified by comparing them with FEM
analysis results.

II. TROCHOIDAL GEAR REDUCER

A. Configuration of trochoidal gear reducer

As in the previous reports [9], [10], [11], this paper
treats a planetary gear reduction device using a trochoid
tooth profile with an epicycloid curve [12] as the reduction
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Fig. 1: Exploded view of trochoidal gear reducer parts

Fig. 2: Geometric model of a trochoidal gear reducer

mechanism. This reduction gear has high structural rigidity
due to multiple contact points and meshing teeth, and is
characterized by high efficiency due to rolling contact. In
addition, the teeth have a smooth curved shape, making
them easy to manufacture with a 3D printer. The internal
components of the trochoidal gear reducer are shown in
Fig. 1.

Figure 2 shows the geometric model of a trochoidal gear.
Let θ be the angle viewed from the center of the planetary
gear. Let Rps be the pitch circle radius of the internal sun
gear. Let e be the eccentricity from the input shaft. Let ns

be the number of teeth of the internal sun gear. The outer
tooth surface of the planetary gear is a curve offset inward by
the bearing radius rrs of the inner sun gear from the curves
represented by Eqs. (1) and (2).

x(θ) = Rps cos θ − e cosnsθ (1)
y(θ) = Rps sin θ − e sinnsθ (2)

Furthermore, let np be the number of teeth of the planetary
gear and let Nin and Nout be the rotational speeds of the input
and output shafts, respectively. Let Rbe be the base radius
and let rge be the generating radius of the epicycloid. Then,

Eq. (3) holds for the reduction ratio n of the reducer.

1

n
=

Nout

Nin
=

rge
Rbe

=
ns − np

np
=

ns

np
− 1 (3)

B. Load distribution inside trochoid gear reducer

In previous reports [9], [10], [11], the use of resin ma-
terials with lower rigidity than metals for the case top and
planetary gears resulted in a reduction in no-load running
torque and an improvement in dynamic torque transmission
efficiency. These results are believed to be due to the
material’s low rigidity, which allows for deformation that
accommodates geometric misalignment caused by fabrica-
tion or assembly errors. This deformation enables smooth
operation. Specifically, the main three areas where resin parts
are subjected to force are as follows:

1) the roller of the internal sun gear and the outer teeth of
the planetary gear,

2) the output roller and the output hole of the planetary
gear, and

3) the pin holes in the case top that secure the rollers of
the internal sun gear.

The loads distribution on these parts are represented by
the force Pi generated between the roller of the i-th (i =
1, 2, 3, · · · , ns) internal sun gear and the planetary gear, and
the force Qj generated between the j-th (j = 1, 2, 3, · · · , no)
output roller and the planetary gear. The calculation of the
loads distribution on a trochoidal gear reducer is defined in
[13], [14]. At this time, it is assumed that there is no loss in
the reducer and that the input and output power are equal.

Let αi be the angle between Pi and the vertical direction,
li be the length of the moment arm of Pi, β be the input
axis’s rotation angle, and γi be the roller’s position angle on
the internal sun gear. Then, the following relationship holds
for the instantaneous contact point between the internal sun
gear and the planetary gear: Eqs. (4) to (6).

αi = tan−1

[
sinnβ +Rps/Rbs sin γi
cosnβ −Rps/Rbs cos γi

]
(4)

li = Rbp sin(αi − nβ) (5)

γi =
2i− 1

n+ 1
π (6)

where Rbs is the base circle radius of the internal sun gear,
Rbp is the base circle radius of the planetary gear, and no is
the number of output holes.

Let Min and Mout be the input torque and the output
torque of the reduction gear, respectively. The trochoidal gear
reducer has two planetary gears, which are arranged at 180-
degree intervals, so theoretically each gear bears half the
torque. Therefore, the load on each gear is Ma(= Min/2 =
Mout/2n).

Ma =
Rpo

n

q∑
j=1

Qj sin(βj + nβ) (7)

Ma = Fb · e cos(nβ + φ) (8)

The pitch circle radius of the output roller is Rpo, the roller
radius is rro, the reaction force of the input shaft bearing is
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Fb, and the angle between Fb and the horizontal plane is φ,
then based on Fig. 2, it can be expressed as follows:

p∑
i=1

Pi cosαi −
q∑

j=1

Qj cosnβ − Fb sinφ = 0 (9)

Fb cosφ−
p∑

i=1

Pi sinαi +

q∑
j=1

Qj sinnβ = 0 (10)

p∑
i=1

Pili −
q∑

j=1

QjRpo sin (βj + nθ) = 0 (11)

In the above equations,

p =

{
n
2 , if n is even,
n+1
2 , if n is odd.

(12)

and

q =

{
no

2 , if no is even,
no−1

2 , if no is odd.
(13)

Assuming that the forces Pi and Qj are proportional to the
distance from the center of rotation, Eqs. (14) and (15) hold.

Pi

li
= constant (14)

Qj

sin(βj + nβ)
= constant (15)

From Eqs. (4) to (15), Pi and Qj are derived as in Eqs. (16)
and (17), respectively.

Pi =
Ma sin(αi − nβ)

e
∑p

i=1 sin
2(αi − nβ)

(16)

Qj =
nMa sin(βj + nβ)

Rpo

∑q
j=1{sin(βj + nβ)}2

(17)

What we have derived here represents the ideal contact
state between the internal sun gear and the planetary gear.
However, during actual production, fabrication or assem-
bly errors may occur, preventing ideal contact from being
achieved. In this paper, the load is calculated when one tooth
of a planetary gear meshes with one roller of an internal sun
gear, and the calculation takes into account the effects of
fabrication or assembly errors.

III. STRESS AND SURFACE PRESSURE IN GEAR REDUCER

Using Pi and Qj derived in Section II-B, we derive the
stress on the roller of the internal sun gear and the outer
tooth surface of the planetary gear, which are the main points
where the resin parts receive force, as well as the output roller
and the output hole of the planetary gear, and the pin hole
of the case top that fixes the roller of the internal sun gear.

A. Roller of internal sun gear and outer tooth surface of
planetary gear

The roller of the internal sun gear and the outer tooth
surface of the planetary gear are assumed to be in Hertzian
contact. Assuming that the contacting solids are isotropic
elastic bodies, the contact area is small relative to the size of

the solids, there is no friction on the contacting surfaces, the
surfaces are smooth with no roughness, and the deformation
is within the elastic limit, Hertz’s maximum contact pressure
Smax and contact width b are given by Eqs. (18) and (19),
respectively.

Smax =
2F

πbL
(18)

b =

√
8RF

πEL
(19)

In the above equations, E, R, F , and L are the equivalent
longitudinal elastic modulus, equivalent curvature radius,
load applied to the contact point, and contact length, respec-
tively. Let the longitudinal elastic moduli of the two objects
be E1 and E2, and the Poisson’s ratios be ν1 and ν2. Then,
Eqs. (20) and (21) are defined.

2

E
=

1− ν21
E1

+
1− ν22
E2

(20)

1

R
=

1

R1
+

1

R2
(21)

From the shear strain energy condition (Mises condition), let
the shear yield stress be k and the yield stress in the short
axis tensile test be σs.

k =
σs√
3

(22)

In the case of line contact, Smax = 3.1k holds, so it is
necessary to satisfy Eq. (23) in order to design within the
elastic deformation range of the material.

σs >

√
3

3.1
Smax (23)

The contact pressure Sp,i between the i-th roller of the
internal sun gear and the outer tooth surface of the planetary
gear, the contact area bp at that time, and the curvature radius
ρi of the planetary gear are expressed by Eqs. (24) to (26),
respectively. Ep is the Young’s modulus and Poisson’s ratio
of the material used for the internal sun gear and planetary
gear, which are substituted into Eq. (20) as E1 and ν1, E2

and ν2 in Eq. (20), and Rp is obtained by substituting the
roller radius rrs of the internal sun gear and the curvature
radius ρi of the planetary gear into R1 and R2 in Eq. (21),
respectively.

Sp,i =
2Pi

πbpL
(24)

bp =

√
8RpPi

πEpL
(25)

ρi =
(Rbe + rge)

[
r2ge + e2 − 2erge cos

(
Rbe

rge
γi

)]3/2
r3ge + e2(Rbe + rge)− erge(Rbe + 2rge) cos

(
Rbe

rge
γi

)
(26)

Therefore, the Mises stress σp,i applied between the i-th
roller of the internal sun gear and the outer tooth surface
of the planetary gear is expressed by equation (27).

σp,i =

√
3

3.1
Sp,i (27)
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B. Output roller and output hole of the planetary gear

The output roller and planetary gear output holes assume
Hertzian contact. Therefore, as in Section III-A, we derive
using equations (18)-(23). The contact pressure between the
j-th output roller and the output hole of the planetary gear
is denoted as Sq,j , and the contact area bq at that time is
expressed by Eqs. (28) and (29). Eq is the Young’s modulus
and Poisson’s ratio of the materials used for the output roller
and planetary gear, which are substituted into Eq. (20) as
E1 and ν1, E2 and ν2 in Eq. (20), and Rp is obtained by
substituting the output roller radius rro and the planetary gear
curvature radius ρi into R1 and R2 in Eq. (21), respectively.

Sq,j =
2Qj

πbqL
(28)

bq =

√
8RqQj

πEqL
(29)

The Mises stress σq,j between the j-th output roller and the
output hole of the planetary gear is expressed by Eq. (27).

σq,j =

√
3

3.1
Sq,j (30)

C. Pin hole of the case top that fixes the roller of the internal
sun gear

Let the depth of the pin hole be ld and the diameter of the
pin be dp. At this time, Pi acts on two locations, Case top
and Case bottom, so the approximate value of the surface
pressure Sh,i applied to the i-th pin hole of the case top that
fixes the roller of the internal gear is calculated using Eq.
(31).

Sh,i =
Pi

2lddp
(31)

IV. LIGHTWEIGHT DESIGN OF GEAR REDUCER

When resin is used in the gear reducer, resin deformation
of the resin parts can prevent the reduction gear from
performing as intended, leading to a decline in performance,
such as durability. This paper focuses on the yield strength
of materials used in reduction gears, considers the design
of reduction gears within the elastic range of materials, and
evaluates the space-saving and weight-reducing properties of
metal and resin reduction gears.

A. Design parameters

Eqs. (27), (30), and (31) derived in Section III are used
to compare the output torque per unit volume and the output
torque per unit weight from the perspective of the yield stress
of the materials used in trochoidal gear reducers made of
metal and resin. The design parameters of the reduction gear
at this time are shown in Table I.

In the previous report, the characteristics of reduction
gears were compared by replacing the case top and planetary
gear with metal and resin in Fig. 1. In this paper, we consider
the design of four types of reduction gears using A7075
and POM for the Case top and SUS304 and POM for the
planetary gear. The materials and weights used in the four

TABLE I: Design parameters

Symbol Value
e 1 mm
n 10
no 6
Rps 30 mm
Rpo 18 mm

Symbol Value
rro 3.5 mm
rrs 3.5 mm
L 5 mm
ld 4 mm
dp 3 mm

TABLE II: Four combinations of materials and weights

No. Material Weight [g]Case Gear Pin Bearing
1 A7075 SUS304

Steel SUS304

774
2 POM 711
3 A7075 POM 678
4 POM 615

material combinations are shown in Table II. The Young’s
module of SUS304, A7075, POM, and steel are 193, 69,
2.4, and 206 GPa, the Poisson’s ratios are 0.34, 0.28, 0.3,
and 0.29, respectively, and the densities are 8.03, 2.71, 1.2,
and 7.9 ×103 kg/m3, respectively.

B. Limit output torque of reduction gear

In Section III, Eqs. (27), (30), and (31) were derived. For
each stress and surface pressure, let the largest value of σp,i

(i = 1, · · · , ns) be σp,max, the largest value of σq,j (j =
1, · · · , no) be σq,max, and the largest value of Sh,i (i =
1, · · · , ns) be Sh,max, respectively.

The results of calculating how these stresses and surface
pressures change with respect to the output torque Mout for
four combinations are shown in Fig. 3.

In any combination, stress and surface pressure tend to
increase as output torque increases. At this time, let the
yield stress of the material used for the gear be σy,gear and
the yield stress of the material used for the case be σy,case.
In Fig. 3, when σp,i and σq,j intersect with σy,gear or Sh,i

intersects with σy,case, the material yields, so if the safety
factor is not considered, the output torque at that point can
be considered the limit output torque of the reduction gear
for these material combinations. In particular, the value of
σp,max is large, and the yield strength σy,gear of the material
used for the gear is reached by an output torque that is
smaller than other stresses and surface pressures. Therefore,
it can be said that the yield strength of the gear material
affects the limit output torque in the design parameters of
this reduction gear.

C. Limit output torque per volume and weight

The limiting output torque per unit volume of the reducer
is derived. Since the reducer used in this paper has the same
design as that reported in [11], its external dimensions are
70 × 70 × 41.5 mm, and its volume is 2.03 × 105 mm3.
Dividing the maximum output torque by the volume yields
the maximum output torque per unit volume, as shown in
Fig. 4.

Similarly, the limiting output torque per unit weight of the
reduction gear is derived. The limiting output torque of each
combination is divided by its respective weight from Table

1667



(a) Case:A7075, Gear:SUS304 (b) Case:POM, Gear:SUS304

(c) Case:A7075, Gear:POM (d) Case:POM, Gear:POM

Fig. 3: Limit output torque of four types of trochoidal gear reducers

Fig. 4: Limit output torque per volume

Table II to obtain the limiting output torque per unit weight
shown in Fig. 5.

Consequently, the combination using POM for the gear
achieves a higher maximum output torque per unit of volume
and weight than the combination using SUS304. When the
gear is made of POM, its lower stiffness compared to
SUS304 creates a larger contact area between the bearing and

Fig. 5: Limit output torque per weight

the tooth surface. This reduces stress, resulting in a higher
maximum output torque based on yield stress. From a weight
perspective, resin materials such as POM are less dense than
metals. When designing within the material’s elastic range,
using resin is expected to increase maximum output torque
per unit volume and weight.
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Fig. 6: FEM model
(mesh size: 2 mm)

Fig. 7: Comparison of resultant
forces Pi and Qj

V. COMPARISON OF THEORETICAL VALUES AND FEM
ANALYSIS RESULTS

To verify the validity of the analysis, we compare the
theoretical values obtained based on calculations up to Sec-
tion IV with the FEM analysis. The design parameters of
the reduction gear are the same as those in Table I. The
model was designed using SOLIDWORKS and meshed with
a mesh size of 2 mm, as shown in Figure 6. FEM analysis
is performed with a torque of Ma = 0.1 Nm applied to the
input shaft of this model. The analysis uses a solid mesh
and performed using Intel Direct Sparse for computation.
The theoretical calculation took a few seconds, while the
FEM analysis took about 10 minutes.

Comparisons between the theoretical values and FEM
analysis results for the resultant forces Pi and Qj are shown
in Fig. 7. Since the results of the theoretical analysis of the
force are of the same order of magnitude as the FEM analysis
results, the theoretical analysis can be considered a valid
guideline. However, the stress results differed significantly,
though the figure is not shown here due to space limitations.
The stress results varied depending on the mesh size and
require further investigation in the future.

VI. CONCLUSION

This paper derives the loads on the gears, rollers, pins,
and cases of reduction gears, taking into account fabrication
or assembly errors. It also analytically derives the stresses at
points considered important in the design of metal and resin
reduction gears. Then, the limit output torque was calculated
for each of the four types of reduction gears combining
metal and resin based on the yield stress of the material. The
limit output torque per volume and weight of each reduction
gear was then calculated and compared. Under the condition
of designing within the elastic range of the materials, it
was demonstrated that using resin gears could increase the
maximum output while saving space and reducing weight.

Previous reports have shown that the use of resin parts
has the advantages of reducing no-load running torque and
improving dynamic torque transmission efficiency, but the
disadvantage is a decrease in the torsional rigidity of the
reduction gear. Therefore, it will be necessary to perform
rigidity analysis in the future. Furthermore, although this
paper used finite element analysis to compare and verify
theoretical values, the goal of this study is to evaluate the

validity of the design guidelines through experiments on a
manufactured reducer.
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