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Improved Observer Design with Time-Delay Membership Functions for
Takagi-Sugeno Fuzzy Systems

Jun Yoneyama

Abstract— The state estimation is important issues in system
theory and control systems. Especially, estimation of the state
variables of general nonlinear systems is essential but it is
still difficult at the same time. This paper proposes design
methods for an observer of a nonlinear system described by
Takagi-Sugeno(T-S) fuzzy system. Because of the capability of
representation of T-S fuzzy system, our observers are designed
for a quite large class of nonlinear systems, which cover most
systems in various engineering fields. Our observer design
employs multiple Lyapunov matrix methods, which result from
Lyapunov function candidate with the multiple integrals of
the membership functions. Our resulting observers are a non-
parallel distributed observer (PDO). This method drastically
reduces the conservativeness of observer design conditions.
In order to provide the usefulness of our proposed design
approach, an illustrative example is provided. Finally, we end
with concluding remarks.

I. INTRODUCTION

In real societies, almost all practical systems are described
by nonlinear models, and the state variables of the system
are not always measured. Due to this fact, observers with
the measurable inputs and outputs are designed to estimate
the state variables of nonlinear systems. For linear systems,
observer theory has been established. On the other hand,
a design of observers for nonlinear systems is a quite
difficult problem. About fourty years ago, T-S fuzzy system
was discovered to represent a wide class of the nonlinear
systems([9]). T-S fuzzy system is described by a polytopic
type of linear systems, and is well-known global representa-
tion of nonlinear systems. Due to this, T-S fuzzy system has
been often employed for analysis and synthesis of nonlinear
systems([1], [2], [5], [6], [8], [10], [11], [12], [13], [14], [15],
[16], [17], and [18]). The stability analysis and control design
for T-S fuzzy systems were first considered in [12] where the
concept of the parallel distributed compensator(PDC) with
stability and control design conditions was introduced to
proposed the state feedback controller. The PDC also has
a polytopic structure and has been frequently utilized for T-
S fuzzy systems for more than three decades since then. First
stability conditions and controller design conditions via PDC
were found in [12] and [13]. Then, the papers [2], [14], and
[15] have tried to reduce the conservativeness of stability
and stabilizability conditions via PDC by different kinds of
relaxation methods for improvemnts. The paper [11] found
out that descriptor system representation leads to further
less conservative conditions on stability and control design.
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In addition, a multiple Lyapunov matrix method([6] and
[10]) and a line-integral method([5] and [8]) have appeared
for further reduction of the conservatism in control design
methods. In recent years, a quite totally different approach
from the conventional PDC, that is, a non-PDC, which
reduces a large amount of the conservativeness in stability
and control design conditions, was considered([1], [5], and
[6]). Not only the state feedback controller design, but also
observer design began. The classical observer for T-S fuzzy
systems is the parallel distributed observer(PDO), which has
also a polytopic structure introduced in [4], [13], [17], and
[18]. The PDO is designed by the same idea of the PDC.
The PDO is a convex combination of observers which are
constructed for each local linear system in a fuzzy system,
and uses the same weighting functions as those of the system.
The paper [3] employed a different class of observer from
PDO and reduced conservativeness, but there is still room to
be improved.

Similar to the state feedback control design, a multiple
Lyapunov matrix method reduces the conservativeness in
observer design. However, the upper bounds of the derivative
of each membership function must to be known to satisfy the
design conditions. This restriction causes the infeasibility of
the design method because some membership function are
not differentiable and hence its derivative does not exist.
To overcome this flaw, a different approach with different
multiple Lyapunov matrices was considered in [6]. In there,
the Lyapunov function candidate has an integral of the
membership function. An approach with this class of the Lya-
punov functions indeed overcome the membership function
differentiability issue. Besides, this approach reduces more
conservativeness in control and observer design conditions
than the conventional single Lyapunov matrix approach.
Further improvement was made in [19] and [21]. However,
this approach has not yet been utilized to the observer issues
for T-S fuzzy systems.

This paper extensively discuss the observer design prob-
lem for T-S fuzzy systems, and propose a new design
approach. Apart from the traditional method such as PDO,
a type class of non-PDOs is used. We use the weighting
functions of observer gains which are integrals of the mem-
bership functions. Correspondingly, a non-quadratic Lya-
punov function with multiple Lyapunov matrix and integrals
of the membership functions is selected to obtain new
observer design conditions such that the estimation error
is asymptotically stable. In addition, the integral intervals
are divided into small intervals, and more slack matrices
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applied to reduce conservativeness from observer design con-
ditions. These approaches lead to more flexible in observer
design conditions and consequently, our proposed design
methods make observe design for a wider class of T-S fuzzy
system possible than the previous works. For calculation
friendliness, the proposed observer design conditions are
basically given in linear matrix inequalities(LMIs), and is
solvable easily by a mathematical software. An observer
design example is shown to give the effectiveness of our
observer design methods proposed here.
In this paper, the following notation is employed:

Py = 2«»(4@))3 Py = iwi@ (e =h)A

wa—zzwz

i=1 j=

C(1)) P

II. T-S Fuzzy SYSTEMS

This first section explains a class of T-S fuzzy systems
under consideration of the paper.

The T-S fuzzy model is expressed by the following fuzzy
if-then rules:

IF {1 is S;; and --- and Cp is Siy
THEN () = Aix(t) + Biu(t)
y(t)=Cix(t), Vi=1,---,r

where (;, i=1,---,p and S;; are the premise variables and
fuzzy sets, respectively. x(r) € R”, u(r) € R™, and y(r) €
N9 are the state variable, the input, respectively. A;, B; and
C; denote constant matrices of appropriate dimensions. r is
the number of if-then rules. For simplicity, we denote { =
(& - C,,]T, and the premise variables §;, i=1,...,p are
assumed to be given.

The overall state and the output equations in the T-S fuzzy
system are described by

i) = Z O){Ax(t) + Bu()}
o A_wx<r>+3wu<r> (1)
W) = ;“”@C"”
Y Coxlt) )
respectively, where
0(0) = 5 %0 ai<c>=;jlsfj<cj> )

and S;;(-) is the grade of the membership function of S;;. It
is assumed that

a(C() =0, i=1,-,n ﬁa
i=1

for all {(r). Consequently, w;({(r)) satisfies

for all {(z).

Now, the problem in this paper is to design an observer
that estimates the state of the system (1) and (2).

Before we complete this section, the following lemmas are
introduced to derive our results in the later sections.

Lemma 2.1: ([15])

ZZ ()@ (&) Pij <0

holds if the following is satisfied.
(pi,'<0, i=1,---,r
2
i®ll+q)lj+q)jl<05 l#]a l,JZI,,r
Lemma 2.2: ([6]) Let A, R, L, P and Q be matrices

of appropriate dimensions. The following inequalities are
equivalent.

1) A and Q > 0 are given. There exists P > 0 such that
ATP+PA+Q <0

2) A and Q > 0 are given. There exist P > 0, L and R
such that

ATLT +IA+Q P—-L—-ATR
P—LT+RTA —R—RT

III. Fuzzy OBSERVER DESIGN

<0

In this section, we will propose design methods for the
observer problem formulated in Section II. Based on new
asymptotic stability conditions of the estimation error be-
tween the actual state and its estimate via multiple Lyapunov
matrix approach, we shall obtain less conservative design
conditions of an observer for the fuzzy system (1) and (2)
than the previous works.

A. Non-PDO Design

For a quite long time, the parallel distributed observer
(PDO) has been used for fuzzy systems. Observer design
conditions via PDO, however, are generally restrictive and
are infeasible to design an observer for a large class of T-S
fuzzy systems. To avoid such a disadvantage, we will propose
the following non-parallel distributed observer (non-PDO):

(1) = Apk(t) +Beu(t)
P K e (9(1) = Cok(t)) 4)
where £(r) € R" is the estimate of x(¢),

P” :Pl.u +P2u, K,

poh o = Kiyehprn + Koy ghgn

Py = Zyli(t)Pu, Py = Z.Uzi(f)Pzi

i=1 i=1

Klua)hw2 Z Z Zﬂj

j=1k=11[=1

r r r
Kz;m)"wz’l = Z Z Z“j

Yoy (t — h)ay (t —2h)Ky;jx

.

()8 t—h)wl(t — Zh)Kzijk
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The variables uy;(7) and up;(¢) are given by

pi) = [ ax(€)as
1 [t—=h
w = [ aneis)as

with some scalar & > 0. Py;, P»;, Kj;j; and Ky; j are observer
gain matrices to be designed.
Now, the following is our first result in this research.
Theorem 3.1: An observer for the system (1) and (2) is
given by (4) if for some i > O there exist matrices Pj; >
O,ng >0, Kljkla Kijla J,k,l=1,--- r such that

q)lll<07 i,k,l:l,"',l’ (5)

2 .
ﬁcblu CI)ll] cbljl <0, ]7k l_l e l#] (6)
2”<Olkl—] v (7
2
ﬁ¢2u+¢.21]+q>211<07 Lk I=1,-- 1 i#] (3

<I>1U = PijAi+AT P — Ky juCi — CiTKlTjkl

1
+2h(P1, P1k+P2k_P21)
‘Dzu = PyjA; +A] Pyj —szklci—CiTKszkz
1
P — P Py —P
+57 (Pli— P+ Poy— Par)

Observer gain matrices Pj, P»j, Kijy and K>j; can be
obtained in the above LMIs.

Proof: To design of an observer of the form (4), we inves-
tigate the error y(¢) between x(¢) and £(¢);

Y(e) = x(r) — $(1)
The error y(t) satisfies
7)) = (Ao — Py ' KywronCa)¥(t) ©)

If the estimation error (9) is asymptotically stable, (4)
becomes an observer for the system (1) and (2).

Now, we investigate a condition for (9) to be asymptoti-
cally stable. For that purpose, we take the following Lypunov
function candidate:

W(y(0) = ¥ (6)Puy(t)
= YT(I)(ZHUP1Z-+ZuziPZi)‘ly(t) (10)
i=1 i=1
where P;; >0, P,; >0 i=1,---,r to be determined. The

variables p1;(¢) and p;(r) have the following properties:

file) = 3 (@(E(0) — @£~ )

1) = 5 (@£ — ) — (£ 20)

respectively. In addition, we have

r 1 t r
Yo o= 7 @;(§(s))ds
i=0 1=hi=p
! / " 14
= - s
/’l.th
r N 1 t—h 1
;= = w;(C(s))ds
Yuu = 5[, Yaco)
1 t—h
= - 1ds
h Ji—2n
= 1

To derive a new asymptotic stability condition for (9), we
use Lyapunov stability theorem. Calculate the time-derivative
of W(y(t)) along the solution of (9):

d )(i piPri + i HaiP2i)7(t)

i=1 =1
+’)/T(t)(il‘llipli + i foiP2i)Y(t)
i=1 i=
= 277 (1)(Piu+ Pop) (Ao
7 (0P

= YT( ){Pqu
+ALP, —CI KT

W(r())

— Py 'Ky Co) V(1)

= Py + Pro — Py ¥(1)
KopuowroCo

w,ua)ha)2h

1
+—(Pio — P +Pooy — Pyy) }7(1)

h(
= Y (O){PuAw+ALP,
cTk”

1poh o2

= Pygyon ) }Y(t)

=K o021 Co —
1

P

Zh( to ™
Y (){PapAw+ALPoy

CK

leh +P2wh

_sz who2hCo — 2poh@h

Pio — Pyn) }7(0)

— Py + Py an

2h(

where

s = Y04

Obviously, if

Ph, P2m2" = Z (1), l‘— Zh))PQ,'

PI#AQ,+ATP1,L—KWW,le crTkr

lu ol w2h

+— (Pm (12)

2h

PyAe JrAsz”
1

2]’1

Py + Py = Pygyn) <0

T
,szwhwzhcw C Kua)hwz”

—(Pio — Py + Py — Pygyn) <0 (13)
are satisfied, we have W (y(t)) < 0, which implies that the
estimation error (9) is asymptotically stable. Therefore, in

this case (4) becomes an observer for the T-S fuzzy system
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(1) and (2). The conditions (12) and (13) can be rewritten as

Y Y Y Y o€ n)mC—me(gi—am)

=1 j=

=~
—_
—
-

) {PjA+AT Py — Ky juCi — CT K{

1
+Zh(
Y Y Y Y oGS gl —m)en(&(—2h)

x{PyjA; + Al Py — Ky s Ci — C] K3 3

Pii— Pix+ Py —Py)} <0

1
+E(P” —Pic+Py—Py)} <0

Finally, using Lemma 2.1, we get (5)-(8).

Letting K ji; = K1 and Ky = K3; in Theorem 3.1, we
have the following corollary, which requires less number
of matrix variables so that computational burden is reduced
from Theorem 3.1 but the corollary still preserve effective-
ness to design an observer because it basically follows from
the Lyapunov function candidate (10).

Corollary 3.1: An observer for the system (1) and (2) is
given by (18) if for some A > O there exist matrices Py; >
0,P; >0, Kyj, Kj j=1,--+,r such that

P <0, ikl=1, (14)

},,7(1)111 (I)ll] (I)ljt<07 iajak7l:11"'7r7 l#.} (15)

PhL <0, ik1=1, (16)

2
lq)2ll+q)21j+q>2ﬂ<07 iajvkalzla"'7r7 l#] (17)
(I)llj —P]jA,'+AlTP1j 7K1J'CifciTK17}-

1
Pii— P+ Py — P
+3, (Pri = P+ Py — Poy)
5} = PyjA;+A] Py — Ky;Ci — C] K3
1
— (Pyi— P+ Poy — P
+5;, (Pii = P+ Poy — Poy)
Observer gain matrices Py j, P»j, Ki; and K> can be obtained
in the above LMIs, and an observer is given by

() = Apk(t) +Bou(t)
+P, 'K (y(1) — Coi(1)) (18)
where
Kco = Kla) +K2a)
Klo) - Z wl Kln KZ(D - Zwl )K2t

The followmg is our second main rles]ult:

Theorem 3.2: An observer for the system (1) and (2) is
given by (4) if for some h > 0 there exist matrices Py; >
0,P; >0, Kyji, Kojuus Lijkis Lajuas Rijuas Rojuas B,k 1=

1,---,r such that

1”<0lkl—1 v (19)

2
lq)lll+q)ll]+¢ljl<07 i7j7k7l:17"'7r7 l#.} (20)
P <0, iki=1,--,r (1)
2
lq)2u+q)2z/+ 2]1<0 l]kl_l 1 l7é] (22)
ol — {q)“,»j Prj—Lyju +A; lekl]
WL —Ryju — R
Py Poj—Loju+A Roju
CI)211 ! T
* —Raji — Ry

DYy = LijuAi + A Ly — KijuCi = C K g

1
+tan (Pii — P+ Poy — Py)
DY, i = LojuAi +ATL] ikt — Ka2juCi — ¢l KZTjkl

1
P P Py — P
+2h( 1i — Pik+ Po — Pay)

Observer gain matrices Pij, Pj, Kijy and Kpj; can be
obtained in the above LMIs.

Proof: Direct application of Lemma 2.2 to Theorem 3.1 leads
to the desired result.

Similar to Corollary 3.1, letting K1 = Kj; and K ji; =
K1 in Theorem 3.2, we get the following result.

Corollary 3.2: An observer for the system (1) and (2) is
given by (4) if for some h > 0 there exist matrices Py; >
0, P,j >0, K1, Kzj Lijii, Lojiis Rujki, Rojut, jok,0=1,---r
such that

P <0, ik1=1, (23)

2
ﬁq)lll+q)llj+q>ljt<07 iajvkalzla"'7r7 l#] (24)
CD2”<0, iLk,l=1,---,r (25)

2
F— ]q)2u+q>21]+q)2]z<0 i, jkJl=1,---r 17&] (26)

i _ [‘13111,] Plj—Lljkz-i-A,»Rukz]
Wl s —Ruiju—Ri
ok _ [Py Py Loju+A Roju
2ij — R _RT
* 2jkl — 18

YY;; = LijuAi + Al L jy — Ki,C — C] K
1
Pii— P+ Py — P
+5, (Pii = P+ Py — Poy)
5% = LojuuAi + Al L iy — Ko jCi — C] K3
1
— (P — P+ Poy — P
+2h( 1i — Pix+ Poy — Pyy)
Observer gain matrices Py j, P»j, Ki; and K> can be obtained
in the above LMIs, and an observer is given by (18).
Remark 3.1: Corollaries 3.1 and 3.2 reduce a large num-
ber of matrix variables K ji; and Kjji; to be determied, but
preserve the efficiency of the design methods.
If we take P;; = P»;, we recover the same result as in [20].
Corollary 3.3: An observer for the system (1) and (2) is
given by (30) if for some h > O there exist matrices P; >
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0, Kjx, j,k=1,---,r such that

k<0, ik=1,---,r (27)
2 kol 1k <0 k=1, i#j (28)
r—l u 17 Jt ’ " I ’
1
@ = A+ AT P~ KuCi—CT K+ (P~ R)  (29)

2h

Observer gain matrices P; and Kj; can be obtained in the
above LMIs, and an observer is given by

() = Apk(t)+Bou(t)

+Py Ky i (3(1) — Cok(t)) (30)

where

.
Py =Y WP,
i=1

r r
K,ua)h = Z Z »uj(t)wk(t - 2h)Kjk
j=1k=1
Remark 3.2: Theo;ems 3.1 and 3.2 are generalized results

of the previous works in [20] because the multiple Lyapunov
matrix approach in (10) is adopted instead of the single
Lyapunov matrix approach. This implies that (4) is an
extended non-PDO of the previous observers. Actually, (4)
recovers the PDOif B; =P, i, j=1,---,r, which is described
in the next subsection.

B. PDO Design

A PDO has been widely used for T-S fuzzy systems. This
type of observers can be reduced from Thoerem 3.1 as a
special case. Letting Pj; =P; =P, V j and Ky jiy = Kpjiy =
K;, V j,k, in Theorems 3.1 and 3.2, we readily get the
following corollaries:

Corollary 3.4: An observer for the system (1) and (2) is
given by (34) if for some & > 0 there exist matrices P >
0, Kj, j=1,---,r such that

®; <0, i=1,---,r (3D

2
i(pll+q)lj+q)jl<oa l?J:177r7 l#.} (32)
®;j = PA;+A] P—K;C;— C[ K] (33)

Observer gain matrices can be calculated in the above LMIs,
and an observer is given by
() = Apk(t) +Beult)
+P Ko (y(1) = Cak(t)) (34)
where .
Ko = Z‘i iK;

Corollary 3.5: An observelr:for the system (1) and (2) is
given by (4) if for some & > 0 there exist matrices P >
0, Kj, Ljj, R;j, i,j=1,---,r and a scalar & > 0 such that

(35)
(36)

By <0, i=1,,r

2 - .

_1<Dii+q)ij+cbji<oa 17]217"'ar7 17&]

_ [®1ij P—Lij+Al Ry

cpij o * —R,’j - RiY;'

Observer gain matrices K; can be obtained in the above
LMIs, and an observer is given by (34).

IV. NUMERICAL EXAMPLE

Now, consider the following fuzzy system described by
(1) and (2) with matrices

20 0.1 -2.0 3.0
Ar=10  30)°%7 |01 3.0}
3.2 ~1.1
b= 2.1}’32_ 1.2
C) =[-0.001 0.001], C;=[0.01 1.0]

The membership functions are assumed to be

1 +sin(x;)

(Dl(xl): ) )

(Dz()q) = l—wl(xl)

For this example, none of the conditions of Corollary 3.2
in this paper, Theorem 3.1 in [20] and other PDO design has
solutions, and hence these results cannot make an observer
design for this system. However, Theorem 3.2 in this paper,
which adopts non-PDO, offers observer gain matrices of
the observer (4). Because the space is limited, only some
observer gain matrices are listed here;

po_ [11.0382 23529 ,  [26.1983 0.1129 ]
U 23529 377039 TP T | 01129 22.0155 ]

b _ [10380 235297 . [26.1981 0.1129 ]
2723529 3770420 TP T 0.1129  22.0157 |

68.286 56.4354 |
K = [36.741} y Koo = [

270.1376 |
Lo 288 —23200) [ 96  —1166.7]
M= -35105  —101.2 > T {11708 8.1 |
Loy | 46232 2069118 ]
2227 1343.1393  —256.7631 |
Rorrs — | 104788 —103.933
2227 1103.8651  11.0069

Given the initial conditions e(0) = [2.0 — 1.0]7, the
trajectory of the estimation error e(¢) between the actual state
and its estimate is shown in Figure 1. The bold line and
the dotted line show the errors of e; and e;, respectively.
It follows from this that our observer clearly estimates the
actual values of the states x;, xp since the errors ¢; and e
converge to zero.

V. CONCLUSIONS

Observer design methods of general nonlinear systems
described by T-S fuzzy systems has been proposed. A new
non-PDO makes it possible to estimate the state variables. A
new multiple Lyapunov matrix approach was introduced to
show new observer design conditions, which were shown to
be less conservative. Using a numerical example, we showed
our observer estimates the states.
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